 SPAC EF ul GHT 


TRANSLATED FROM RUSSIAN 


Puvpllsied | forth lational Aer nautics and Space A ri 
al Science dation, .C. 
rael Program for Scientific cal ay 


G.L.Grodzovsku, Yu.N.Ivanov, 
and V.V.Tokarev 


MECHANICS OF 
SPACEFLIGHT LOW-THRUST 


(Mekhanika kosmicheskogo poleta s maloi tyagoi) 


Izdatel'stvo "Nauka" 
Glavnaya Redaktsiya 
Fiziko-Matematicheskoi Literatury 
Moskva 1966 


Translated from Russian 


Israel Program for Scientific Translations 
Jerusalem 1969 


NASA TTF-507 
TT 68-50301 
Published Pursuant to an Agreement with 
_ THE .NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
and 
THE NATIONAL SCIENCE FOUNDATION, WASHINGTON, D.C. 


Copyright @ 1969 
Israel Program for Scientific Translations Ltd. 
IPST Cat, No, 5140 


UDC 629,195 


Translated by A, Baruch, M.Sc, 
Edited by Dr. Y. M. Timnat 
and IPST Staff 


Printed in Jerusalem by IPST Press 
Binding: Wiener Bindery Ltd., Jerusalem 


Available from the 
U.S. DEPARTMENT OF COMMERCE 
Clearinghouse for Federal Scientific and Technical Information 
Springfield, Va. 22151 


XI/16/5 


Table of Contents 


PY O@LRA COs, ork: ancal dai le ew ies ele WEEE OL egauds wcey @ DOE" wr, te Boa wee 
INtroductiOn sie ede eo ecae ers ee Bere ee es 


Part I 


PHYSICAL PRINCIPLES AND GENERALIZED PARAMETERS OF 
SPACE PROPULSION SYSTEMS ............2-e+eee eee 


Chapter One. BASIC PARAMETERS AND LAYOUT OF SPACE 
PROPULSION SYSTEMS 


§1. Basic parameters of space propulsion systems.......... 
§2. Layout of space propulsion systems ............-e282. 
§3. Conditions of spaceflight ...........-.2.00022 ee eae 


1. Gravitational fields (4). 2. Environmental parameters (9). 3. Meteors (12). 


Chapter Two. PHYSICAL PRINCIPLES OF THE ELEMENTS OF 
SPACE PROPULSION SYSTEMS ........... Fate havea ay eee St & 


$1.° Rocket engines: .. 6:30. s-cceseiMer sr de tae ae uw eee e a tenes a 


1, Rocket thrust and drag (14). 2. Nozzles (15). 3. High-temperature thermal rocket engines (24), 


4, Electrodynamic and electrostatic engines (27). 5. Solar sail (40). 6. Isotope sail (43), 


§2. Power plants of spacecraft .............6-. Peete cee Ase ts 


1. Energy sources (45), 2. Systems of energy conversion (51). 3. Energy accumulators (56). 
4. Working-fluid supply and storage systems (58). 5. Power plants using up working fluid from 
the environment (58). 6. Drag acting on the spacecraft during flight in the atmosphere (63). 


§3. Cooling systems for spacecraft power plants ........... 


1, Radiation cooling systems (68), 2. System of energy removal from a flat tube radiator with 
fins (70), 3, Energy removal from a star-shaped tube radiator with fins (75). 4, Energy removal 
from a belt radiator (77). 5. Weight characteristics of spacecraft power plants (79). 


Chapter Three. GENERALIZED PARAMETERS OF SPACE 


PROPULSION SYSTEMS .. 2.2... 2.2. ee eee were renee ceces 
§1. Propulsion systems with limited exhaust velocity ....... F 
§2. Power-limited propulsion systems ..........0.00000- 


§3. Thrust-limited propulsion systems (sail systems)........ 


ill 


ANE 


14 
14 


45 


68 


82 


82 
84 
85 


Part I 
PROBLEMS OF OPTIMIZATION ....... 0.0.00 ce twee teens 86 


Chapter Four. IDEAL POWER-LIMITED ENGINE. SEPARATION OF 
THE VARIATIONAL PROBLEM. OPTIMUM WEIGHT RATIOS ... 89 


§1. Optimum weight ratios when engine weight is coristant or 

varies stepwise. ci a eee de el ee Se EAN OSS 90 
1, Separation of problem, power control (90), 2. Optimum weight ratios (92). 3. Stepwise 

variation of the engine weight (94). 


§2. Optimum program of engine-weight variation..........- 96 
1, Formulation of the problem (96). 2, Separating the variational problem (98), 3. Solution of 

the weight part of the variational problem (99). 4. Stepwise approximation of optimum variation 

of engine weight (102). 


§3. Utilization of jettisoned engine parts as working fluid ..... 103 
1. Statement of the problem (103), 2, Optimization of control functions (104), 3. Alternation 

of optimum flow-rate programs (106), 4. Separating the problem into weight and dynamic parts 

(110). 5, Solution of the weight part of the problem (112). 6. Discrete reduction of the engine 

weight (115). 


Chapter Five. IDEAL POWER-LIMITED ENGINE, OPTIMUM 
PROGRAMS OF THRUST ACCELERATION ...........005% 118 


§1. Equations of the extremals and their properties ......... 118 
1. Equations of the extremals for the general case (118). 2. First integrals of the equations of the 
extremals for three-dimensional motioninacentral field (119). 3, Equationsofthe extremals for 

plane motion in a central field (119). 4. Properties of equations (5.13) (121). 5. Singular point 

of equation (5.13) (121). 6. Integration in the neighborhood of the singular point (122). 7. Re- 
lationship between parameters at the beginning and end of a trajectory (123). 8. Equations of 

the extremals for plane motion in a bicentric field (123), 9. Analytic solutions for a plane-parallel 

field (124), 10, Analytic solutions for a homogeneous central field (125), 11. Analytic solution 

for a central field (126). 


§2. Optimum interplanetary trajectory with ideal power-limited 

ONIN. seo oie G0 bees 8 Rs Le ewe el a? we W Recaro Sees nee eae. oo anal 126 
1. Zero energy build-up (127), 2. Numerical results for zero energy build-up (129). 3. Ana- 

lytic solution for zero energy build-up (131). 4. Orbital transfer (132). 5. Solution of the 
boundary-value problem (5.48) by the method of the “transport” trajectory (194). 6. Numeri- 

cal results of the boundary-value problem (5.48) (197). 7. Round-trip interplanetary trajectory 

(144). 


§3. Optimum maneuvers of guided satellites with ideal power- 
Limited Engine 66 ie vece ile he ase Adie ce as SSE Hie a eal ee gL 151 


1. Rotation of the plane of a circularorbit (151), 2. Transfer between coplanar circular orbits (153). 
3, Transfer between noncoplanar circular orbits of different radii (156). 


§4, Parameters of a vehicle with ideal power-limited engine ... 159 


1. Formulas for calculations (159), 2. Optimum parameters of interplanetary vehicles (160). 
3. Optimum parameters of guided satellites (165). 


Chapter Six. UNTHROTTLED ENGINES. SEPARATION OF THE 


VARIATIONAL PROBLEM. OPTIMUM PROGRAMS OF THE 
THRUST VECTOR 2... cece et ce ee eee te eee ewes 167 


iv 


§1. Separating the variational problem into weight and dynamic 
PATtS . cr wwe ener c rere er creer sere r ress eer vrereras 


1, Statement of the problem (167), 2. Sepatation of the dynamic part of the problem (168). 


§2. Equations for the optimum thrust vector program. Similarity 
PLODLEMS? 6s bise. eae 66 ek ea Sw ees Reo EE Hy, wea, We 
1, Arbitrary gravitational field (170), 2, Central field (171). 3, Plane-parallel field (172). 

4, Velocity build-up in a gravitation-free field (172). 5, Displacement between points of 

rest in a gravitation-free field (173). 


§3, Optimum interplanetary flight with unthrottled engines...., 


1, Zero energy build-up (177), 2. Orbital transfer (179). 3. Interplanetary round-trip 
flight (184), 


§4, Optimum maneuvers of ‘guided satellites with unthrottled 
ENGINES . 2. we ee eee ewer seer eee errs reese sereraee 


1. Holding the satellite within a given spherical layer (187), ©, Rotation of the plane of a 
circular orbit (191), ; 


§5. Parameters of a vehicle with power-limited unthrottled engine 


1, Formulas for calculations (194). 2, Build-up of a velocity magnitude (197), 3. Displace- 
ment between points of rest (197). 4. Interplanetary Earth-Mazrs flight (199), 5, Holding the 
satellite in a specified spherical layer (200). 6, Rotating the plane of a circular orbit (201), 


Chapter Seven. REAL POWER-LIMITED ENGINES ......... 


§1, Additional weight components .......... 2.2 eee ceees 
1. Allowing for the weight of the tanks (203), 2. Allowing for the nozzle weight (205). 


§2. Specified operating time of the engine .........-5-.0000. 
1. General method (209), 2, Application of the general method to the problem studied (211). 
3. Maneuvers in a gravity-free field (212). 4, Rotating the plane of a circular orbit (213), 

5. Orbital transfer (215). 


§3,. Optimum staged thrust program .......- eee eenvees 


1, General method (218). 2, Examples of a step approximation to the thrust-acceleration pro- 
gtam (221), 3. The problem of approximating the thrust program while allowing for the engine 
weight (226), 4. Staged thrust program with an optimum number of levels for an orbital trans- 
fer (228), 


§4, Real control and weight characteristics. ........058 00 


1, Characteristics of an electrostatic engine (232). 2. Optimum control programs of real 
engines (233), 3, Optimum parameters of unthrottlable real engines (236). 


Chapter Eight. ENGINES WITH LIMITED EXHAUST VELOCITY. 
OPTIMUM COMBINATION OF ENGINES WITH LIMITED 
EXHAUST VELOCITY AND LIMITED POWER............. 


§1. Characteristics and optimum operating regimes for engines 
with limited exhaust velocities .. 1... 2. eee eee eee ree vene 


1, Characteristics of engines with limited exhaust velocities (240), 2. Characteristic features 
of the optimum operating regimes for an ideal engine with limited exhaust velocity (240), 
3, Allowing for the engine weight (242). 


167 


170 


176 


187 


194 


202 
203 


209 


217 


232 


239 


240 


§2. Optimum conditions for combining engines of. limited exhaust 
velocities and limited power ........0 0.00 ec tcee vent eeee 
1, General conditions for optimum combination (248). 2, Optimum conditions for combining 
unthrottled engines (250). 3. Optimum conditions for combining ideal engines (254). 


§3. Regions of application of power-limited engines ......... 


1. Build-up of parabolic velocity (260), 2. Transfer between circular orbits (262), “3. Round- 
wip interplanetary flight (263). 4. Notes (264). 


Chapter Nine. PROPULSION SYSTEMS WITH ENERGY AND MASS 
ACCUMULATION. ENGINES WHOSE THRUST AND POWER ARE 
FUNCTIONS OF THE COORDINATES AND TIME .......... 


§1. Power-limited engines with energy accumulation; the ideal 
CASS wee were weer rere mene more rere ener nner anne eneoes 
1, Control and weight characteristics (266). 2. Formulation of the variational problem; struc- 
ture of the optimum contro] function (267). 3. Ideally throttlable propulsion system (270). 

4, Maneuvers of displacement between points of rest and rotating the plane of a circular 
orbit (274). 


§2. Power-limited engines with energy accumulation: additional 
restrictions on the control characteristics of the éngine....... 
1, Unthrottled engine (278). 2. Power-limited engine (281). 3. Constant-power engine (283). 
4, Engine with limited thrust (290). 5. Engine with limited exhaust velocity (292). 6. Engine 
with limited operating time (293). 


§3. Propulsion systems which accumulate air ..........205 
1. Characteristics of the propulsion system with working-fluid accumulation (295). 2. Accumu- 
lation in a stationary regime (297). 3. Air intake in a nonstationary regime (298). 4, Outer- 
space maneuver of an air-breathing vehicle with a power-~limited engine (306). 5. Outer-space 
maneuver of an air-breathing vehicle with limited exhaust velocity engine (312). 


$46 (Solarisailks.\h.ci) ha al es Serta, ood Se AS le WA Lea es Se 


1, Statement of the optimization problem for flight with solar sail (315). 2. Interorbital trans- 
fer of a spacecraft with solar sail (317). 3. Escape of a spacecraft with solar sail from the field 
of planetary attraction (320). 


§5.. -Esotopic: Sail. vce eke ore bs bw aw Oe S'S oP eee 
1. Basic characteristics of the isotopic sail and formulation of the variational problem (323), 
2. Determination of the optimum control (324). 3, Model problem (324), 


§6. Engine with solar power source ..........002 00 eeeee 


1. Formulation of the optimization problem (325). 2. Optimum weight ratios and design distance 
to the Sun (326). 3. Equations of the optimum trajectory (328). 4. Approximate method for 
determining the optimum trajectory (329), 5. Calculation of the orbital transfer by means of 

the transport trajectory (330), 


§7. Engine with isotopic energy source ........200+eeceee 


1. Engine characteristics and formulation of the variational problem (332), 2. Build-up of a 
velocity (333). 3. Displacement between points of rest (334). 


Chapter Ten. MODIFICATIONS OF THE OPTIMUM CRITERION... 


§1. Minimizing the cost ofa maneuver............002c008 


1, Cost formula (337), 2. Optimum criterion(338). 3, Formulation of the variation problem (338), 
4, Ideal power-limited engine (339), 


vi 


248 


260 


265 


265 


277 


294 


315 


323 


325 


332 


337 
337 


§2. Universal propulsion system for a given class of maneuvers. , .:. 
1. General formulation of the problem (341), 2, Optimum criterion.(342), 3, Formulation of 
the problem for a given number of types of systems (343). 4. Formulating the problem for the: 


universal section (344). 5, Ideal power-limited engine (344). 


§3. The game approach to the problem of selecting the optimum 
parameters of the propulsion system..........0c eee eveee 
1. Statement of the problem (350). 2. Payoff function (352). 3. Value of the game, Optimum 
strategies of the Designer and Nature (355). 


§4, Optimum working-fluid reserve for a given maneuver with 
fixed engine parameters 2... ce ee ee ee ew tw eee 
1, Formulation of the variational problem (359). 2, Ideal engines with limited power and 
limited exhaust velocity (360). 3. Unthrottled engines (361). 


Chapter Eleven. RELIABILITY CONSIDERATIONS IN 
OPTIMIZATION PROBLEMS ......... ec cee ew ee nes 


§1. Optimum control for a specified probability of successfully 
executing the maneuver 2... ... cee eee renee ere ere rn tnene 


1, Formulation of the variational problem (365). 2, Power-limited engines (367), 3. Engine 
with limited exhaust velocity (376). 


§2. Formulation and equations of the variational problem for a 
composite power-limited engine... .-.... 0... eee eee enna 
1, Expected failure times (379). 2. Probability of the failures occurring (380), 3. Weight rela- 


tions (383). 4, Formulation of the problem (384), 5. Equations of the variational problem (384). 


6. Continuous approximation to the step function governing failures (385). 


§3. Some solutions for maneuvers with a composite power- 
Vimmited Engine cet eves aia ia hE ah aie Ae EOS eg Se Bes 
1. Step function governing failures (387). 2. Continuous function governing failures (390), 

3. Round-trip flight(391). 4. Motion with a specified time of powered flight (392), 5. Non- 
linear dependence of the power on the number of operating sections (394). 


§4. Optimum probability of executing a maneuver .......... 
1, Formulation of the transportation problem (397), 2. Maximum mathematical expectation 
of the total load (398). 3. Maximum total load for specified probability of achieving the solu- 
tion (401), 


Chapter Twelve. EXTRA WEIGHT REQUIRED FOR TRAJECTORY 


CORRECTION i. 5 seeseci cs we Biletee! ale SG Bed eG ee See Be Be 


§1. Errors when implementing the thrust-acceleration program, 
and deviations from the required trajectory ........0202206 


1. Errors in the thrust acceleration (403). 2, Mean square deviations from the required 
trajectory (404), 


§2, Optimum correction program ........c0+c re eveeres 


1, Measurement of the coordinates and velocities (405), 2. Optimum corrections of the thrust- 
acceleration program (406), 3. Increment of the functional (407), 4, Optimum distribution 
of the correction points (409). 


341 


350 


359 


365 


365 


379 


386 


396 


403 


403 


405 


Part Til 
ESTABLISHING OPTIMUM SOLUTIONS ................. 


Chapter Thirteen. ANALYTIC SOLUTIONS OF THE EQUATIONS 
OF DYNAMICS ® oye s aise en a eee uel ice a Pe So alee Boe es ata Ee ae 


§1. Radial acceleration (a,= 0 in (A.9)) ...... eee eee eee 
1. Equations and integrals of motion (412). 2. Build-up of a parabolic velocity (414), 3. Orbi- 
tal transfer (416), 4. Variation of the orbital elements (417), 


§2,. Transverse acceleration (a,= 0 in (A.7))......0000 eee 
1, Equations of motion (418). 2. Parabolic velocity bulld-up (418), 3. Representing the solution 
in series form (419). 4. Variation of the orbital elements (419). 


§3. Tangential acceleration (y= 0 in (A.16)) ....... eee ee 
I, Equations and integral of motion (420), 2. Approximate solutions of (13,48) (421). 3. Asymp- 
totic solutions of the acceleration problem (421). 4, Motion along a logarithmic spiral (427). 


§4, Normal acceleration (y= yain (A.14)). Binormal accelera- 


tion (ag= 0, «g@= 0 in A387)... .. ec eee eee Suiionih! coh ees sa ax oa) 


1. Equations and integrals of motion with normal acceleration (428). 2. Properties of the tra- 
jectories of motion with normal acceleration (429), 3. Equations and integrals of motion with 
binormal acceleration (429). 4. Properties of the trajectories of motion with binormal accel- 
eration (431). 


§5. Constant acceleration vector (e,=a,=0, 4,=e= const in (A.3)). 
1. Equations and integrals of motion (431). 2. Classification of plane trajectories (432). 


Chapter Fourteen. FUNCTIONAL NUMERICAL METHODS FOR 
ESTABLISHING OPTIMUM SOLUTIONS ........0.2200 eee 


§1,. Steepest descent in phase Space ....... 0. eee ee eee 


1. Algorithm of the method (436). 2. Computational procedure (438). 3. Generalization 
of the algorithm (439), 4. Example (440). 


§2. Steepest descent in the space of control variables ........ 
1, Algorithm of the method for problems with a free trajectory terminal point (444), 2. Control 
function with constraints (446). 3. Algorithm of the method for problems with fixed inicial and 

terminal points of the trajectory (446). 4, Generalization of the procedure for arbitrary bound- 

ary conditions (449). 5, Algorithm of the method for problems with free terminal point and free 
time of motion (449). 6, Examples (450), 7. Constraints on the phase coordinates (452). 

8. Numerical methads based on Pontryagin's maximum principle (455). 


§3. Newton's functional method .......2c. ccc eee eneaee 
1. Algorithm of the method (458). 2, Example (460). 


Chapter Fifteen. FINITE-DIMENSIONAL NUMERICAL METHODS 
OF ESTABLISHING OPTIMUM SOLUTIONS .............. 


§1. Minimizing a function subject to additional constraints ..... 


1. The gradient method (464). 2. Newton's method (466). 


Vili 


411 


411 
412 


428 


431 
43 4 


435 


443 


457 


463 
463 


§2. Reduction of variational problems to finite-dimensional 
PPODLSTNG  5.6605.5 ei: & Bee gob beers” Shue Be Belen tar Geena ls. Spee a Blew ee 
1. The Ritz method with the coefficient determined by the steepest descent method (468). 

2, Method of polygonal lines for the Lagrange problem (470). 3. Method of polygonal lines 


for the Mayer problem (472). 4. Selecting the missing initial values in the boundary-value 
problem (473), 


Appendix, DESCRIPTION OF THE DYNAMIC MANEUVERS 


§1. Forms of the equations of mction..........02 002 eeee 


1, Equations of motion in a central field (476). 2. Equations of motion in a field with two 
gravitational centers (485). 3, Equations of motion for model fields (486), 


§2, Interplanetary flight... .... 2. eee eee ee wee te ees 


1. Dividing the interplanetary flight into elementary maneuvers (487), 2, Round-trip inter- 
planetary flight (488). 3. Models of maneuvers (490), 


§3. Satellite maneuvers .........02ccvcevvece 


1. Holding a satellite within a given spherical layer (490). 2, Rotating the plane of the circular 
orbit of a satellite by a lateral thrust (495). 


NOMeEMCTACU RS: sas 6 viele: wes e er we er ea eae el ea We fe eer ale 
Bibltog Pap liye oa ee oe ba ee ek eS ge Wel Se ee a ee 
AWE HO Pde Ke Se oeie bce si ek ieee) Seis ow ah ete Se 


468 


476 
476 


487 


490 


497 
504 
553 


PREFACE 


This book presents a theoretical background to the new discipline of 
spaceflight mechanics. This discipline aims at simultaneously solving 
the problems of selecting the optimum weight parameters of a spacecraft, 
the optimum control functions of its propulsion system, and the optimum 
flight trajectories which ensure delivery of a maximum payload. The 
necessity for a simultaneous treatment of these three problems stems from 
the high relative weight and the wide possibilities of adjusting parameters 
for conceivable types of space propulsion systems including chemical (at 
high thrust-to-weight ratios), thermonuclear, and electric propulsion engines. 

Theoretical studies of low-thrust spaceflight mechanics have nowadays 
reached the stage at which the results attained can be presented systemati- 
cally. This, however, has not been done thus far, and data on the subject 
are scattered over hundreds of publications. This book represents the 
first attempt at a systematic exposition of the basic problems of spaceflight 
mechanics. The authors' object is not an exhaustive treatment of all the 
papers published on the subject, although a very detailed bibliography is 
included. 

The first part of the book investigates the physical principles of space 
propulsion systems, and gives generalized characteristics of the basic 
types of propulsion systems necessary for the ensuing analysis. 

Problems of optimizing spacecraft parameters for various types of 
propulsion systems are considered in the second part of the book, which 
treats the mechanics of flight for propulsion systems with limited power, 
limited exhaust velocity and thrust, and for throttled and unthrottled power 
plants with energy and mass storage. Particular attention is paid to the 
following problems: optimum combination of different types of propulsion 
systems in one spacecraft; optimum correction of a space trajectory; 
influence of propulsion-system reliability on spacecraft parameter opti- 
mization, 

The third part of the book examines the question of optimum trajectories 
from the viewpoint of spaceflight mechanics, giving both analytic solutions 
and numerical methods for obtaining the trajectories. 

The main sections are illustrated with examples of the characteristics 
for flight to the solar-system planets, maneuvers of guided satellites, 
and flight in homogeneous gravitational fields; these examples elucidate the 
requirements which the propulsion systems must meet, and the possibilities 
of achieving spaceflight. 

The book is intended for scientists, engineers, and graduate students. 

It is assumed that the reader is familiar with the fundamentals of variational 
calculus; however, one may use the basic results given in the book even if 
the sections devoted to variational calculus are omitted. 


Xi 


In view of the book's size, the work was divided among the authors as 
follows: the first three chapters and Chapter Nine were prepared by 
G.L. Grodzovskii, Chapters Seven, Eight and Thirteen to Fifteen, and 
the Appendix by Yu.N. Ivanov, and the fourth, fifth and sixth chapters 
together with Chapters Ten to Twelve by V.V. Tokarev. 

The authors consider it a pleasant duty to express their gratitude 
to V.V. Beletskii, Yu. Kuznetsov, and F,L. Chernous'ko who read the 
manuscript and made many helpful suggestions. The authors also wish 
to acknowledge the help of L.A. Artsimovich, V.A. Egorov, V.K. Isaev, 
G.E. Kuzmak, A.I. Kur'yanov, A.I. Lur'e, N.N. Moiseev, G.P. Svishchev, 
L.A. Simonov, V.V. Sonin, G.G. Chernom, L.M. Shkadov, andT.M. Eneev 
in discussing the problems treated in the book. The authors are particularly 
indebted to L.I. Sedov and D. E. Okhotsimskii, whose attention to the work 
of the authors contributed considerably to the appearance of this book. 

All readers’ suggestions will be welcome. 


G. Grodzovskii 

Yu. Ivanov 

V. Tokarev 
Moscow, 1966 
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INTRODUCTION 


The progress of spacecraft engineering has led to the creation of new 
branches of mechanics. The idea of using rocket propulsion for spaceflight, 
first formulated at the end of the nineteenth century, has stimulated the 
development of spaceflight mechanics (I. V. Meshcherskii, K.E. Tsiolkovskii, 
R.H. Goddard, F.A. Tsander, H. Oberth, W. Hohmann, R. Esnault- 
Pelterie, S.P. Korolev, and others /1.1—1.9/). This discipline treats the 
motion of a spacecraft, considered as a body of varying mass, with the aim 
of establishing the conditions for the delivery of a maximum payload. 

The decisive factor here is the type of propulsion system. During the 
first stage of its development, spaceflight mechanics was primarily 
concerned with the flight of spacecraft using chemical engines, and charac- 
terized by a propulsion system of low specific weight (this is defined as 
the ratio between the propulsion-system weight and the maximum thrust it 
develops) of the order of several per cent. For moderate thrust-to-weight 
ratios it was possible to neglect the weight of the propulsion system in a 
first approximation, and the optimization problem was thus reduced to 
finding the conditions of minimum fuel expenditure for executing a given 
space maneuver. * On the basis of Tsiolkovskii's formula the latter 
condition is reduced to minimizing a simple kinematic parameter, the so- 
called characteristic velocity; this only necessitates the determination of 
optimum trajectories for which the times and directions of application of the 
thrust impulses must be indicated. These problems are exhaustively 
treated in well-known papers and books on rocket dynamics /1.10—1.59/, 

The promising types of space propulsion systems now being developed 
(the solar sail, the electric rocket engines, the thermonuclear rocket 
engines, etc.) are characterized by a high specific weight and wide possi- 
bilities for controlling the parameters (such as exhaust velocity and mass 
flow). The advantage of such propulsion systems derives from the low 
mass discharge per unit thrust for the electric and thermonuclear rocket 
engines (due to the high exhaust velocity), and from the absence of mass 
discharge for the solar sail. The technical progress achieved in recent 
years in the realm of nuclear power engineering, electric accelerators, 
thin-film technology, etc., has made the problem of the scientific and 
technical development of these propulsion systems very topical. With 
an increase in the thrust-to-weight ratio, it is inadmissible to neglect the 
propulsion-system weight, even for chemical rocket engines. 

This development led in turn to the appearance of a new branch of 
spaceflight mechanics, treating simultaneously the optimum ratios between 


* The use of a number of rocket stages, i,e., allowing for the successive discarding of containers whose 


weight is proportional to the fuel reserve, does not basically alter this formulation. 
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the weight components of the rocket, whilst allowing for the weight of the 
basic elements. of the propulsion system, the optimum control and throttling 
of the propulsion system, and the optimum trajectories of spaceflight /1.60/. 

The problem of determining the conditions for maximum payload delivery 
occupies a prominent place in spaceflight mechanics in view of its decisive 
influence on the arrangement and control of the spacecraft. The formulation 
of problems concerning the optimization of flight trajectories, control 
parameters, and weight components of the propulsion system is invariably 
linked with this factor. This formulation of the basic problem of spaceflight 
mechanics is organically connected to the characteristics of any propulsion 
system. 

- Many types of spacecraft propulsion systems are discussed in contem- 
porary literature. The most promising systems are shown in Table 1.1 
(/1.61—1.67/ and others) together with some of their parameters, e.g., 
the characteristic values of the exhaust velocity V, the specific weight 
of the propulsion system yz(the weight of the propulsion system per unit 
thrust generated), and the spacecraft acceleration a caused by the thrust; 
the characteristics of the propulsion systems in the table are arranged in 
order of increasing exhaust velocity. 


TABLE 1.1. Characteristic parameters of space propulsion systems 


TPE et : elt Exhaust velocity, specific cient Thrust accelera- 
propulsion | .Basic scheme | Jet composition of the propulsion : 
m/sec tion, ag 
system system, yp 
Thermal | Chemical burn- | Gaseous burning up to 4.5-10° 
tocket ing chamber products ‘ 
engines Reactor with Dissociated gas 8.1-10°— 1.2 108 1-10 
solid nuclear 
fuel 
Solar heater 8.0-10°— 1.2-108 107? 
Isotopic heater 8.0-10°— 1,2-10¢ 1075 
Reactor with 1.2-104— 2.0-104 1-10 
liquid nuclear 
fuel . 
Reactor with 2,0-10— 7.0104 1-10 
gaseous nuclear 
fuel 
Nuclear fuel Nuclear frag 5.0-104 1-10 
combined ments with 
with a che- gaseous bur- 
mical bur- ning products 
ning chamber 
Electric | Electric arc Plasma up to 2.5°10* | 2,5-10?— 2.5-10°| 4.0-10°°-4.0-10 
rocket heater - 
engines _| Electrodynamic 5.0°10*— 10° 2.0-10°8— 19°* 
accelerator 
Electrostatic 5.0-10*— 10° 2.0-1078— 1075 
accelerator 
Sail Isotopic sail Alpha-particles 8.0-10° <4-10°S 
systems | Solar sail Solar radiation 3.0-10° 2-1074 


photons 
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The characteristic values given in Table 1.1 of the specific weight of 
the propulsion system yz explain the recently-adopted classification of 
engines into high-thrust and low-thrust types. The upper limit of the thrust 
acceleration amex is attained when the weight of the propulsion system 
predominates over that of all the other spacecraft components: then ana — 
— g/ys(gis the acceleration of gravity on the Earth's surface). If ys<1, 
then dmax>g;: if ye>1, then anax<g. Engines of the first type are called high- 
thrust engines, and those of the second type low-thrust engines (it would ° 
have been more correct to call them high-acceleration and low-acceleration 
engines (Figure 1.1)). It should be noted that the high values of the specific 
weight for low-thrust engines are not a distinctive physical feature, but only 
characterize the contemporary assessment of the development level of such 
propulsion systems. Therefore the term "low thrust" has become widely 
used. The authors have, however, found it advisable to preserve this term 
even in the book title, since spaceflight mechanics has been developed mainly 
to fit "low-thrust" propulsion systems, in which the weight of the power 
plant plays an essential part. 


1? 1° 9? 19° 1’ f° V, mfsec 


FIGURE 1,1. Space propulsion systems; 1—5 represent high- 
thrust engines, 6—12 represent low-thrust engines, 1) Chemi- 
cal burning chamber, 2) heating in reactor with solid nuclear 
fuel; 3) heating in reactor with liquid nuclear fuel; 4) heating 
in reactor in combination with chemical burning chamber; 

5) heating in reactor with gaseous nuclear fuel; 6) solar heater; 
1) isotopic heater; 8) electric-arc; 9) electrodynamic; 

10) electrostatic; 11) isotopic sail; 12) solar sail, 
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From the viewpoint of spaceflight mechanics, two characteristics of 
the power plant are of decisive importance: the possibility of throttling, 
and the weight required to obtain a given thrust (this includes the necessary 
working-fluid reserve and the weight of the propulsion system). 

The first part of the book is devoted to elucidating these problems by 
considering the physical principles and basic characteristics of space 
propulsion systems, a knowledge of which is necessary for the subsequent 
treatment of the problems of spaceflight mechanics. 

The spacecraft is treated as a material point. Questions concerning 
the spacecraft motion about the center of gravity are not discussed in 
this book; for an examination of these questions, see /1.68/. 

The requirement usually imposed on the spacecraft trajectory is that 
it should start at a specified point of the phase space (i.e., at specified 
coordinates and velocity components), and that it should reach another 
specified point in the phase space during a given time interval. This 
requirement can be satisfied in different ways. From the multitude of 
trajectories which link two given points in a phase space over a fixed time 
interval we select that trajectory which corresponds to the motion of a 
spacecraft with maximum payload at a fixed take-off weight. This is the 
formulation of the basic variational problem of spaceflight mechanics for 
finding the optimum control functions of the propulsion system and the 
optimum relations between the weight components of the spacecraft, so that 
motion along the optimum trajectory is ensured. 

There is an equivalent alternative formulation of the variational problem 
which is stated thus: we must determine the optimum control functions and 
plot the trajectory connecting two given points of the phase space for a 
minimum flight time, to ensure the motion of a spacecraft with given take- 
off weight and payload. This second formulation is more convenient when 
there is no certainty with respect to the energy feasibility of the maneuver 
over the range of flight times considered. 

In addition to these two basic variational formulations, particular 
formulations are also used, corresponding to different types of space 
maneuvers: orbital transfer maneuvers, escape from the gravitational 
field of a planet, maneuvers in the vicinity of a planet, etc. The variational 
formulations of these problems do not necessitate that we satisfy all the 
boundary conditions relative to the coordinates and velocities; instead, 
only some of them or their combinations are specified. The free boundary 
conditions, are determined in this case from considerations of an optimum 
trajectory. 

The formulations of the variational problems and their links with the two 
basic formulations given above will be emphasized in the course of the 
treatment. 
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Partl 


PHYSICAL PRINCIPLES AND GENERALIZED 
PARAMETERS OF SPACE PROPULSION 
SYSTEMS 


Chapter One 


BASIC PARAMETERS AND LAYOUT OF SPACE 
PROPULSION SYSTEMS 


§1. BASIC PARAMETERS OF SPACE PROPULSION 
SYSTEMS 


The working principles and characteristics of space propulsion systems 
are described in detail in standard treatises, reviews, and textbooks 
(/1.61—1.67/ etc.). The basic physical principles and generalized 
parameters of space propulsion systems are described below as far as 
necessary for a discussion of the mechanics of spaceflight. As mentioned 
in the introduction, the weight problem (for instance, the problem of finding 
the conditions for delivery of a maximum payload) is of outstanding 
importance in spaceflight mechanics, because of its determining influence 
on the spacecraft parameters. The weight of a spacecraft is determined to 
a considerable extent by its propulsion system. The motion of the center 
of mass of the spacecraft is actively controlled by the thrust P created by 
its propulsion system, 

The motion, due to the thrust, of the center of mass of the spacecraft 
in a gravitational field can be described by the vectorial differential 
equation (cf. for instance /1.60/): 


+Gr=P+—GOR+F, (1.1) 


where G (t)is the weight of the spacecraft, r (tf) is the radius vector in an 
inertial frame, P = Pe is the thrust vector, e is the unit vector in the 
direction of thrust, R(r, 4) is the vector of the acceleration due to gravitational 
forces, t is the time, F is the vector of the external forces acting on the 
spacecraft (drag, etc.), determined by the external flight conditions. 

The complete system of equations describing the behavior of the space- 
craft consists of the vectorial equation of motion (1.1) and the relationships 
between the weight characteristics and the propulsion-system parameters. 
The determining functions for the optimization of the spacecraft parameters 
are the unit vector e in the direction of thrust and the parameters of the nozzle 
propulsion system, which determine tne thrust P and the weight G. 

Creation of a thrust Prequires a flow rate of mass g through the engine 
(for instance, the mass of the discharged working fluid). The total mass 
decrease per unit time is 


d. 
Go = — = 9+ %— Go (1.2) 
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where m = Gi/g, q,is the mass expended per. unit time during power generation, 
gq is the mass per unit time taken in from the environment. 

The weight G, (#)of the propulsion system proper, the thrust P(é, and the 
mass flow rate q(t) for the engine thrust are the basic. parameters , 
of the space propulsion system. 

The variable weight G(é) of the spacecraft can be presented in the form 


G (t) = G, (t) + G, (2), (1.3) 
t 


where G, () = G, — G, (t) — g qs(#) dt, and G, is the initial weight of the 
spacecraft, : 


The final weight G,(at the flightpath end t = T) may be considered as equal 
to the payload G,.° It is clear from (1.1), (1.2), and (1.3) that the basic 
parameters of the propulsion system determine the motion of the spacecraft; 
G, (t), P (t), ¢( and the unit vector e in the direction of thrust are decisive 
for spaceflight optimization, 

The parameters P (t) and q(t) determine the mean effective exhaust 
velocity and the effective jet power. The quotient P/q, which has the 
dimensions of avelocity, canbe considered asa mean effective jet velocity V 
(for flights without intake of working fluid from the environment at 
subrelativistic velocities), so that 


V = Pig. (1.4) 


The ratio J° = V/g, which has the dimension of time (for instance, sec), 
characterizes the thrust per unit weight discharge; it is accordingly called 
the specific impulse of the propulsion system. 

The effective jet power is by (1.2) and (1.4) 


1 
N=. (1.5) 
The propulsive efficiency is 
N 
N=7re (1.6) 


where N, is the power produced by the propulsion system. 

The control characteristics of the basic parameters G, (tf), P(), q(t), and 
the relationships between them depend on the type of propulsion system 
and its operating principles. We shall determine the generalized parameters 
by considering the layout of space propulsion systems. 


§ 2. LAYOUT OF SPACE PROPULSION SYSTEMS 


The general layout of a space propulsion system is shown in Figure 1.2. 
The first element of the propulsion system is the power generator; the 
final element is the nozzle, where part of the energy produced by the power 
generator is transformed into kinetic energy of the directed motion of 
the jet. Ifthe type of energy required by the nozzle is different from that 
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produced by the power generator, an energy converter is installed between 
the two. Part of the energy produced during interruptions in the operation 
of the propulsion system can be stored in an energy accumulator. The 
mass of the working fluid needed to create the thrust is supplied from tanks 
through a feed system to the nozzle. During flight in a medium of finite 
density the working fluid can be replenished from outside. A suitable 
storage system adjusts the conditions of the entering working fluid into 
those in the tanks. 


Tank with 


™ | Working- ee 
vo— at uid stor- working 
fluid intake age system fluid 


Energy 
accumulator 


Energy 


Energy removal 


FIGURE 1.2. Layout of space propulsion system. 


Since the energetic efficiency differs from unity, a considerable part of 
the power produced by the power generator must be removed from the 
propulsion system. 

The elements described are, of course, not found in all types of space 
propulsion systems; various combinations are possible within the general 
layout considered. 

From the viewpoint of spaceflight mechanics, the characteristic 
parameters of the power generator are the power N, (‘) produced by it (the 
possibility of regulating this power is essential), its weight G, (N,, ‘), and 
the mass g expended per unit time during power generation. The 
characteristic parameters of the energy converter are the ratio of the useful 
power N, (t) delivered by it to the power N, () taken up, this being the 
converter efficiency y, (NV,), and the weight G,(Nvmax)of theconverter. The 
characteristic parameters of the accumulator are the amount # of the energy 
stored in it, the maximum required power Emax and the useful power Fata 
(the dot denotes time differentiation), and the weight G, (Emax) of the 
accumulator. The characteristic parameters of the working fluid taken into 
the storage system are the mass flow rate gq, the power N,, contributed by 
this working fluid, the power N,(q) used by the storage system, and 
the weight G, (4, max) of the latter with intake. The characteristic parameter 
of the tanks for the working fluid is their weight G, (#), which depends on the 
working-fluid reserve G, (t) =G, (t) — G, (cf. (1.3)). 

The characteristic parameters of the working-fluid feed system are the 
mass flow rate q, the power N, (q), used upby this system and its weight G, (qmax). 
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The characteristic parameters of the nozzle are the thrust P(t) created by it, 
the power N (P) used by it, the mass flow rate q(P), and the nozzle weight 


Gy (Pmax: Ny max). 


The difference between the power WN, produced by the power generator 
together with the power N,, contributed by the working fluid taken in from 
outside, and the total power N,of the jet discharged through the nozzle must 
be removed by a suitable system. 

The characteristic parameter of the latter is its weight G (Nx), where 


Ne = Na+ Ngo — Ni 


These characteristic elements of the space propulsion system define its 
basic parameters: 


P(t), do(t)= 9+ Ge— Gv: } (1.7) 
Gy (t) = Ga + G, + G+ Gy + Gp + Gq + Gy + Gr. 


These parameters depend, of course, on the operating principles of the 
space propulsion systems, which will be discussed in detail in the following 
chapters. The external conditions of the spaceflight, which will now be 
briefly described considerably affect the parameters of the space propulsion 
system. 3 


§ 3. CONDITIONS OF SPACEFLIGHT 


1, Gravitational fields. Gravity represents the principal external 
influence in spaceflight. In a typical spaceflight, when the masses can be 
considered as spherical, the acceleration dué to the gravitational forces 
(cf. (1.1)) is /1.69/: 

R, 
R= Die ge = — ered V, (1.8) 


where U is the gravitational potential, f is the universal gravitational 
constant, ®, is the mass of the i-th gravitational center, R, is the position 
vector referred to the center of mass of the spacecraft. 

Tables 1.2-and 1.3 contain the values of ©, for the celestial bodies of the 
solar system, together with their basic orbital and physical data /1.70/. In 
flights near planets the nonsphericity of their surfaces and their 
gravitational fields must be taken into account. Thus, the gravitational 
potential, due to the Earth at a point of geocentric latitude pis 


U= ett 4 (8: )¥1—3sin?g) + 4 (At)*(8sing — 5sin® 9) + 
+ 3 (FB) @—30sin?g + 35sin'g) + ...], (1.9) 


where R,= 6.37815-106m is the equatorial radius; j,h, k, are coefficients 
of the second, third, andfourthzonal harmonics; j= 1623-10*%, h=6.0-10-8, 
k, = 6.4- 1078, 
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Motion of a spacecraft in a gravitational field is conservative ih the 
absence of other forces (P = 0, F = 0 in (1.1)) (cf. for instance, /1.71— 
1.72/), the total energy remaining a constant. 

During flight in a gravitational field, the total energy of motion in the 
absence of other forces is, according to (1.1), (1.8) (r =R): 


= 2 (F — SF) = const, (1.10) 


where v =r is the flight velocity. 
During flight in the gravitational field of a celestial body, (1.10) becomes 


v? 


m 
Tk =.const. (1.11) 


The specific potential energy b= FFF on the surface of the celestial body 


Ri= R, defines the energy necessary for escaping from it. This energy may 
also be characterized by the minimum initial velocity necessary for escape: 


ve=Y 2/M/R,. Values of 6 and », for the celestial bodies of the solar system 


are given in Tables 1.2 and 1.3. Figure 1.3 shows the total energy levels 
8g/G on the surfaces of the planets (lower points) and in their orbits (upper 
points), assuming that 8 = 0 beyond the solar system. Figure 1.3 

thus shows the energy necessary for spaceflights. 


FIGURE 1.3, Levels of specific total energy in orbits 
and on surfaces of planets of solar system. 


The variation of the total energy of motion of the spacecraft, necessary 
for the spaceflight, does not correspond directly to the energy developed in 
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30 the propulsion system of the spacecraft. The work done by the force Pis 


Ts ts 
aa ={ Pedr = 1" Pat (1.12) 


Ea 1 


Hence, the work done by the thrust during a certain time (related to the 
given amount of energy developed in the propulsion system) depends mainly 
on the velocity of the spacecraft during this time. It is therefore desirable 
to operate the propulsion system in the regions of the gravitational field, where 
the spacecraft velocity is maximum (this is discussed in greater detail in /1.4/). 

2, Environmental parameters. The density, pressure, and temperature 
of the external medium vary greatly along the flight path from the surface 
of the take-off planet through outer space to the surface of the planet of 
destination. These three parameters determine the vector of external 
forces F acting on the spacecraft (cf. (1.1)) and the possibility of 
replenishing the working fluid from outside and are of particular importance 
for the mechanics of flight near the surface of the planet, i.e., in its 
atmosphere. The density and pressure of the atmospheres of planets decrease 
sharply with increasing altitude. Figure 1.4/1.73/ shows the variation of 
the density p, pressure p,, and temperature T, of the Earth's atmosphere 
with altitude kh; the local velocity of sound 4 and the kinematic viscosity v, 
which depend on the altitude, are also given. 


Px kg/m? 
200° 400° 600° 300° 100° ee A 
o_ - 10, 200, 300 400 500 a,m/sec 
Oo 0 ° Ww? ww’ / V,m*/sec 


FIGURE 1.4. Variation of pressure, density, and temperature of Earth's 
atmosphere with altitude; dashed lines represent velocity of sound and 
kinematic viscosity. 


The density of the gaseous medium in interplanetary space depends 
mainly on the corpuscular radiation of the Sun, which consists of a stream 
of protons (ionized hydrogen atoms) whose energy is of the order of-1 kev 
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(velocity w=4.5X105 m/sec); its intensity during periods of quiet Sun is 
(cf. /1.75/): 
Re 


g~ 3-404 (78)"4)m?Xxsec, (1.13) 


where R is the distance to the Sun; Rs =1.495X10!!m is the mean radius 
of the Earth's orbit. 
The distribution density of the protons is in accordance with (1.13) 


Rz\2 
py = 10 (78) kg/m’. (1.14) 


The corpuscular radiation of the Sun exerts on the spacecraft a pressure 
which by (1.13) is 


=p. ww? 2.10-8 ( %a\? 2 
Py = Pot” = 2-10 (58) kg / rei (1.15) 
and supplies power 
R 
My =~ 5-10"? (8 )'w/m?, (1.16) 


The intensity of the corpuscular radiation may increase by two to three 
orders of magnitude during periods of solar activity /1.74/. 

The principal energy flux in interplanetary space consists of the 
electromagnetic radiation of the Sun, which has a maximum in the optical 
range at a wavelength ~5500 A/1.75/. 

The solar spectrum is continuous (Figure 1.5); a large part of it 
corresponds to blackbody radiation at a temperature Tg ~5800°K. The 
power of the solar light flux is 


my = 1400 (58)" w/e. (1.17) 


The ponderomotive interaction between the radiation and the body 
reflecting (or absorbing) light produces a pressure on the body. The force 
of the light pressure depends on the power of the radiation and is, according 
to Maxwell, at normal incidence of the light on the body, 


y= 7A t+ 2) 0.464.407 (48)"(1 4 e)ke/n?, (1.18) 


where c¢ is the velocity of light, e is the reflection coefficient of the body 
(e= 0 for a perfect blackbody, e=1 for an ideal mirror). In the orbit of 
the Earth the maximum pressure of solar light is p =0.928X10°6 kg/m? 
(for e=1) /1.76/. 

During flight near a celestial body, the heat flux radiated 
by it (cf. surface temperatures of celestial bodies in Table 1.2) and the 
solar radiation reflected from its surface are important. The latter is 


determined by the albedo A of the celestial body, defined as the ratio of 
the reflected to the incident light flux (cf. Table 1.2). 


NS 


°n2 
04 «06 08 10 20 Ayu 0 
FIGURE 1,5. Solar spectrum (solid line); r,— intensity of FIGURE 1.6. Radiation (Van Allen) belts of 
radiation in orbit of Earth; dashed line — blackbody radia- the Earth; the contours correspond to a constant 
tion at T@= 5800°K, intensity of recorded particles, 


Compared with these principal energy fluxes in interplanetary space, 
the heat radiation in outer space, corresponding to a temperature T; ~4°K, 
is negligibly small: 


N, =e 1.5-10°5 w/m?, (1.19) 


33 The balance of these energy fluxes and of the energy dissipated by the 
spacecraft determines the temperature conditions of the latter during flight. 
Thus, the maximum effective temperature T, of a perfect black heat- 
conducting sphere moving near the surface of a celestial body and possessing 
no energy sources is 


t=(92 4+ayTh+ 2TH], (1.20) 


where ogis the angle at which the Sun is seen, o, is the angle at which the 
celestial body is seen[ Tgis the surface temperature of the Sun; T, is the 
surface temperature of the celestial body}. 

In addition to the energy fluxes, we must also consider, in problems of 
spaceflight mechanics, the radiationinouter space, which represents a 
biological hazard and necessitates weight to be expended for protection. 
Besides the corpuscular radiation of the Sun already mentioned, cosmic 
rays must be taken into account. These consist of atomic nuclei with 
energies up to 10!” ev; the specific power of cosmic radiation is ~7X10~® 
w/m*, the intensity being ~6X10° m-’sec-}. 

The magnetic field of a celestial body leads to the formation of magnetic 
"traps" in which the radiation flux is considerably intensified. Near the 
Earth such "traps" are formed by a magnetic field of comparatively low 
intensity, which has a small dynamic effect on the spacecraft. Thus, the 
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horizontal component of the magnetic field of the Earth is ~3.1x10~5 
weber/m? on the geomagnetic equator, while the vertical component is 
~6.3X1075 weber/m?at the geomagnetic poles. Nevertheless, this field 
causes radiation (Van Allen) belts, witha high intensity of charged particles 
(Figure 1.6), to be formed near the Earth. These represent a considerable 
biological hazard /1.62/. 

3. Meteors, Meteors moving in the solar system may cause considerable 
weight to be expended on protecting the spacecraft; the distribution of 
meteors in the solar system may influence the selection of the flight path. 

Meteors near the Earth are at present being studied with the aid of 
photographic and radar techniques, and direct measurements from 
artificial satellites (/1.77—1.78/ and others), The measured velocities 
of the meteors are between 11 and 72 km/sec, The lower limit 
is equal to the escape velocity from the Earth; this is the velocity of 
meteors approaching the surface of the Earth from a state of rest relative 
to the Earth, The upper limit is the maximum velocity, relative to the 
Earth, which a meteor moving in a closed orbit around the Sun can have. 
The mean velocity of meteors near the Earth varies between ~15 and 
28km/sec /1.79/, increasing with their mass m (Figure 1.7), 


FIGURE 1.7. Velocity of meteors as function FIGURE 1.8. Required thickness of protective steel 
of their mass (near Earth). wall as function of permissible intensity of punctures 
by meteors (near Earth). 


The intensity D°of a meteoric stream depends mainly on the mass of the 
particles; according to /1.77—1.79/, it can be represented near the Earth by 


10 
D?=10"m * 1/m?- sec, (1.21) 


where mis given in grams, D° is the intensity of the stream of all meteors 
whose mass is larger than m. 


Opinions differ on the effects of meteors on obstacles. Various 
relationships are given between the thickness 6 of the pierced material and 


the momentum mp or the energy sm? of the meteor (/1.77—1.86/ andothers). 
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The results of computations by these methods are in satisfactory 
agreement with the results obtained by laboratory studies of the process 
of collision of high-speed particles with targets, as regards the required 
thickness 4 of the protective wall as a function of the permissible intensity 
D°(8) of the punctures. The relationship D° (6) for a protective steel wall 
is given in Figure 1.8, where curve 1 corresponds to 6 (mv), and curve 2 
to 6 (F mv). 

The relationships represented in Figure 1.8 were obtained from (1.21) 
for flights near the Earth, where the spacecraft is protected from the 
meteors on one side by the Earth. It may therefore be expected that at 
a distance from the Earth of the order of several Earth radii, the intensity 
D%8) of the punctures is doubled. 

In order to determine the expected meteoric hazard we may assume 
/1.79/ that piercing of the wall by meteors is subject tn the Poisson 
distribution 


(2) = P°STI exp (= DST), (1.22) 


where ¥ is the probability that a wall of surface area S is pierced by 
meteors ntimes during time 7. Thus, for D°ST= 1 the probability that the 
wall is pierced one to four times by meteors is 


Relationship (1.22) and data such as those given in Figure 1.8 allow 
the weight necessary for protecting the spacecraft from meteors to be 
estimated with the required accuracy. 
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Chapter Two 


PHYSICAL PRINCIPLES OF THE ELEMENTS OF 
SPACE PROPULSION SYSTEMS 


§ 1. ROCKET ENGINES 


1. Rocket thrust and drag. The rocket nozzle is the final element of the 
propulsion system, in which the useful part of the energy produced by the 
power generator is transformed into kinetic energy of the directed 
motion of the jet and creates the thrust P. The sum of the rocket thrust 
and the external forces acting on the flying vehicle as a result of drag 
is equal to the integral, over a closed contour (for instance, that of the 
vehicle), of the components of the pressure p, the frictional stresses 1°, 
and the change of momentum: 


P + F, = $ {V4 cos (Vi, z)dqy+ [p cos (n, z) + v°sin (n, z)] dS}, (2. 1) 


where nis the direction of the normal to the contour, and the thrust is 
directed along the z-axis. For flight in the atmosphere (cf. /2.1/) the drag 
F, is considered to be the integral of the frictional stresses and the pressure 
in excess of the atmospheric pressure P,, over the external contour of the 
vehicle 4A,5,B outside the jet and the working fluid intake q, (Figure 2.1, 

a and b): 


F,=\ [(p—p,) cos(n, z) + t’sin(n, z)] dS. (2.2) 


ee by 


A 


Substituting (2.2) in (2.1), and noting that there is no mass flow (4 = 0) across 
the contours AA, and 8,8 we obtain the rocket thrust during flight in the 
atmosphere (cf. /2.2/ etc.) 


A 
P= j (V,cos(V;, z) dq; + (p — p,) cos(n, z)dS] =qV.+(Pe—Pn)Fe— wy, (2.3) 


where p,, V,are respectively the mean pressure and velocity in the jet in 
section BA, ¥-is the area of this section. 

This widely-accepted grouping into thrust and drag of the forces acting 
on the rocket-propelled vehicle is, of course, arbitrary. Thus, the forces 
on the parts aAand bB(Figure 2.1) of the vehicle depend largely on the 
jet (/2.1/), i,e., onthe thrust, although here it is included in the drag. 
This classification has, however, a definite physical meaning, with sharp 
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transitions in the limiting cases (absence of drag or thrust); in detailed 
analyses it is, nevertheless, necessary to allow for a possible interaction 
between thrust and drag. 


a A 
— 
8 
3 
b 


FIGURE 2.1. Reaction-propelled vehicles: 


a) without intake; b) with intake from outside at mass 
flow rate gp. 


A simpler expression is obtained for the thrust during flight in outer 
space, where the drag practically vanishes (F = 0); with p, = Oand g,=0 


Py = Vet PeF c» (2.4) 


2. Nozzles. In thermal jet engines the thrust is created by the nozzle, 
which transforms the heat energy of the gas into kinetic energy of the 
directed jet. The physical principles of nozzle operations are explained by 
the theory of gas dynamics (/2.2 —2.12/). 

The measure of the heat energy of the gas is the stagnation tempera- 
ture T,, which is the gas temperature at zero flow velocity (Vi= 0). 

The maximum possible velocity of the directed motion of the gas Vmazmax 
is equal to the average velocity of the molecular motion in the gas at 
rest; for a perfect gas this is Vmaxmax given by 


Vinax max = V ATs. (2.5) 


3g where x is the ratio of specific heats, equal to 1.66, 1.40, and 1.33 
respectively for monatomic, diatomic 
and multiatomic gases, # is the gas 
constant. This maximum velocity is 


V att times higher than the critical 


velocity of sound in the gas:a,= 


_ 2% ; 
= V oat AT; supersonic nore) e are 


therefore required for high exhaust 
velocities. A supersonic axisymmetrical 
FIGURE 2.2. Flow in a supersonic nozzle. nozzle is shown in Figure 2.2. 
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In accordance with the theory of one-dimensional gas flow (/2.4, 2.6/), 
the, relative gas velocity A, = Ys in the exit section of an ideal supersonic 
* 


nozzle, in which there are no losses and where the axial flow velocity is 
uniform, is determined by the ratio of the area of the critical (throat) 
section ¥,(where the gas velocity is equal to the local sound velocity «,) to 
the area of the exit section F.: 


1 1 


q(he) = he(1—24 aay (AEN = Ze. (2.6) 


At a mass flow rate gq the total thrust is 


Y=aV + pF =*2" gaz (n), (2.7) 


where z(A) =A+ +. The equation of continuity for one-dimensional gas 
flow yields the mass flow rate through an ideal nozzle 


a= (334) Pads = Bea (2a), (2.8) 


where q(A,)is given by.(2.6), p, is the total stagnation pressure of the gas at 
the nozzle inlet. 

The thrust developed by an ideal nozzle during spaceflight, which equals 
the total impulse of the gas stream at the nozzle exit (compare (2.4) and 
(2.7)) is by (2.7) and (2.8): 


1 


Py=Yo= PoF.(z2q) 2(h2- (2.9) 


The thrust developed by a nozzle during flight in vacuum is thus 
independent of the total gas temperature T, and depends only on the total 
gas pressure p,, the throat area ¥,, and the expansion ratio ¥-/F (which 
determines A, and z(A,)). At given p,and ¥, the thrust developed by an ideal 
nozzle in vacuum increases continuously with the expansion ratio, reaching 
a theoretical maximum when §./¥,— co, when the exhaust velocity of the 
gases becomes the maximum possible: 


L 
2 yet *+1 u—i 
Pr max = PoF, (557) ( ees tad V xi 


) (2.10) 


a+1 


“%—1° 


with V,= Vimar: Memax = In real nozzles the expansion ratio should not 


exceed a certain limit beyond which the additional frictional losses at the 
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nozzle walls, caused by their increase in surface, cancel out the 
increment in thrust due to the increase in expansion ratio. Allowing 

for inertia forces during acceleration of the vehicle has a similar effect. 
The frictional losses in the nozzle determine the optimum expansion ratio- 
(and thus Acop): at this optimum ratio the thrust may be ~95% Prma(cf., 
for instance, /2.7—2.11/),. The gas-dynamic principles and variational 
problems of optimizing the contours of supersonic nozzles are considered 
in /2,13—2.21/. Introducing the impulse loss factor f,, the maximum 
thrust developed by a real nozzle during flight in vacuum is 


1 


“1 


Prax = VePoF, (=) (Ae opt) (2.11) 


Hence, when p, and ¥,are given, the maximum thrust developed by the 
nozzle during flight in vacuum is constant. The gas temperature T, at the 
nozzle inlet determines the mass flow rate through the nozzle when Pp» and 

40 ¥,are given (cf. (2.8)). When the thrust is given the mass flow rate q 
decreases with increasing gas temperature T,; the specific impulse of the 
propulsion system increases accordingly. 

We obtain the thrust developed by the nozzle during flight in the 
atmosphere (assuming g,= 0 for simplicity) by subtracting from the value 
(2,11) of the thrust in vacuum a term allowing for the atmospheric pressure 
pa (cf. (2.3)); hence 


1 
1 m+ 41y*7t 
2 1] - Pa ( } ) | 
P = poF (=) ray CE . (2.12) 


When p,, ¥,and A,are given the thrust developed by the nozzle increases 
with altitude by ~10 to 30%, attaining a maximum Ppa; in outer space. 


20.) 
HAg) 


FIGURE 2.3. Variation of £(a) and q (a) with 
relative flow velocity . 


The functions z(A,) and ¢(4,) are shown in Figure 2.3. They vary with A, 
in such a way that when pp, p,, ¥, are given, the thrust P becomes maximum 
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at the expansion ratio §,/f¥,and the corresponding exhaust velocity V, (A.) = Vp (Ap); 
for which the static pressure in the jet at the nozzle exit is atmospheric: 
for Pe = Pw 


1 


= xl 
Pram = TOS bo 2h (gay (2.13) 


where 


x 


Ccaay Hae 


These are the design conditions for the nozzle. Fora fixed nozzle (F/F. = 
= const) and variable pressure drop p)/p,(for instance, py= const, p, vary- 
ing with altitude), the nozzle will develop the maximum possible thrust 


Es es io Po Po Po, Po 
= 1 only at the design conditions p,= p,. When Ph < P, or >, > Pp 


£ <1), obtainable at 


P, mak 


Py max 


the thrust will be less than the maximum possible ( 


the optimum expansion ratio. 


0 1G 20 64 
A oa 2 
b r 3) 


FIGURE 2,4, Relative thrust developed by nozzle at 4,=1.89, as function of pressure drop. 


From (2.12) and (2.13), we have plotted on Figure 2.4,a the relative 
thrust 


1 
wb A\xa 
P__ «tt F _ (Fe) | 
Ph max ~ 2KApl Tez (he) Pog (Ac) (2.14) 


asa function of the pressure drop p,/p, for 4, = 1.89 and ¥,~0.99 /2.20/. The 
considerable losses in thrust during under- and overexpan‘sion do not depend 
on the flow inside the nozzle, where the velocity and pressure distributions 
are fixed (Figure 2.4,b) but are due to the shocks formed in the jet behind 
the nozzle when nonoptimum flow conditions apply (cf. Figure 2.5 /2.22/). 
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FIGURE 2.5. Flow pattern behind nozzle in case of underexpansion (ax 


a) colored schlieren photograph; b) interferogram; c) ditto without flow. 
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Q In reality, the constancy of supersonic conditions inside the nozzle, 
implied in determining the relative thrust by (2.14) (cf. Figure 2.4), is 
observed throughout the region of underexpansion and in a considerable 
part of the region of overexpansion close to the optimum expansion ratio. 


FIGURE 2.6. Flow from a supersonic nozzle with overexpansion: 


a) without separation; b) with separation from nozzle walls. 


In the case of overexpansion, the pressure rise p/p, in the shock at the 
nozzle exit varies inversely with the ratio p,/p,(since p,/po= const); after a 
critical value (p,/p.)er has been attained 
the strong shock causes separation of 
the boundary layer from the nozzle walls 
and a change in the flow pattern inside 
the nozzle (Figure 2.6 /2.23/). The 
values of the critical pressure rise 

in the shock, given in Figure 2.7 

(/2.23, 2.24/), indicate the region in 
which no separation occurs during 
overexpansion, with constant supersonic 
flow being maintained in the nozzle; for 
this region the thrust losses are 
determined from (2.14). 

When flow separation occurs in the 
nozzle, the pressure acting on the nozzle 
walls in the separation zone is higher 
than the computed pressure, and the 
thrust losses are correspondingly 

10 12 4 16 18 A, reduced. This phenomenon is most 
FIGURE 2.7, Critical pressure rise in shock, pronounced in annular supersonic nozzles. 
causing separation of turbulent boundary layer | With underexpansion or optimum 
at nozzle exit, as function of relative exhaust expansion ratio the flow in an annular 
velocity, supersonic nozzle (Figure 2.8,a /2.20/) 

does not differ in principle from the 
flow in an ordinary supersonic nozzle. With overexpansion, however, 
reflection of shocks, coming from the nozzle edge at the core, causes a 
considerable increase in the pressure acting on the latter (Figure 2.8,b). 
This intensifies flow separation because of interaction between the shocks 
and the boundary layer. Such nozzles have small thrust losses with 
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overexpansion. Figure 2.9 shows the characteristics of an annular nozzle 
with a= 165 /2.25/; an example of a rocket with such a nozzle is given in 


/2.26/. 

Within the scope of the theory of gas dynamics the thrust developed by 
the nozzle is détermined by (2.12), with suitable corrections for flow 
separation due to overexpansion (these corrections may be included in the 
impulse loss factor Y,). The results obtained in the theory of gas dynamics 
apply to chemical-reaction rocket engines, provided the temperature 
levels are such that dissociation, ionization, and recombination of the gas 
(not taken into account in the theory mentioned) may be neglected. A 
typical representative of such space propulsion engines is the liquid-fuel 
rocket, in which the nozzle acts asa structural element (Figure 2.10) /2.27/. 
Because the structural and gas-dynamic functions of the parts of liquid-fuel 
rockets are interrelated, separate weight analyses for nozzle, combustion 
chamber, and working-fluid supply systems should not be carried out. 

The maximum thrust of a liquid-fuel rocket is by (2.11) and (2.12) 
proportional to the total pressure p, of the gas in the combustion chamber 
and to the nozzle throat area f,: 


Pinax ~PoF gs (2.11') 


The weight of the nozzle (which acts simultaneously as an energy-removal 
system, cf. Figure 2.10) must, for reasons of static strength, be 
proportional to po¥%*; due, however, to the improvement in construction, 
possible with larger engines, the weight increases more slowly than the 
cube of the characteristic dimension, being approximately proportional 

top F,. The weight of the combustion chamber, which acts both asa power 
generator and a power converter, varies similarly (cf. § 2 of Chapter Two). 
The weight of the working-fluid supply system must be proportional to the 
mass flow rate g, which, by(2.8), is also proportional to p,f,. For a 
liquid-propellant rocket we have, therefore, 


(Gy + Ge + Ga + Gs + Gq) ~ DoF, (2.15) 
or by (2.11') 


G, + Ge + Gat G+ Gq = 1eP max: (2.16) 


where te= “5 is the specific weight of the engine (for a liquid-fuel 
rocket G,= 0 and G,= 0). 

Figure 2.11 gives the specific weight of the engines of the "Saturn" 
rocket (/2.11, 2.27/); the data for the engine of the V-2 rocket, which 
are also given, show the progress made in the last 20 years in improving 
the weight characteristics of liquid-fuel engines. It is seen that the 
specific weight of liquid-fuel rocket engines is quite low. 
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FIGURE 2,8, Flow pattern in an annular supersonic nozzle (a,= 1.68). 


FIGURE 2.9, Relative thrust developed by annular nozzle as function of flight altitude; 


ee =165, » =3.5x 10° kg/m?; solid curve shows experimental results; dashed curve 


shows theoretical results for ordinary nozzle, 


The mean effective exhaust velocity V of the gases, and the 
corresponding specific impulse J° of the propulsion system are important 
nozzle parameters. We obtain from (2.8), (2.12), and (1.4) 


1 
P I = (* z “yn | v 
Vat = VPP at|T2Qd—-—Say—| P=s. (2.17) 
When the nozzle parameters and the flight altitude are given, the nozzle 
exhaust (and hence the specific impulse) depend on the composition 
(#,%) and on the stagnation temperature T,of the gases. The maximum 
exhaust velocity in chemical engines is limited by the maximum temperature 
attainable from chemical reactions (cf. below § 2), the possibility of 
selecting fuels and oxidizer whose combustion products have low molecular 
weights (i.e., for which the value of #is higher) and the permissible T, max 
temperature level for the structure. Chemical rocket engines can accordingly 


ot be considered as propulsion systems with limited gas exhaust velocities: 


ar 


1 
_ 4a/ nti = Pa( 2 
V < Vmax = oe AmaxTo maz | Voz (4-) — a1) 5 a (2.18) 
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FIGURE 2.10. RL10A~3 liquid-fuel engine of second stage of Saturn 1 rocket; 
fuel — liquid hydrogen, oxidizer — liquid oxygen: 


1) radiation-cooled part of nozzle; 2) fuel-cooled part of nozzle; 3) 
combustion chamber; 4) fuel and oxidizer supply lines. 
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FIGURE 2.11. Specific weight of liquid-fuel engine 
as function of maximum thrust developed (dashed curve 
refers to engines 1 to 4 of Saturn rocket): 


1) RLIOA-3 (Hy+0,); 2) J-2(H)+0,); 3) H-1 
{kerosene +02); 4) F-1 (kerosene + O,); 5) engine 
of V-2 rocket (ethyl alcohol 75% +0,). 
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It follows from (2.18) that the maximum effective exhaust velocity 
increases with altitude (corresponding to the increase in thrust, cf, (2.12)) 
by about 10 to 30% /2.27/. The critical conditions are the take-off from the 
Earth's surface and the flight in outer space, Thus, for the engines of the 
"Saturn" rocket (Figure 2.11) the maximum exhaust velocity and the 
specific impulse are respectively /2.27/: 

for the liquid-fuel engines of the first stage, which use kerosene +Oz: 
at h = 0, Vax 9 =2550m/sec, /,° = 255 sec; in vacuum, Vmax =2800 m/sec, 

I° = 280 sec; 

for the liquid-fuel engines of the other stages, which use H,+O,: at 
h = 0, Vinaxo =3200m/sec, 1,° ~320sec; in vacuum, Vmax =4200m/sec, 

I° = 420 sec, 

The variation with altitude of thrust, effective exhaust velocity, and 
specific impulse of a high-altitude liquid-fuel engine is represented in 
Figure 2.12; the curve is based on the data given above (2,12), (2.18), 
and the data in Figure 1.4, 
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FIGURE 2,12, Variation with altitude of thrust, effective 
exhaust velocity, and specific impulse of high-altitude 
liquid-fuel engine. 
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FIGURE 2.13. Thermal-energy fraction of gases as function of 
stagnation temperature (= 104kg/m7), 
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FIGURE 2.14, Maximum effective exhaust velocity and specif- 

ic impulse in vacuum as functions of stagnation temperature. 
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3. High-temperature thermal rocket engines. Various proposals for 
increasing the effective exhaust velocity and the specific impulse have been 
discussed in the literature; these include replacing the combustion engines 
by thermal propulsion systems in which the working fluid is brought to a 
high temperature by an electrical discharge, using either a heat exchanger 
heated by a nuclear or isotope reactor, or by solar energy (/2.28 —2.41/ 
etc.). A characteristic feature of such propulsion systems is the very high 
temperature T, of the gas at the nozzle inlet. When the gas temperature 
in front of the nozzle is high, a large part (4 — yr) N, of the energy supplied 
is spent on dissociation and ionization of the gas. The thermal-energy 
fraction of the gas defines the efficiency nr whose temperature dependence 
is given in Figure 2.13 for different working fluids /2.39/. A conservative 
estimate of the effective exhaust velocity and the specific impulse in high- 
temperature nozzles is obtained by assuming (cf. 
for instance /2.33, 2.39/) that during the short 
duration of expansion in the nozzle the dissociation 
and ionization energy of the gas is not liberated (so- 
called ''frozen flow''). The effective exhaust velocity 
and the specific impulse can then be determined by a 
formula similar to (2.17), in which the efficiency nr 
is taken into account if T, defines the total energy of 
the gas, namely, 


1 

wb A\eTt 

roa MET] 

x+4 = 

fe Bata taay MOET 
paz, (219) 


Using the data of /2.39/, we have plotted in Figure 
2.14 the maximum effective exhaust velocity and the 


FIGURE 2.15. Thermal- specific impulse in vacuum for high-temperature 
propulsion engine with nozzles as functions of the stagnation temperature 
nuclear reactor: for different working fluids. The advantages of hydrogen 
{jnogeley®) nuclear as a working fluid are clearly seen, as it ensures high 
reactor-and heat’ex- exhaust velocities at a minimum gas temperature. The 
changer; 3) working- thrust of such propulsion systems, which does not de- 
fluid supply systern. pend on the gas temperature, is determined from (2.12), 
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FIGURE 2.16, Isotope thermal-propulsion engine: 


1) coolant pipe; 2) thermal insulation; 3) heat-exchanger duct for working 
fluid; 4) nozzle; 5) capsule with radioactive isotope; 6) supply-system valve; 
7) working-fluid supply. 


Concentrated solar radiation 


FIGURE 2,17. Thermal-propulsion engine with solar heating: 


1) working-fluid (hydrogen) supply; 2) gasdeflector; 3) joint between 
transparent quartz sphere and nozzle; 4) nozzle; 5) and 6) axis of 
rotation and bearings of orientation system; 7) porous heat exchanger 
and radiation collector; 8) multilayer screen; 9) transparent quartz 
sphere. 


High-temperature thermal-propulsion engines with heat exchangers and 
a nuclear reactor /2.41/, an isotope reactor /2.40/, or a solar-radiation 
collector /2.39/, are shown in Figures 2.15 to 2.17. 

In these engines a high-temperature gas stream is formed in the heat 
exchanger and accelerated to high exhaust velocitiesinthe nozzle. The weights 
of the heat exchanger and nozzle should be analyzedtogether. The generalized 
layout of thermal-prcopulsion engines with heat exchangers is given in 
Figure 2.18. The heat-exchanger duct, in which the gas is heated to the 
stagnation temperature T, at the nozzle inlet, is represented by an equivalent 
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tube of diameter D and length L. As will be shown below (§ 2 of Chapter Two) 
the required heating of the gas determines the ratio L/D=k;. Allowing 

for erosion, we take the thickness of the duct wall as approximately 
proportional to the total pressure: 6~p,). The weight of the heat exchanger 


is then 


GC, ~ FLDbnw~ Pog Fs (2.20) 


where 7 is the frontal area of the heat exchanger, np~ a, is the number 


D2 


of heat-exchanger tubes per unit frontal area, 
From porfr ~ poF, and (2,13) we find that the weight of the heat exchanger 
is proportional to the maximum thrust 


G.~ PoF, ~ Pax, (2.21) 


and, by analogy with (2.16), we obtain for high-temperature thermal- 
propulsion engines with heat exchangers 


Gyr = G, + G+ Ge + Gy = _pPmaxs (2,22) 


where 71 is the generalized unit weight of the engine (weight per unit thrust), 


Working-fluid 
| feed systems 


mr 


FIGURE 2.18. Thermal- 
propulsion engine with 
heat exchanger; Q is the 
thermal flux from energy 
source (nuclear reactor, 
isotope reactor, solar- 
radiation collector). 


In nuclear thermal-propulsion engines, power increase 
causes a negligible increase in the weight G, of the 
fissionable material representing the power source, 
since the latter accounts only for a small part of 
the engine weight. Therefore, for nuclear engines, 
Gy = Ge (G, = 0, G = 0). In isotope and solar-heat 
engines, on the other hand, the weight of the power 
source represents a substantial part of the total 
weight, and is determined in accordance with § 2 

of this chapter. Tentative values of the generalized 
unit weight Yt of thermal-propulsion engines with 
heat exchangers are given in Table 2.1 (/2.32, 2.39, 
2.40/). 

The maximum effective exhaust velocity and speci- 
fic impulse in thermal-propulsion engines with heat 
exchangers depend on the maximum permissible 
gas temperature Tomax (cf. (2.19) and Figure 2.14), 
which is determined by the temperature limitations 
of the engine materials. The properties of some 
high-melting materials for thermal-propulsion 
engines with heat exchangers are given in Table 2.2 
/2.29/, 

It is seen from this table that there are limitations 
to the thrust developable by engines with heat 
exchangers; thus, if the maximum permissible 
temperature for the heat exchanger is 2,800°K, the 
maximum exhaust velocity in vacuum of hydrogen 
(which is the optimum working fluid, cf. Figure 2.14) 
is Vinx 8,000 m/sec, I° ~800 sec. 
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TABLE 2,1, Generalized unit weight of high-temperature thermal-propulsion 
engines with heat exchangers 


Type of engine 


With heat exchanger and nuclear reactor 
With heat exchanger and isotope reactor 
With heat exchanger and concentrated solar- 

radiation collector... 1. ee ee te 


* Including weight of solar-radiation collector 


TABLE 2.2, Properties of some high-melting materials for thermal-propulsion engines with heat exchangers 


Material 


Melting point, "K .. 1. 1. 6 ee ee 3900 (sublimates) 3650 

Density at 20°C, kg/m? . 2 2... 1,7+10° 19,1:10* 

Short-time tensile strength, kg/em? . . . 210—420 350—630 
at 2780°K at 27B0°K , 


Considerably higher temperatures and exhaust velocities are possible in 
electric-are propulsion engines, in which the working fluid is heated by an 
electric discharge (Figure 2,19).: The arc is stabilized either 
magnetically or by causing the working fluid to flow around it. A large 
radial temperature gradient is created, which makes possible working-fluid 
temperatures of tens of thousands °K while the wall temperatures remain 
within permissible limits (cf. /2.42—2.45/); as a result, exhaust velocities 
Vinex 25,000 m/sec and specific impulses J°=2,500 sec can be attained. 

The unit weight of an electric-are engine is according to /2.33/y = G,/Pmax=10. 
The maximum gas temperature is limited by the temperatures 
permissible for the wall materials, Nevertheless, the maximum 
temperatures of the working fluid are considerably higher than in chemical 
or thermal-propulsion engines with heat exchangers. Animportant parameter 
is the engine efficiency n, = N/N, defined asthe ratio of the power N of the jet 
to the power N,consumed by the engine. According to /2.46/, the efficiency 
of an electro-arce propulsion engine remains almost constant when the exhaust 
velocity V and the mass flow rate gare varied, decreasing slightly with 
increasing V(Figure 2.20). Efficient regulation of the exhaust velocity Vat a 
nearly constant useful power N is therefore possible when N,is limited; this 

is often advantageous from the viewpoint of flight mechanics (see below). 

4. Electrodynamic and electrostatic engines These allow variations of the 
exhaust velocities V overa practically unlimited range upto relativistic values. 
The thrust developed by the heat engines considered so faris produced by the 
dynamic pressure of the gas on the nozzle walls. A by-product of this 
pressure is the heat energy transmitted to these walls, which limits the 
effective exhaust velocity and specific impulse of such engines. Electrodynamic 
and electrostatic propulsion engines, on the other hand, utilize the 
magnetic or electrostatic pressure on the nozzle walls; this practically 
removes the temperature-induced limitations on the effective exhaust velocity, 
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8000 ~—*V, m/sec 


FIGURE 2.19. Electric-are propulsion engine: FIGURE 2.20, Experimental characteristic of 
electric-arc propulsion engine using helium 


1) coolant inlet. ‘ : 
as working fluid. 


The operating principles of electrodynamic and electrostatic propulsion 
engines are discussed in detail in /2.32, 2.36, 2.38, 2.47—2.62/. We shall 
examine the properties of such propulsion engines. The magnetic pressure 
Pu and the electrostatic pressure pg are respectively /2.63/ 


= = (2.23) 


where H is the magnetic field strength, Eis the electric field strength. 

The value of H is limited by the intensity of the current used to create 

the magnetic field. The commonly applied magnetic field strength 

H =1 megaline =10,000 gauss, corresponds to a magnetic pressure pg = 

= 4.10*kg/m?, The value of E is limited by the dielectric strength of the 
insulation (including vacuum) between the conductors; the commonly applied 
electric field strength E =10§ y/m = 30 CGSE units corresponds to an 
electrostatic pressure Pz = 0,4 kg/m?. 

It is thus seen that electrodynamic propulsion engines can develop much 
higher thrusts per unit midship section than electrostatic propulsion engines. 
Both pulsating and constant-action electrodynamic propulsion engines have 
been studied (cf. for instance /2.32, 2.36, 2.38, 2.57/). Figure 2.21 shows 
schematically the simplest pulsed rail accelerator, which was tested at 
the Atomic Energy Institute of AN SSSR in 1953 as a plasma injector to be 
used for studying thermonuclear processes /2.64/. In this accelerator 
the capacitor C, is discharged across a thin metallic wire ab stretched 
between two parallel rigid conductors ("rails"), When the spark gap P 
is closed the thin wire evaporates almost instantaneously; the vapor 
is ionized and transformed into a plasma filament. The interaction between 
the electric current flowing along the plasma and the magnetic field of the 
conductors creates an electrodynamic force which accelerates the plasmoid 
along the "rails"; the magnetic pressure acting‘on the conductors deter- 
mines the thrust. The main properties of the pulsed rail accelerator 
ean ‘be described with the aid of the following theoretical model /2.64 — 
2.66/. Ifthe mass m of the plasmoid is assumed to be constant during 
the acceleration period, the equation of motion becomes ' 


me a ee, (2.24) 
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where J is the current intensity in the circuit, % is the self-inductance of the 
circuit, the z-axis is directed along the rails; it is further assumed that the 
ohmic resistance of the circuit (including 
the plasma filament) may be neglected. 
The voltage across the rails is then 


Yai. (2.25) 


The energy equation for the discharge of 
a capacitor of capacitance C, is 


FIGURE 2.21. Pulsed rail accelerator: du 
Com capacitor 3 P= spark gap. 


When the plasmoid is accelerated along the "rails", the self-inductance 
of the circuit increases linearly with z: 


£= £,4+ 2, (2.27) 
where {, is the initial self-inductance of the circuitfor t=0,2=0; b,= = = 


=const, Substituting (2.27) in(2.24) we obtain the following system of equations: 


@r 4 
ae = 7h (2.28) 
d(LI) au ° 
U — at ’ is Co nh 
with initial conditions att=0: r=0, V= es 0, 2U=U FJ =0. 


26 An important parameter of this accelerator, considered as a propulsion 
engine, is the efficiency at which the energy stored in the capacitor 
E= Feo? is converted into kinetic energy of the directed motion of the 


plasmoid: 


1, = W, ~ Got" (2.29) 


Introducing the dimensionless variables 


z= by t = : oT) = <2 F = te = _ 7. 
r= ot, t FE’ U Za’ 7 dt Ue WVGdEe’ (2.30) 
the system of equations (2.28) becomes 
Gz ,(du\? 7 2. du 
= -0(2), a-+[0+2 =|: (2.28') 
z(0)=0, “()=0, Ho=1, #= 
, ‘7 ’ ’ 7 , 


which depends only on the parameter 


b202%2 
0= ne * (2.31) 
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through which the energy-conversion efficiency is expressed in the form 


> \2 
1, = a (2) , (2.29') 
Solutions of system (2.28') are given in /2.65/ and /2.66/. Comparison 

with experimental data shows that the theory satisfactorily describes the 
basic properties of pulsed rail accelerators. It follows from (2.30), (2.28'), 
(2.31), (2.29') that this propulsion engine can be controlled within wide limits, 
Thus, if at the end of the acceleration process of the plasmoid (dz/dt),= const 
and 6 = const, then the efficiency remains constant throughout the control 
process n,= const. Considering the number of pulses per second & as the 
controlled variable, we obtain the following expressions for the mass flow 
rate gq of the working fluid and the jet power N: 


Cp%? 
q=km, N=, k= . (2.32) 
so that 
BINCy 
= iia = const. (2 33) 


When the gap between the electrodes ("rails') is constant 5, = const. 
Furthermore, for %,= const, U, = const, the capacitance C, of the capacitor 
and the number of pulses per second vary according to the law 


CQ~4, kw, (2,34) 


and jet power and the power consumed by the engine remain constant (N = 
= const, N,= const) when the exhaust velocity is varied; hence, 


2 
v=V a ~ VE, P=W~—e. (2.35) 


a 
WiW«i«aiiit 


FIGURE 2.22, Coaxial pulsed plasma rail accelerator: 


1) working~-fluid supply; 2) solenoid actuating feed valve; 3) working-fluid feed valve; 
4) coaxial electrodes (rails), 
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The maximum capacitance C, necessary is determined by the minimum 
exhaust velocity V. The pulse frequency k can be adjusted by means of a feed 
valve for the working fluid (gas) (Figure 2.22, /2.64/). When the rails, of 
radii r,; and r,, are concentric, the inductance per unit length is 


Exhaust velocities up to 2X103m/sec were attained in pulsating electro- 
dynamic propulsion engines (cf. /2.33, 2.38/) at unit weights of the order of 


G 
¥ =p 10-100 kg/kg {2.36/. This does not include the weight of the 


capacitor which, although it represents the storage element of the system 
(cf. § 2 below), is an integral part of the engine. 
A continuous-action electrodynamic propulsion engine /2.33/ is shown 
in Figure 2.23. The first stage 
is the electric arc heater, in which 
the working fluid is ionized to 
i ee become plasma before entering the 
Electric: currentz:4, accelerator. The accelerator is 
Acceleration] ——» V of the crossed-fields type. The 
mereebaga working fluid in it is a neutral 
plasma of conductivity o,. The 
/ 2+ voltage between the electrodes 
(Figure 2.23) creates in the 
accelerator channel an electric 
field of strength E, which causes a 
1) inlet of working fluid into arc ionizer; 2) anode; current of density i to flow through 
3) cathode; 4) solenoid. the plasma. The interaction between 
the magnetic field H(perpendicular 
to the electric field) and the electric current induces a force F,, 
perpendicular to i and H, which accelerates the plasma, so that 


FIGURE 2.23, Electrodynamic propulsion engine 
with continuous plasma-~jet discharge: 


| ee (2.36) 
i) 
where F, is the force acting on unit mass of the plasma, p is the density 
of the plasma. . 
Such a propulsion engine has, according to /2.33/, an efficiency ny = 0.8 


G 
and a unit weight <3 of the order of 10 kg/kg at V = 2X10*m/sec and 


N,= 4800 kw. This engine is regulated by varying the magnetic and electric 
fields; in accordance with (2.36), this changes the force accelerating the 
plasma. 

Various electrodynamic propulsion engines with pulsating or continuous 
thrust have been described (/2.30—2.33, 2.36, 2.45, 2.57/); in principle 
they do not differ from those mentioned above, From the viewpoint 
of flight mechanics the main property common to electrodynamic 
propulsion engines is the possibility of varying the exhaust velocity within 
wide limits, This property is also shared by the electrostatic (ionic) 
propulsion engines. 

While.a quasineutral plasma is accelerated in electrodynamic propulsion 
engines, electrostatic propulsion engines accelerate charged particles, i.e., 
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ions and electrons, which mix after acceleration to become a quasineutral 


jet (/2.31, 2.32, 2.36, 2.38, 2.47—2.56, 2,58 —2.62/). 


Figure 2,24 


shows schematically an electrostatic propulsion engine consisting 


r4 3 


FIGURE 2.24, Electrostatic propulsion engine: 


1) working-fluid supply; 2) ionizer; 3) 
electrostatic accelerating system; 4) electron 
emitter, 


rreane 


of an ion source, an electrostatic 
accelerating system, and an electron 
emitter; Wis the voltage giving rise to 
the electric field accelerating the ions, 
and A% is a voltage applied to prevent 
inverse flow of electrons. 

When charged particles of zero 
initial velocity are electrostatically 
accelerated, the final velocity V; 
depends on the potential difference % 
of the accelerating field through which 
the particle has passed: 


Vi=y 2 


where eis the charge, and pthe mass 
of the particle. 

The flow of charged particles 
constitutes an electric current J, 


(2.37) 


related to the mass flow rate as follows: 
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Py= qVi= ag 


a=t. (2.38) 


The thrust and jet power developed by the ion beam are respectively 


aut, (2.39) 


The condition of quasineutrality of the jet requires that ion and electron 
beams represent equal currents (%, = J.) and have the same particle 


velocities (VV; = hence, 


«> 


(2.40) 


For singly charged ions the ratio ofanelectronto an ion mass, p/p; 107°; 
it follows therefore from (2.40) that the contribution of the electrons to the 
thrust and power of the electrostatic propulsion engine may be neglected. 


For this reason the name ion propulsion engine has been adopted. 


In 


accordance with the Child-Langiauir law (cf, for instance /2.67/), the 
maximum thrust of the ion propulsion engine .is determined by the maximum 
current density i = 9/¥ of the ion beam created by the electrostatic 
accelerating system (Fis the cross-sectional area of the ion beam); this 
current density is limited due to the space charge created by the ions, which 
counteracts the accelerating effect of the electric field. The potential & 
at every point of the electric field is related to the density p, of the space 


32 


charge by Poisson's equation 
V*, = — 4npi. (2.41) 


Using (2.37), the parameters of the ion beam are found in the two- 
dimensional case by integrating the following differential equation: 


Ci. pio: 42 
Sa =2V2n 7 Se (2, ) 


where i = 2 =—pV, The boundary conditions are: at z= 0, U=0, dU/dz = 0, 


Integrating, we obtain the maximum possible ion-current density ina 
created by the electrostatic accelerating system (potential = U%, distance 
between electrodes = d): 


; 2 V ih 2 es 
imax = V2 rs a? Qhaax = Ne tf, (2.43) 


61 and from (2.39) the maximum thrust developed: 


Pass = ge og F. (2,44) 
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FIGURE 2.25, Unit thrust of ion FIGURE 2.26. Exhaust velocity of ion beam as func- 
propulsion engine as function of tion of accelerating voltage; atomic weights of 


accelerating voltage and gap atoms or colloidal particles are given in parentheses. 
between electrodes. 


The maximum thrust developed is thus independent of the properties of 
the working fluid (ion mass p and charge e¢), depending only on the electro- 
static pressure, which is proportional to the square of the electric field 
strength; P~ W/d(cf. (2.23)). The thrust per unit area (unit thrust) Pues/F 
has been plotted in Figure 2.25 as a function of the accelerating voltage 4 
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and the gap d between the electrodes. The maximum unit thrust is limited, 
since arcing between the electrodes takes place at electric field strengths 
exceeding ~10° v/m (/2.53, 2.67/). 
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FIGURE 2,27, Lahoratory model of ion propulsion engine with contact-surface 
ionization: 


1) cooling of vacuum-chamber housing: 2) scales for measuring thrust; 3) 
observation window; 4) — 5) working-fluid (cesium) supply system; 6) 
screening grid; 7) accelerating grid~electron emitter; §) tungsten ionizer; 
9) ionizer heater; 10) blocking grid. 


The exhaust velocity V,, onthe other hand, depends largely on the properties 
of the working fluid (cf. (2.37)). Figure 2.26 shows the exhaust velocity as a 
function of the accelerating voltage % for the ions of several working fluids 
and for heavy colloidal particles /2.53/. 

It is seen from Figures 2.25 and 2.26 that the ion propulsion engine can 
be regulated within very wide limits. However, (2.44) defines the maximum 
thrust attained at the maximum possible ion-current density fms (2.43) and 
the maximum working-fluid mass flow rate 4imax. The properties of ion 
propulsion engines are thus largely determined by the characteristics of 
the ion sources. 
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In addition to electric-arc ion sources (similar to the electric-arc 
propulsion engines considered above), two other types of ion sources based 
on contact ionization (cf. Figure 2.27 /2.50/ showing a laboratory model), 
and on bombardment volume ionization (cf. below) have been thoroughly 
discussed (/2.31, 2.32, 2.36, 2.38, 2.47—2.56, 2.58—2.62, 2.67—2.69/). 

In ion sources with contact ionization (Figure 2.27) atoms of low 
ionization potential, constituting working fluid, are ionized when they come 
into contact with the heated surface of a material having a high work 
function (the ion source). 

The ionization potential of the working fluid is the energy necessary for 
removing an outer electron from the atom. The work function of the ionizer 
material corresponds to the energy of the captured electron. The 
probability of ionizing events (capture of outer electrons of working-fluid 
atoms by the ionizer surface) increases with increasing difference between 
the work function and the ionization potential. This difference is maximum 
in the pair Cs—W (/2.53, 2.68/) (cf. 2.3 and 2.4, where the work function 
and the ionization potential are given in electron-volts), 


(ee a oe 


TABLE 2.3, Ionization potential of some elements 


n Tonization 
Atomic weight : 
potential, ev 


Ionization 
potential, ev 


Element 


4.003 50° 
Kr 83 .800 
H 1.008 
Cc 12,011 
Hg 200.610 


work Melting point, Work Melting point, ° 
2 Metal ‘ e 
function, ev re function, ev TC 


The ions formed when the working fluid comes into contact with the 
ionizer surface must have sufficient thermal energy to move away, since 
otherwise the layer of atoms adsorbed on the surface would reduce the 
work function and thus the ionization. Figure 2.28 shows the degree of 
ionization X of cesium as a function of the temperature T of the tungsten 
ionizer surface, where K is the ratio of the number of ions formed to the 
number of cesium atoms in contact with the ionizer surface. It is seen that 
above a minimum temperature T;(which depends on the ion-current density 
i), at which the cesium layer adsorbed on the ionizer surface disappears, 
the degree of ionization approaches unity. Figure 2.28 shows that the 
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ion-current density i< ima, (and thus the working-fluid mass flow rate 
<< Gmax, cf. (2.43)) depends on the temperature of the ionizer surface and 
can be varied by adjusting the supply of working fluid and the ionizer 
temperature. From the viewpoint of spaceflight applications it is important 
that the mass-flow regulation in the ion accelerator is not linked with the 
exhaust velocity V;, which depends only on the accelerating voltage %. 
This is very important inspaceflight. Whenthetemperature Ti (Figure 2.28) 
is exceeded, the ion-current density i and the working-fluid mass flow rate 
gq are limited in accordance with the Child-Langmuir law (cf.(2.43)). The 
maximum possible thrust depends only on the accelerating electric field 
strength W/d(cf.(2.44) and Figure 2.25), Thus, at an ionizer temperature 
TT; = 1173%K (J~70ma, ¥=70cm, i=1ma/cm?) the laboratory model 
of an ion propulsion engine /2.50/ developed a maximum thrust Poa ~5X 

65 X1074 kg, corresponding to accelerating electric field strength UW/d~ 
= 3000 v/cm. The exhaust velocity of the ion beam was V,~70,000m/sec 
in these experiments (specific impulse J° = 7000 sec). 
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FIGURE 2.28. Degree of cesium ionization as function 
of tungsten-ionizer surface semperature. 
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FIGURE 2.29, Radiation losses from in- 
candescent tungsten-ionizer surface for 
contact-surface ionization of cesium. 


FIGURE 2,30, Specific power losses 
in ion propulsion engine with contact 
ionization of cesium on tungsten, as 
function of maximum ion-current 
density 4max Corresponds to a break- 
down voltage Ymay © 10,000v for 
d= i1icm). 
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FIGURE 2.31. Efficiency of ion propulsion 
engine using cesium or mercury vapors as 
working fluid, as function of exhaust velocity. 


The power N; lost by radiation from the incandescent ionizer surface 
/2.53/ represents the principal power loss in ion propulsion engines with 
contact ionization. These losses 


Ny, — Nyx Nj = owTiF (2.45) 


are related to the ion-current density i (T; = f (i) and to the cross-sectional 
area of the ion beam, but do not depend on the exhaust velocity V; (i.e., on 
the accelerating voltage U). According to /2.53/, in the case of ionization 
of cesium by tungsten the specific loss N;/¥(w/cm2) is related to the ion- 
current density i (ma/cm?) as follows (Figure 2.29): 


N; 
lg 2 = 0.20 + 0.2211. (2.46) 


It is convenient to refer the power loss in the ion propulsion engine to 
the total current J of the ion beam; measured in ev/ion (in electron-volts 
per ion, i.e., in volts), the ratio N,/J represents the potential difference 
for each ion, equivalent to the power loss (Figure 2.30). The energy 
efficiency of the ion propulsion engine can be expressed through the useful 
potential difference U accelerating the ion beam (cf. (2.37)); 


N v3 
n i we a (2.47) 


Figure 2.31 shows the energy efficiency of an ion propulsion engine as a 
function of the exhaust velocity when cesium or mercury is used as a work- 
ing fluid. It is seen from a comparison of Figures 2.31 and 2.30 that ion 
propulsion engines with contact ionization of cesium by tungsten have high 
energy efficiencies, approaching unity when the exhaust velocity is large; 
this was confirmed by experiments /2.54/. The unit-weight of an ion pro- 
pulsion engine with contact ionization is y = G,/Pmx~750—1750, according 
to /2,54/, 

Also well known is the electron-bombardment ion source (/2.52, 2.54, 
2.56, 2.59, 2.61, 2.62, 2.67—2.69/), in which atoms of gas are ionized 
through inelastic collisions with electrons having energies of tens 
of electron volts, as in discharges in gas (/2.67—2.69/). Ionization of 
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the atoms of a gas or vapor by electron impact is characterized 

by the ionization probability p;, which represents the average number of 
ionizing events in which an electron of energy is involved over a path 

of 1cm at a pressure of 1mm Hgat 0°C. 
Figure 2.32 shows the ionization probability 
as a function of the electron energy for four 
elements, 

The high ionization probability of mercury 
vapor at low electron energies led to their 
selection as a working fluid in ion propulsion 
engines with electron-bombardment ionization 
(cf, /2.52, 2.56/). 

Irrespective of the type of ion source, the 
ion-current density is relatively small because 
of the limitations in the electrostatic 
accelerating system. Hence, the pressure in 
the ionization chamber must be low (~10“mm 
Hg) to ensure a relatively small parasitic 
discharge of neutral atoms of the working fluid. 


FIGURE 2.32. Probability of ioni-  “t am ionization-chamber pressure p, 
zation, through collision with elec- ~10°* mm Hg and an ionization probability 
trons, of mercury, argon, neon, px 20 (Figure 2.32), the free path 4 of an 
and helium. electron up to an ionizing event is 
1 2, 
1; = — ~5-10?em 
PyPy 


Efficient ionization by electron impact is obtained at a 
relatively small characteristic dimension of the ionization chamber D;< 1; 
with the aid of electromagnetic traps similar to those used in thermonuclear 
research /2,64/. 


FIGURE 2,33. Schematic layout of ion propulsion FIGURE 2.34. Ion propulsion engine with 
engine with ionization of mercury vapors by elec- electron-bombardment ionization, using 
tron bombardment: mercury as working fluid. 


1) working-fluid supply; 2) cathode; 3) anode; 
4) solenoid. 
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Figure 2.33 and 2.34 show an ion propulsion engine with ionization.of 
mercury vapor by electron bombardment ( Poa, = 0.06kg, G, = 19.5kg, 

V = 91-103 m/sec). The revolving toroidal ionizing electron cloud is 
formed by an electromagnetic trap created by a radial electric field (central 
cathode and cylindrical anode in the chamber) and a longitudinal magnetic 
field created by an external solenoid. The electrons are emitted by the 
incandescent cathode; a potential of several tens of volts applied to the 
anode provides the energy necessary for ionization, while the weak longi- 
tudinal magnetic field created by the solenoid prevents direct impingement 
of the electrons on the anode. The mercury vapor is ionized by collisions 
with electrons during its passage through the revolving electron cloud. 

The ion beam is then accelerated as shown in Figure 2.24. Ion propulsion 
engines with electron-bombardment ionization can be regulated in the same 
way as ion propulsion éngines with contact ionization, 

Table 2.3 shows that the 
ionization potential of mercury is 
10.39 v. During electron-bom- 
bardment ionization, however, 
only some of the collisions lead 
to the formation of ions /2.67/ 
(Figure 2,35). In addition, ions are 
lost on the ionization-chamber walls 
and onthe anode, and energy is used 
to heat the cathode and feed the 
solenoid. According to /2,52/, 
/2.56/, the specific power losses in 
ion propulsion engines with electron- 
bombardment ionization of mercury 
vapor considerably exceed the 
ionization potential; N,/f ~500v, 
nevertheless, this ensures a high 
energy efficiency nj (cf. Figure 


a 
0. 200 300. Ey 7-94). a 
The propulsive-mass efficiency of 
FIGURE 2.35. Probability %; of ionization at each ion propulsion engines with electron- 
collision as function of electron energy. bombardment ionization is 
ae (2,48) 


q 


and represents the ratio of the mass flow rate gq of the ion beam to the 

total mass flow rate q of the working fluid. The maximum values of n, 

in ion propulsion engines with contact ionization are determined by the 
degree of ionization, and are close to unity according to Figure 2.28. In 

ion propulsion engines with electron-bombardment ionization, some neutral 
atoms escape from the ionization chamber through the nozzle (cf, Figures 
2.33 and 2.34), The propulsive-mass efficiency of such engines is n, =0.8— - 
—0,.9accordingto /2.61/. Since the neutral atoms move at thermal velocities 
which are much lower than the velocities of the ions in the beam, the 
contribution of these atoms to the thrust and useful power may be neglected. 
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We thus obtain from (1.4), (1.5) [and (2.47)]: 


P= QV: = qv, V= nV» 
1 ove (2.49) 


The unit weight of ion propulsion engines with electron-bombardment 
ionization is according to /2.64/ y = G,/Pmax ~250—500; it decreases slightly 
with increasing maximum exhaust velocity (Figure 2.36). 


a a ™ 

Se rn a 60-0? Vesec 
FIGURE 2,36. Unit weight of ion propulsion engines with 
electron-bombardment ionization, using mercury as working 
fluid. 


It is thus seen that in electrostatic propulsion engines the exhaust velocity V 
andthe thrust P canbe regulated within wide limits without loss of efficiency. 

5. Solar sail. The thrust in a propulsion system with solar sail is 
developed by a mirror surface which reflects the sunlight (Figure 2.37). 
The idea of using the pressure of sunlight for spaceflights appeals by its 
simplicity. It was first seriously considered in 1924 and 1925 by F. A. 
Tsander, who suggested the use of mirrors made of thin aluminum sheets. 
Tsander shows that interplanetary flight is theoretically possible with the 
aid of sunlight pressure. Thus, when the aluminum mirror is one 
thousandth of a millimeter thick a spacecraft weighing one ton can be 
transferred from the orbit of the Earth to the orbit of Mars in about 300 days; 
the sail of this spacecraft would weigh about 400 kg and have an area of 
~0.15 +108 m?, equivalent to that of a circular sail of ~ 450m diameter, 

The solar-sail engine develops a thrust by using the energy and mass 
flux of the electromagnetic radiation of the Sun (cf. (1.17), (1.18)). 
Interaction between the solar radiation flux and the sail surface changes 
the momentum of the photon stream. 

The thrust developed by a flat sail of area Ss, illuminated by the Sun, is 
by (1.18) /2,72/ 
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P=+h (78) sh 4 + 2? + 2ecos 2 (ni) (n-i)e; (2.50) 
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the direction of thrust lies between the normal n to the shady side of the 
sail and the direction of the sunrays (i) (Figure 2.38): 


(1 —e) sin (al) 


a . 
nP = arcsin —————SSS——— : 
1+ e7 + 2e cos 2 (ni) 


(2.51) 


where nis the urit vector normal to the surface, i is the unit vector in the 
direction of the sunrays, an aP are respectively the angles between the 
vectors nand P, nand i, (n-i) is the scalar 
product of the unit vectors n and i(i.e. 
Solar sail — mirror surface = (n-i) = cos %). 

The parameter of the solar sailas a 
propulsion system, on which direction and 
magnitude of the thrust depend, is the angle 
® at which the sail is set. 

When the sunlight is completely absorbed 
by the surface of the sail (e = 0), we have, 
according to (2.50), (2.51): 


Piao = +p, (52) scosoi, (2.52) 

Spacecraft i.e., in the limiting case of a completely 

absorbing sail the thrust is in the direction of 

| | the sunrays, irrespectively of the angle at 
which the sail is set. 

When the mirror surface is perfectly 
reflecting (= 1), the direction of thrust 
coincides with the normal to the shady side 
FIGURE 2.37, Spacecraft with solar sail. of the sail, and can be regulated by varying 

the orientation of the sail relative to the 
direction of the sunrays (Figure 2.39): 


Solar radiation 


R 
Pear = 9, (“2) Seosdn. (2.58) 


All contemporary studies of solar sails (cf. Chapter Nine) are limited to 
this simple case. Additional possibilities of thrust control are obtained in 
a system of mirrors set at different angles to the sunrays (/2.71/). 


Sunrays 


Figure 2.38 Direction of thrust of solar 
sail. 
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FIGURE 2.39. Thrust of solar sail with perfectly reflecting 
mirror surface as function of angle at which sail is set, 


Aluminum and silver (used as materials or coatings for the solar sail) 
possess reflection coefficients close to unity (Figure 2.40); we may, 
therefore, assume that e = 1in a tentative analysis of the characteristics 
of the solar-power spacecraft /2.32/. 

Consider the weight necessary for developing a given thrust by means ofa 
flat solar sail. The only weight to be taken into account is that of the 
sail proper: 


G, = kgS>\6, (2.54) 


where p is the density of the material of the sail layers, 5 is the thickness 
of each layer, k is a coefficient by which the weight of ancillary elements 
of the sail structure is taken into account; according to /2.73/k~1. 
The maximum thrust Pmax developed by a sail set perpendicular to the 
sunrays (#= 0), is, according to (2.53) 
for e=1 


Pass = Py (“$)'S. (2.55) 


The unit weight of the sailasa propulsion 


engine is 
es G, ae kgZpé 
ae eS my ’ (2.56) 
PAIR 


and the expression 


Maximum intensity Qnax = =a (2.57) 


$n . 
Visible sunlight spectrum of sunlight 


is the maximum acceleration which can be 
FIGURE 2.40. Reflection coefficient of given to the spacecraft by the solar sail 
metallic surfaces as function of wave- (for G= G,). 
Tenge cf tng tvenk aaa ys Figure 2.41 gives tentative values of 
the unit weight of a solar sail and of the 
maximum acceleration developed by it (in Earth's orbit, Rg/R=1, and for 
k= 1) as functions of the thickness of its material, which is either aluminum 
(pg = 2.7 +103 kg/m) or aluminized plastic film (pg =+1.2-10° kg/m*). With 
the sail thicknesses discussed in the books mentioned (6 —10-® m for aluminum 
foil and 6 ~2.5-10-§m for aluminized plastic film) the unit weight of the solar 
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sail in the Earth's orbit is ¥~3,000 kg/kg, and the maximum acceleration 
imparted to the spacecraft by the sail ana, =3 -10-3 m/sec?, The unit 
weight cannot be reduced much further by the use of thinner films, since the 
mirror properties of the surface are lost at thicknesses of the order of the 
wavelength of visible light and because thin films are subject to sublimation 
in vacuum and to micrometeoric erosion, 


G / 2 3 4d. Wim 


FIGURE 2.41. Unit weight of solar sail and maximum 
“aeceleration developed by ir (in Earth's orbit) as functions 
of its thickness; solid curves refer to aluminum foil, dashed 
curves to aluminized plastic film. 


However, even with the sail characteristics shown in Figure 2.41, 
corresponding to a thickness of between 1-10-® to 2.5-10-8m, a solar sail 
can transfer the spacecraft from the Earth's orbit to that of a near planet 
in 100 to 200 days (cf. Chapter Nine). 

6. Isotope sail. Another type of propulsion device discussed in the 
literature is the isotope sail, which develops thrust through the discharge 
of a-particles on one side (/2.32, 2.38/). Although radioactive isotopes 
(cf. Table 2.8 and § 2) can release both a-particles (helium ions) and B- 
particles (electrons) of high energy, «-particles are to be preferred 
because of their considerably higher mass and lower penetrating power. 
The latter property is particularly important, since the main problem 
which has to be solved with regard to the isotope sail functioning as a 
propulsion device is the release of «-particles on one side only [the a- 
particles released in the opposite direction must be absorbed], Figure 2,42 
shows schematically an isotope sail /2.32/ using as a-particle source 
radioactive Po?! applied in a thin layer of thickness 6*on a plastic film of 
thickness 6“ which acts as a particle absorber. A beam of positively charged 
a-particles is emitted which must be neutralized by a supply of electrons. 
The main parameters of an isotope sail are given in Table 2.5, 

Table 2.5 shows that the thickness 56” of the plastic film is selected so as 
to be equal to the range of the a-particle in the plastic; this reduces 
substantially the flow of a-particles beyond the plastic film. The thickness 
& of the Po#!° layer is selected so as to be one tenth of the range of 
a#-particles in Po?! so that about half the «-particles formed escape from the 
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sail on the side of the isotope layer /2.32/, The mass flow rate is determined 
by the number of a-particles formed during radioactive decay: 


2 
| 


es ae 
baler ah aa 


Sé*maer*', (2.58) 


where Ais the atomic weight of the isotope, A* is 
Avogadro's number, Sis the surface area of the sail; 
the other symbols are indicated in:Table 2.5. 
The exhaust velocity V is determined by the energy £, 
— of the a-particles; the effective value of V, averaged 
y over ahemisphere, is equal to half the true velocity of 
the a-particles: 


V=+ VRE... (2.59) 


=e By (2.58) and (2.59) the thrust developed by the 
isotope sail is 


ESSSSSSSNSSSSSSSSSSSSNS SUNS SSSESESUSSSSUUSESUSSSSNESSSSSSUSSSNSSSEN 


Be cad yh 
a 2.42, Isotope P=qQ\e= 7 vi de + So meee” (2.60) 
Sails 

1) layer of Pow? — For the values given in Table 2.5, the unit thrust, 
(a-source); the unit weight, and the exhaust velocity are respectively 


2) plastic film — (ab- 
sorber of a -particles). Prnax =2.6. 10-*e*'kg | m? T= Gy =~ 25000, 
as , Pmax 


(2.61) 


P 
V =8-10'm/sec, om =e = 5 1071<h,. 


From the viewpoint of flight mechanics the isotope sail is a propulsion 
device developing a thrust varying slowly with time, and having a mass flow 
rate of practically zero. 


TABLE 2.5, Parameters of isotope sail 


p*— density of Po, g/em®> . 2 1 1. 
m, — mass ofa-particle, g 
4 


jo ~ half-life of Po™*, days 2... 1 1. 


Tt 
4,— decay constant of Po", i/sec. . 2. . 
E,— energy of a-patticle of Po, j .. 2... 
Range of a-particle in Po”, mm... . . 
8" — thickness of Po“? layer,m... 
p** — density of plastic, g/em®>. . . . 1. 
Range of @-particle in plastic, m 
6** — thickness of plastic layer, m ......, 


More far-fetched (photon, thermonuclear, etc.) propulsion devices are 
also discussed in the literature; basic information on their operating 
principles is given, e.g., in /2.32/, 
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1, Energy sources, The power requirements of spacecraft can be 
supplied by chemical, nuclear, radioisotope and solar energy (2.2, 2.7— 
2,11, 2.27—2.33, 2.38/ and others). 

Sources of chemical energy are substances capable of participating in 
exothermal reactions. The most common of the latter is oxidation (burning) 
in which a fuel and an oxidizer participate. Another exothermal reaction is 
the disintegration of some substances, utilized in engines with a single 
working fluid. From the viewpoint of flight mechanics, the main parameters 
of chemical-energy sources are the composition and temperature of the 
reaction products, which determine the maximum exhaust velocity of the jet 
(cf. § 1). The initial parameters of the propellant (state of aggregation, 
density, etc.) are also of importance. These affect the weight of the 
supply and storage systems for the working fluid. Table 2.6 based on /2.11, 
2.30/, and /2.74/ gives the main characteristics of some rocket propellants. 


TABLE 2.6. Main characteristics of some rocket propellants 


Maximum specific impulse 


c 2 Combustion 
at po 35x10° kg/m”, I° sec Density |Optimum mixture saute 
Propellant Ka fit re temperature 
at sea level e, kg/m ratio eon¢ °C 


in space 
forx, 7-8 | for FF .=2.5 


Liquid oxygen + kerosene 


Liquid O,+H, .... 2,480 
Liquid F, + Hz 2,600 
Nitric acid + unsymmetrical 

dimethylhydrazine 2,820 
Mono-propellant 

HypQ, 90% 2. . 2 se 137 740 
Solid-propellant 

ballistite JPN . 200 — 230 2,900 


When chemical energy is used, the temperature T, of the combustion 
products (and the exhaust velocity V, cf. § 1) can be regulated by using a 
propellent mixture ratio differing from the optimum ratio ajy. Figure2.43 
shows the combustion temperature of kerosene in oxygen as function of the 
relative oxidizer excess a‘/ajp,/2.10/. Obviously this regulation allows 
only to decrease the combustion temperature, Ty) < Tomax, and hence the 
exhaust velocity V< Vina. 

The chemical energy 1s released in the combustion chamber. The mass 
flow rate g of the products of combustion in the jet depends on the supply of 
components to the combustion chamber (in the case of liquid propellants) 
or on the burning rate of the propellant (in the case of solid propellants). 
From (2.8), the maximum mass flow rate gmx discharged from the com- 
bustion chamber through the nozzle is proportional to the maximum total 
pressure Pomax in the combustion chamber which is limited by the strength 
of the latter, By reducing the propellant supply to the combustion chamber, 
it is possible to lower the pressure in the chamber and thus vary the mass 
flow rate ¢g< qnax. When the maximum temperature Tymax (and thus also. 
the maximum exhaust velocity V,,,) is maintained in the chamber, a variation of 
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the mass flow rate q produces an almost proportional change in thrust: 


= rae (Figure 2.44) /2.2/. More accurate relationships are given in 


/2.75—-2.77]. 


TK 
5000 


a = a4 a8 V9 maz 
FIGURE 2.43. Combustion temperature of kero- FIGURE 2.44. Regulation characteristic of a 
sene in oxygen as function of relative oxidizer liquid-propellant engine (thrust as function of 
excess, propellent mass flow rate at T. = T, max). 


Solid line represents theoretical curve, circles 
being experimental points. 
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FIGURE 2.45, Nuclear reactor: 
A) reactor core; B) reactor vessel; C) and D) inlet and outlet coolant 


headers; 1) mounting plate; 2) neutron moderator; 3) neutron 
reflector; 4) control rod; 5) fuel element. 


Fission of heavy nuclei is utilized in nuclear-energy sources, At the 
present stage of development of nuclear physics (cf. /2.2, 2.28, 2.29/), 
the fission materials used are the uranium isotope U-235 and plutonium 
Pu-239, obtained in special reactors. Fission occurs when a free neutron 
penetrates a fissionable nucleus. An excited compound nucleus is formed 
which subsequently decays with the release of two or three secondary 
neutrons; the latter sustain the chain reaction. The main part of the 
nuclear-fission energy (more than 80%) consists of the kinetic energy of the 
scattered "fragments", which is transformed into thermal energy when the 
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fragments are braked by the fuel elements (Figure 2.18). The power Ny, 
released by the reactor can be regulated by varying the parameters of the 
chain reaction, e.g., slowing down the latter by the introduction of control rods 
made from neutron-absorbing substances (cadmium, boron steel) into the 
reactor. A solid-core reactor is shown schematically in Figure 2.45 /2.2/, 
Liquid- and gaseous-phase reactors are also discussed in the literature 
(/2,.32, 2.37, 2.38/). 

The critical mass of the fission material necessary for sustaining 
the chain reaction is G,~5.0 to 200 kg /2.32/, irrespective of the reactor 
capacity. Hence, the weight of a high-power reactor is mainly determined 
by the weight of the heat-transfer system. Typical elements of sucha system 
are the ducts of the heat exchanger, formed by fuel elements, which heat the 
coolant to the specified temperature (cf. Figures2.18, 2.45), The motionofa 
gaseous coolant in a duct of uniform cross section is satisfactorily 
described by the theory of one-dimensional steady flow of a viscous gas, 
applying the hydrodynamic theory of heat exchange (/2.4, 2.78 —2.83/). 
Using the relationship between the heat-transfer coefficient k, and the 
hydraulic-resistance coefficient C, 


ky = foeWpr, 


the differential equations of gas flow in a pipe become, when friction and 
convective heat exchange are taken into account, 


ae 24! a _tyaan 
Dp rr, 7? 
wl e wt (Ge —s)ar+n| 
aT. _ C/Tw 4\ oe _ Ht (Ta 
Ts = 3 CE 1) D 2 (—1) x (2.62) 
%F1 ns _ ayaa 


n 


a wee Fe —s)aeey | 


where p is the density, ¢c, is the specific heat at constant pressure, 4 is 

the flow velocity of the gas, D is the reduced velocity, W is the pipe 
diameter, T, is the temperature of the pipe wall, T, is the stagnation 
temperature of the gas, ,=[1 —1.74Re“*x(Pr —1)] is a coefficient allowing for 
the difference of the Prandtl number Pr from unity, Reis the Reynolds 
number, 

The solutions of system (2.62) agree satisfactorily with experimental 
results. 

Theoretical /2.80/ and experimental /2.82/ data on gas flow in a heated 
pipe are compared in Figure 2.46, Equations (2.62) yields a linear relationship 
between the specified temperature rise AT,/T, of the gas and the necessary 
heat-exchanger length L/D expressed in pipe diameters. The maximum 
temperature rise is obtained when the flow velocity at the end of the heat- 
exchanger pipe is sonic (Figure 2.46), Hence, taking (2.20) and the 
temperature limitation of the reactor material (T, < Tymax) into account the 
weight of a high-power reactor with gaseous coolant is N,, since 


Gn ~ PypF pATo ~ Now (2.63) 
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A similar relationship must be satisfied by a reactor with liquid coolant 
(limiting case 4 0 in (2.62)), and also in the case of a change of state 
of the coolant, since the laws of flow of two-phase media and gases are 
similar /2.84/. The unit weight G,/N, of the reactor has been plotted 

in Figure 2.47 as a function of the total power N, of the reactor /2.32/. 

It is seen that for N, >10*kw the unit weight of the reactor becomes constant. 
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a 60 160) 240 =320 400 «fd 0 ly? t* 0° My, kw 
FIGURE 2.46. Variation of pressure, temper- FIGURE 2.47, Unit reactor weight Gp/Ny as 
ature, and reduced velocity of gas flowing in function of total released power Ny: 


a heated pipe. Curves give theoretical 


i ‘ : 1) gaseous coolant; 2) liquid-metal coolant. 
solution, circles represent experimental values. 


In a high-temperature thermal propulsion engine with reactor and heat 
exchanger, the weight of the latter is approximately proportional to the 
engine thrust (2.21), so that (§ 1) its parameters can be included in the 
generalized unit weight of the propulsion system (Table 2.1), 

The mass loss gq, of the fission material during the release of energy 
in the reactor can be estimated from the relationship linking mass with 
energy. Let x, be the coefficient of conversion of the mass gq, into kinetic 
energy of the jet. The mass flow rate of the working fluid is then given 
by the following relationship: 


WV? = 49,0, (2.64) 


where c is the velocity of light. Table 2.7 gives values of q,/qg at different 
exhaust velocities V for x, = 5-107? /2.28/. It is seen that at exhaust 
velocities V ~10* to 10° m/sec, which are usually considered /2.32, 2.38/, 
the mass loss q, of fission material is negligibly small compared with the 
mass flow rate q of the working fluid. 


TABLZ 2.7. Ratio of mass loss qg, of fission material 
in reactor to mass flow rate g of working fluid in a 
huclear-propulsion system, as function of exhaust velocity V 


a4 10-° 10-4 


& 
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An important weight component in propulsion systems with nuclear 
reactors is the weight G, of the neutron and Y-radiation shielding. Since 
the radiation intensity is inversely proportional to the square of the 
distance from the reactor, it has been suggested that G, be reduced by 
means of shadow shielding, the payload being carried at a distance /* from . 
the reactor (Figure 2.48 /2.32/). The variational problem for the optimum 
design of the shielding layer (2°) was considered in /2.85/ and /2.86/. 


iy 


FIGURE 2.48. Shadow shielding of a nuclear reactor for space- 
craft: 


—_—— 


1) reactor: 2) shielding against y-radiation; 3) shielding against 
neutron beam; 4) payload. 


From the data in /2.86/ we have plotted in Figure 2.49 the optimum 
dimensionless weight G, of the shielding against y-radiation from a 
disk source, as a function of the dimensionless permissible radiation dose oa’: 


(2.65) 


where p’ is the coefficient of attenuation in the shielding, p is the density 
of the shielding material, o* is the permissible radiation dose, I is the 
surface intensity of the radiation source, k is a conversion coefficient for 
the radiation intensity; the angle 9, is shown in Figure 2.48, 

The shield weight G, depends on the total reactor power N,. According 
to /2.32/, the unit weight of the shielding becomes almost constant for 
N,> 104 kw (Figure 2.50). 


/ 
Z Ly, Mitty 
r’ Q ‘rm ame 
== 
q = 4M 
"0 a5 10 & 0 Ww oF | 10° My, kw 
Figure 2,49, Optimum dimen- FIGURE 2.50. Unit weight of shielding as function 
sionless weight of shielding as of total reactor power when payload is carried at 
function of dimensionless permis- distance !*=25m and dose = 100 mrem /day: 


sible radiation dose 6*for disk 


ais 1) reactor with gaseous coolant; 2) reactor with 
source of y-radiation. 


liquid-metal coolant. 
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Another source of nuclear energy is the disintegration of radioactive 
isotopes (/2,32, 2.38, 2.87/, etc.). This energy may be utilized in thermal 
rocket engines, directly by means of sails (§ 1), or in thermal-energy 
sources of power plants. 

Some hundreds of radioactive isotopes are known, but only a few of 
them are suitable as energy sources of spacecraft, 

The first criterion of suitability is the half-life 1/1, (A, is the decay 
constant). Only isotopes with half-lives exceeding 100 days are 
efficient, since isotopes having shorter half-lives cannot be stored 
economically or used in long flights. A second important criterion is 
the maximum unit power and thetype of emitted radiation. The characteristic 
parameters of some radioactive isotopes suitable for space propulsion 
systems are given in Table 2.8 /2.87/. The unit power of a radioisotopic 
energy source. decreases with time: 


pm (aa (2.88) 


The external energy flux of highest intensity in interplanetary space is that 
of the sunlight, whose power in the Earth's orbit is Mas 1400 w/m?(1,17). 


TABLE 2,8. Parameters of radioactive isotopes considered as energy sources for spacecraft 
power plants 


Maximum unit 
pow er 


Ce 


Type of 
radiation 


Fuel 
compound 


Density 


Half-life 1/4 
a ela, os kg/m -10-8 


Isotope 


PC. Alpha 138 days 141 

cm : 162" 100 

Pu? 86.4 years 0.55 
Cel Beta~gamma__| 285 days 1.95 
Pm? 7 2.6 years 0.12 
cs®? 33° =—" 0,33 
sr 280" 0.11 


5.3" 


Solar-energy collectors in the form of parabolic mirrors, Fresnel 
reflectors, etc., have been thoroughly discussed in /2,39, 2.87, 2.88/, etc. 
According to /2.87/, the unit weight of a solar-energy collector in the 
Earth's orbit is 


— Gn — 2.{Gra\ — 
B= gait 3.0kg/m i (yt), = 4—2kg [ew ; 
and varies with the square of the distance A to the Sun: 


G -(S (8 y. (2.67) 
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Examples of such collectors are shown in Figure 2.51 /2.87/. 


FIGURE 2.51. “Sunflower” solar-energy collectors (model scale 1:3); 
total area S@= 68 m’, weight of collector and structure, G, =115 kg. 


2. Systems of energy conversion. In thermal-propulsion engines the 
energy converter is the nozzle (§ 1), which transforms the thermal energy 
of the hot gas into kinetic energy of the jet. In a propulsion system 
using a solar or isotopic sail these latter represent the energy converter. 
The electric propulsion systems (§ 1) require conversion of the mainly 
thermal energy of the sources into electrical energy. Various types of 
energy converters and their elements have been considered in /2.32, 2.36, 
2.38, 2.87—2.115/,. Figure 2.52 shows the basic layout of energy con- 
verters for electric propulsion systems using solar energy, radioactive 
isotopes, or nuclear reactors /2.47/. 

Energy conversion is possible by mechanical means or directly. The 
former (/2.32, 2.36, 2.87, 2.92—2.94/) employ the Brayton gas-turbine 
cycle or the Rankine steam-turbine cycle. Inthe Braytoncycle (Figure 2.53), 
the gas is heated by the energy source and drives a gas turbine, whose 
shaft carries a compressor (compensating for the pressure drop in the 
cycle) and an electric generator; the unused thermal energy is removed by 
the radiator. In the steam-turbine cycle (Figure 2.54), the working fluid 
evaporated by the energy source drives a steam turbine and an electric 
generator; in the radiator the steam is condensed into a liquid whose 
pressure is raised by a pump. Temperature —entropy diagrams for these 
thermodynamic cycles are given in Figure 2.55. It is seen that at the 
same maximum temperatures T, (determined by the permissible temperatures 
of the materials) and temperature drops T,;—T, across the turbine, the 
mean temperature of the radiator in the gas-turbine cycle is considerably 
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a Photoelectric cell 
or thermopile 
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FIGURE 2.52, Basic layouts of energy converters for spacecraft power 
plants: a) using solar energy, b) for a-radiation from isotopic source, 
c) for nuclear reactor. 


FIGURE 2.53 Mechanical conver- FIGURE 2.54. Energy conversion according to the 
sion of thermal into electric energy Rankine cycle: 


Brayt les 
de eee ha Lae 1) thermal-energy source, 2) wet steam, 3) separa- 


1) thermal-energy source, 2) turbine, tor, 4) liquid working fluid, 5) saturated steam, 

3) radiator, 4) compressor, 5) electric 6) turbine, 7 and 8) radiators, 9 and 10) additional 

generator. heat exchangers, 11) pump with ejector, 12) electric 
generator. 
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lower than that of the radiator (condenser) in the steam-turbine cycle. 
Since in spacecraft power plants heat is removed by radiation (this is 
discussed in more detail in § 3), the required surface area and weight 

of the radiator are considerably larger in the gas-turbine cycle than in 
the steam-turbine cycle. Figure 2.56 shows the radiator surface area Sy, 
as a function of the temperature T, in front of the turbine for the gas- and 
steam-turbine cycles for a useful power N,= 1000 kw of the energy 
converter /2,35/. 


Se, m? 
1000 
500 
200 
00 
5, a 
S S M00 00 200 =300 T,K 
FIGURE 2.55, Thermodynamic cycles of mechanical FIGURE 2.56. Radiator surface area 
energy converters in temperature-entropy diagrams: as function of temperature in front of 
a) Brayton gas-turbine cycle, Ty—T,compression, turbine for mechanical energy con- 
Ta—Tg-heat supply, Ts—T,-expansion in turbine, verter of useful power N,= 1000 kw: 


T,—T,-heat removal in radiator; b) Rankine steam- 
turbine cycle, T;—Tp-pressure increase of liquid 
working fluid pump, T,—Tg-heating to boiling point 
and evaporation, Tg--T,-expansion of steam in 
turbine, T,—T,-condensation in radiator, 


1) Rankine steam-turbine cycle, 
2) Brayton gas-turbine cycle, 


The steam turbine cycle is more often considered in the literature 
(/2.32, 2.36, 2.87, 2.93—2.94/) because of the smaller radiator surface 
area required. Its performance depends largely on improvements of the 
turbounit /2.95—2.98/, taking into 
account erosion of the components in 
the two-phase stream /2.99/, The 
weight of the components of mechanical 
energy converters is approximately 
proportional to the useful power N,. 

& LALLA ILL LILY oe Tentative values of the unit weight 

Hes moan ome aa of turbounits are given in Figure 2.57 
/2.32/. The unit weight of the electric . 
generator G/N, = 0.4kg/kw according 


0 
0 0? 0° 0* 0 0? 07 K,Ww 


to /2.36/. 
FIGURE 2.57, Unit weight @,//Nv of turbine unit Nonmechanical converters of 
as function of useful power, thermal energy into electric energy 
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with two-phase flow include those based on a liquid-metal cycle with a MHD 
generator (/2,100, 2.101/). Suchaconverter (Figure 2.58) contains two 
cycles, e.g., a liquid-lithium and a potassium-vapor cycle. The liquid 
lithium is heated by the energy source and introduced into the mixer so that 
the liquid potassium evaporates. The potassium vapors expand 

in the nozzle and accelerate the lithium which is then removed in the 
separator. The accelerated liquid lithium produces electrical energy in the 
MHD generator. It is stated in /2.100/ and /2.101/ that for NV, > 500kw 
such energy converters compare favorably, as regards weight, with the 
turbogenerator converters. 


FIGURE 2.58. Energy converter based on FIGURE 2.59. Thermoelectric energy 
liquid-metal cycle with MHD generator: converter: 

1) thermal-energy source; 2) mixer, 1) thermal-energy source, 2) liquid~- 
3) nozzle, 4) separator, 5) MHD-generator, metal circulation, 3) thermopiles, 

6) diffuser, 7) radiator, 8) pump, 9) heat 4) working-fluid duct, 5) radiator (cold 
exchanger. junction). 


Direct-conversion units employ thermoelectric, solar, or thermionic 
cells (/2.32, 2.36, 2.87, 2,102—2.115/). Thermoelectric converters use 
the Seebeck effect, in which thermal energy is directly converted into 
electrical energy when a temperature difference exists between two 
junctions of dissimilar materials (Figure 2.59). The efficiency of the 
thermoelectric converter is /2.87, 2.102 —2.104/ 


z=". (2.68) 


where T, is the temperature of the hot junction, T, is the temperature 
of the cold junction, zis the thermoelectric Q-factor of the material, 
s is the Seebeck coefficient, o, is the [electric] conductivity, 4 is the 
thermal conductivity. 

Semiconducting thermopiles with z of the order of 2 -10731/%K 
have efficiencies of ~10% when T,—T,~200%K /2,103/. The unit 
weight of the SNAP-10A thermoelectric converter together with the 
radiator (SiGethermopiles, z+ 0.6+10-31/K) is tentatively given by 
/2,103/ as 


G G, 
AGE 125 kg/kw, (2.69) 
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Another type of semiconducting thermopile which converts sunlight 
directly into electrical energy is the silicon photovoltaic solar cell 
/2,.32, 2.36, 2.87, 2,105 —2.107/, consisting of a thin p-layer of silicon, 
about 2.5 thick, applied on a n-layer of silicon (Figure 2.60). Photons 
falling on the cell cause the formation of electron-"hole" pairs, which 
diffuse through the contact surface under the action of the electric field 
between the n- and p-layers, creating a potential difference of 0.3 to 0.5v. 
The cells are grouped on panels as batteries, The unit weight of such 
an energy converter increases with the square of the distance to the Sun: 


| eo sh) 70 
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The unit weight of an energy converter with solar cells G,/Nvg ~50kg/kw 
in the Earth's orbit the efficiency being 10 to 14% /2.32, 2.105/, In addition, 
the weight of the system turning the 
batteries toward the Sun must be 
Photons taken into account /2.107/. 
In thermionic converters of heat 
into electrical energy electrons 
are emitted from the hot cathode 
and collected by the colder anode 
/2,32, 2.36, 2.87, 2.108 — 2,115/. 
In flowing back to the cathode the 
electron current produces useful 
work. To make this process 
possible, the work function 9, of 
the cathode material must be higher 
than the work function g,of the anode 
material. Values of the work function of different materials are given 
in Table 2.4. The electron thermionic current density depends strongly 
on temperature, in accordance with Richardson's formula: 


silicon p-layer aj; | 
Electron-"hole" pair 


silicon 4-layer 


FIGURE 2.60. Silicon photovoltaic cell converting 
sunlight into electrical energy. 


i= ATtexp|— 78], (2.71) 


where A is a universal constant, which, for pure metals, is 120 ¢/cm? -deg?, 
and k is the Boltzmann constant. 

To make possible a flow of electrons from the cathode to the anode 
when o> @., the anode temperature must be considerably lower than the 
temperature of the cathode. The distribution of the potential energy in 
the interelectrode gap of the thermionic converter is shown in Figure 2,61. 
The output voltage created by the thermionic converter is 


U= Oy +9,— Pq — Pps (2.72) 


where 9, is the kinetic energy of the electrons, 9, is the potential drop 

in the discharge plasma. For the typical materials listed in Table 2.4 

the voltage U is of the order of 1 volt. A large unit power of the thermionic _ 
converter thus necessitates a high current density i. On the other hand, : 
the value of i is limited by the space charge (cf. (2.41) to (2.43). A high 
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current density necessitates, according to (2.43), very small gaps d between 

the electrodes.of the thermionic converter; thus if j is ~ 1.a/cem? (a power 

of ~ 1 w/cm?), the gap must be less than 104. These severe requirements 

are considerably relaxed if the thermioric converter is filled with vapors of 
alkali metals (Cs, Ba), which are easily ionized 
and form plasma layers in the interelectrode 


Vacuum or space. The effective gap then becomes practi- 
Cathode[ ] ©5 Y#P°"* [] anode cally equal to the length of the free path of the 
2 electron up to the plasma layer, which is much 
—_—_ > SE eat 7 
Heat Heat smaller than the geometric gap. In addition, 
supply removal filling the thermionic converter with Cs vapors 


increases the emissive properties of the cathode. 
The characteristics of a thermionic converter 
filled with the alkali metal vapors are given 

in Figure 2,62 /2,115/. 

Structurally, thermionic cells are considered 
(cf. /2.36, 2.87 —2.114/) to be built into 
liquid-metal cooled nuclear reactors, Figure 2.63 
gives tentative values of the unit weight of 
reactors with thermionic converters asa function 
of the useful power N, for the design shown in 
Figure 2.64 /2.87/. 

Another important item in the weight 
FIGURE 2.61. Scheme of therm- = balance of the spacecraft power plant is 
rane ta ria the system for removing the thermal 
ica tncerelectece’ gap. energy not used in the cycle /2.32/. The 

complete weight analysis of power plants 
is given in § 3, after the characteristics 
of the heat-removal system have been considered, 


a WW 800 200 New 
FIGURE 2.62, Characteristics of thermi- FIGURE 2.63. Unit weight of reactor with 
onic energy converter filled with Cs or thermionic converter as function of useful 
Ba vapor; anode W, Ty= 2000 °K, cathode power Ny: 


Mo, 0.25mm gap, vapor pressure corre- 


sponds to boiling at temperatures indicated, 1) unit converter power = 10 w/em's 2 


2) unit converter power = 20 w/ em’, 


3. Energy accumulators. Spacecraft power plants utilize mainly 
thermal and electrical energy. Accumulators for these types of energy 
are considered in /2,32/ and /2.87/. 


56 


FIGURE 2.64. Nuclear reactor with thermionic converters: 


1) power supply terminal, 2) removal of fission products, 3) regulator, 
4) supporting grid, 5) coolant inlet, 6) reflector, 7) thermionic cells, 
8) power supply terminal for pump, 9) damage protection, 10 and 11) 
Cs tanks, 12) coolant outlet, 


92 Storage of thermal energy is possible by utilizing the heat capacity of 
the accumulator substance or the heat of phase transformation; the second 
method is preferable, since it permits energy storage at a nearly constant 
temperature T,. The phase transformation usually considered is the fusion 
of a heat-storing substance, since evaporation would cause a pressure 
increase in the storage container. Thermal-energy accumulators will 
have a minimum unit weight p = G,/E, when chlorides and hydrides of metals 
are used /2.32, 2.87/ (Table 2.9). Use of pure metals (e.g., Pt /2.116/), 
leads to higher values of the unit.weight f. 


TABLE 2.9. Unit weight of thermal-energy accumulator 
(excluding container weight) 


Unit weight 


Ge ky 
p= pe 


Heat-~storing 
substance 


Temperature 
Tar K 


0.36 -10-* 
1.95 -1078 
8.8-1078 
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The electrical energy accumulators having the least unit weight are 
silver-zinc accumulators /2.32, 2.117/ whose unit weights are given in | 
Figure 2.65 /2.117/. The unit weight of the capacitors is fp ~0.015kg/j /2.36/. 


PF =, kg/j Jj 


50 


a 
My? ot id fi 
FIGURE 2.65, Unit weight of silver-zinc accumulator 
as function of energy stored in one cell (voltage & = 1.5v). 


Table 2.9 and Figure 2.65 show that the unit weights of the thermal 
and electrical~energy accumulators are of the same order: f =1 to 
51078 kg/j. 

4, Working-fluid supply and storage systems. Liquid working fluids 
are supplied by centrifugal or positive-displacement pumps /2.2, 2.30, 
2,36, 2.118, 2.119/. The weight G, of the supply system in thermal 
propulsion engines with liquid working fluid (cf. § 1 of this chapter), is 
approximately proportional to the maximum thrust Pm. The unit weight 
of centrifugal-pump units is, according to /2.2/ and /2.119/, G,/Pmax = 0.005; 
in an analysis of thermal propulsion engines from the viewpoint of flight 
mechanics it is advisable to include the unit weight of the supply system 
in the total unit weight of the engine (cf. (2.16)). 

The weight of circulating systems must also be taken into account in 
power plants in which thermal energy is converted into electric energy 

93 (Figures 2.54, 2.58, and 2.59). According to /2.94/, the unit weight 
of the supply and pumping systems is G,/N, = 0.35 kg/kw for N,=415kw. 

The parameters of working-fluid tanks have been analyzed in detail 
in /2.30/. The weight of the tanks G is proportional to the weight G, 
of the stored working fluid. The unit weight of the tanks is: for liquid 
oxygen+kerosene, G,/G, = 0.004 /2.120/; for Cs G,/G, = 0.006 /2.94/. 

In solid-propellant rocket engines (/2,.11, 2.30/), the weight of the 
propellant container is of the same order as that of the engine, being 
proportional to the total impulse Pz; the unit weight of a solid-propellant 
container is, according to /2.11/, G:/Pt ~ G,/Pt ~0.8-107? 1/sec, 

5. Power plants using up working fluid from the environment. 

Working fluid from the atmosphere enters the engine in air-breathing 
propulsion engines /2.2, 2,121—2,131/, and in propulsion engines with 
working-fluid gecamulatons. during orbital flights in the upper layers of 
the atmosphere /2,134—2.137/. 

An element common to all such propulsion systems is the air inlet, 
which must be designed so as to take in the working fluid with minimum 
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loss of total pressure and minimum drag. Braking of the impinging stream 
by the inlet at supersonic flight velocities may cause a considerable 
loss in the total pressure p, of the air, where 


x 


Po=P, (1+ “>t may, (2.73) 


and M,= v/a is the Mach number of the flight, « is the speed of sound 
(cf. Figure 1,4), 


FIGURE 2.66. Supersonic diffusers: 


a) multiple-shock diffuser with external compres-ion; b) diffuser 
with conical flows; 1) zone of flow past central cone, 2) is- 
entropic flow, 3) diverging conical flow in front of conical shock 
/2,132/; c) hypersonic flow with parabolic shock in duct. 


This total-pressure loss, which causes a corresponding loss in thrust 

(cf. § 1 of this chapter), may be reduced by using a supersonic diffuser as 
an inlet (Figure 2.66) /2.2, 2,132, 2.133/. Figure 2.67 gives the relative 
total pressure p/P) at the exit from an ideal inlet as a function of the 
number of shocks and the flight Mach number M, of the flight. Such a 
supersonic diffuser causes no additional drag for an incoming flow whose 
cross-sectional area is equal to the inlet area ¥, (Figure 2.66) at a mass 
flow rate 


qo = — pvF y. (2.74) 


The ramjet (Figure 2,68) has a combustion chamber or another heat source 
between the inlet and the nozzle; in a turbojet or turborocket engine the air 
is compressed by a turbocompressor before entering the combustion 
chamber, in order to provide thrust at low flight velocities (/2.2, 2,121 — 
2,131/). The characteristics of air-breathing engines are determined 
on the basis of the theory of gas dynamics /2.2, 2.4, 2.6/. 
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The thrust P of an air-breathing engine is approximately proportional 
to the inlet area ¥, and to the atmospheric pressure p, which depends on 
the flight altitude, so that 


P=k¥,p,.- (2.75) 


The thrust coefficient P/¥,p, depends on the Mach number M, and at 
first increases with the flight velocity in accordance with the increase in 
the compression ratio p,/p, of the air flowing into the inlet duct. At 
the same time, however, the stagnation temperature T,’ of the impinging 
air also increases: 


Ty = Ta (1+"5* My). (2.76) 


When the maximum permissible temperature T, in the combustion chamber 
(heat source) is given, this reduces the possible temperature AT, = T, — Tj 
of the air in the engine and the thrust coefficient at high Mach numbers M,. 


FIGURE 2.67. Variation of relative total 
pressure at exit from ideal inlet, as 
function of number of shocks n and flight 
Mach number. 


FIGURE 2,68. Ramjet: 


1) inlet, 2) combustion chamber (heat source), 3) nozzle. 


Figure 2.69, based on /2.127/, shows the thrust coefficient of air-breathing 
96 engines as a function of the flight Mach number. The effective specific 

impulse I° = P/gq, of air-breathing engines also depends on the Mach number 

(Figure 2.70) /2.127/. The weight of air-breathing engines is approximately 


proportional to the inlet area: G, ~¥,; unit weights of various air- 
breathing engines are given in Table 2.10 /2,127/. 


TABLE 2.10, Unit weights of air-breathing propulsion engines 


1050 1350 


The characteristics of air-breathing engines using liquid hydrogen as 
fuel are improved by utilizing the heat capacity of liquid hydrogen to 
liquefy part of the air (oxygen) entering through the inlet (for a more 
detailed discussion cf, /2.127/). 

Another type of propulsion system is that in which working fluid is 
accumulated during orbital flight in the upper layers of the atmosphere 
(/2,134 —2.137/). The basic layout of such a propulsion system is 
shown in Figure 2.71 /2.136/. Air enters the propulsion system at a 
mass flow rate q, through the inlet, is first cooled by a system of heat 
exchangers with radiators, then liquefied in an expansion machine /2,138/ 
and finally led into tanks with possible separation of the components. 

The drag qv, like the entire aerodynamic resistance of the spacecraft, 

is compensated for by the thrust, developed by part of the air entering through 
the inlet: g<|[q,|. The difference q, = ¢— 4, is stored in the tanks. Since 
q<|q.|, the exhaust velocity V must be considerably higher than the orbital 
flight velocity v: 


Type of engine Turbojet 


Unit weight 


G 
Pp 2 
F," ke/m 


lanl 
v 


- (2.77) 


v> 


FIGURE 2.69. Thrust coefficients of air-breathing FIGURE 2.70. Effective specific impulse 
engines as function of Mach number: of air-breathing engines as function of 
Mach number. Solid curve refers to hydrogen 


1) turbojet; 2) turborocket; 3) ramjet with subsonic as fuel, the dashed curve to kerosene as fuel. 


combustion, 4) ramjet with supersonic combustion. 
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98 Since for flights in the upper layers of the atmosphere v = 8km/sec, 


the necessary exhaust velocity V can be attained only in electrical propulsion 
engines (cf. § 1 of this chapter). 


Pr 
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FIGURE 2.71. Basic layout of propulsion system in which working fluid is accumulated 
during orbital flight in upper layers of atrnosphere: 


sp) inlet, 2) radiators, 3) compressors, 4) expansion machine, 5) liquefying 
installation, 6) working-fluid tank, 7) nozzle, 8) power plant, 9) nuclear reactor, 
10) turbine, 11) pump, 12) electric generator; A) all components to the left of 
line operate only during accumulation period. 


The power N, consumed by the propulsion engine and the power N, 
consumed by the liquefying installation are supplied by the power plant 
(Figure 2.71). The power N,,, ideally consumed for liquefaction at 100% 


0 400 800 TK 


FIGURE 2.72, Specific power consumed 
ideally for liquefaction of air, as function 
of air temperature T, at inlet to liquefying 
installation. 
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efficiency is shown in Figure 2.72 as.a function of the air temperature 
at the inlet to the liquefying installation /2.139/. ~The specific power 
Noo/q is less than 1/100th of the specific power of the jet: 


“1 ~2-10°kw/kg/sec at V~ 2-104 m/sec. (2.78) 


It is accordingly assumed in /2.134 — 2.136/ that the unit weight of 
a propulsion system, in which working fluid accumulates during orbital 
flight, is mainly determined by the weight of its electrical propulsion 
system, whose elements were considered above. 

6. Drag acting on the spacecraft during flight in the atmosphere. 
During flight in the atmosphere the drag may considerably influence the 
mechanics of flight, in particular when working fluid enters the engine from 
the environment, Since spacecrafts are usually bodies of revolution, we 
shall consider the basic laws of drag of such bodies, The aerodynamic 
resistance F, of a body (cf. (2.2)) is characterized by the drag coefficient 


(2,79) 


where pv?/2 is the velocity head of the impinging air flow, fnis a 
characteristic area, e.g., that of the midship section of the body. For 
a given body geometry the drag depends mainly on twodimensionless 
parameters /2.140/, viz., the Mach number of the flight My = v/a and the 
Reynolds number Re = vZ/v (L is a characteristic linear dimension, e. g., 
the length of the body, v is the kinematic viscosity of the impinging air), 


or, on the velocity v and flight altitude hk, since the speed of sound q = V x8 


and the kinematic viscosity v = f(T) depend on the flight altitude 
(Figure 1.4), Figure 2.73 shows the drag coefficient cz as a function of 
flight velocity and altitude for a typical rocket engine /2,141/, 


FIGURE 2.73. Drag coefficient as function of flight velocity and altitude 
for typical rocket engine; dashed line at battom represents friction 
drag at A= 0, 
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The drag consists of two components, representing respectively the 
friction forces [skin friction] and the pressure forces [form drag] acting 
on the body (cf. (2.2)): 


Cx = Cee $ Cops (2.80) 


At subsonic velocities (M,< 1) the drag of a streamlined body is mainly 
determined by friction (cf, dashed line at bottom of Figure 2.73). The 
friction drag can be estimated from the friction coefficient of a flat 


0 plate of surface areas S, 
Fre (2.8 1) 


which for a turbulent boundary layer on aheat-insulated surface (/2.1, 2,142 — 
2.145/) is 


0.0905 2\-0.66 
cr = TepoassRer (1 +0-144 May. (2,82) 


The first factor in this formula represents the dependence of the friction 
coefficient on the Reynolds number at M, = 0 (Figure 2.74,a) /2.143/, 

while the second represents the influence of the Mach number (Figure 2.74, b) 
/2.145/,. Equation (2.82) gives the friction coefficient as referred to the wetted" 
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FIGURE 2.74. a) Coefficient of turbulent friction of flat plate as function of Reynolds 
number at Mg =0: solid curve represents first factor in(2.82), circlesrepresent experimental 
values; b) influence of Mach number on friction coefficient; solid curve represents second 
factor in (2,82). 


surface 5, The friction drag coefficient ¢., referred to the midship- 


101 section area Fm, is 


Car = CRE (2.83) 


At supersonic velocities (Figure 2.73) the drag coefficient increases 
sharply and is mainly determined by the pressure forces caused by 
the wave flow past the body /2.1, 2.146, 2.147/. The wave drag coefficient 
Cxp at supersonic velocities can be determined by applying the general 
theory of supersonic flow /2.1, 2.5, 2.12, 2.14, 2.146 — 2.153/, The 
peculiar features of hypersonic flow past thin bodies can be studied by 
considering a gas displaced by a piston (/2.140, 2.145, 2.154 — 2.162/ etc.; 
in fact, in accordance with the law of plane sections /2,163/, the problem 
of hypersonic flow past thin bodies (Figure 2.75, a) is the same as that of 
the two-dimensional unsteady motion of a gas displaced by a piston expand- 
ing according to this law (Figure 2.75, b). 


a 
~ 4. 


NS 


FIGURE 2.75. Law of plane sections: gas FIGURE 2.76. Wave drag coefticient cxp 
moves in plane A as if displaced by equi- of conical bodies as function of cone angle $ 
valent piston: and Mach number; curve is plotted accord- 
ing to law of plane sections applied to 
uniformly expanding cylindrical piston; 
circles represent computed results for 
conical flow with 8=5°, 10°, and 15°. 


1) piston, 2) shock. 


Figure 2.76 shows the wave drag coefficient cl, of a conical body as a 
function of the cone angle @ and the Mach number, obtained on the basis 
of the law of plane sections /2.162, 2.164/; the results of the exact calcula- 
tion for conical flow are shown for comparison. These data indicate the 
influence of the velocity (Mach number) and the nose elongation Z =L/r, = ctg 
on the drag coefficient. 

A study of gas flow with shocks propagating according to the power 
law r = ct™ (/2.165 — 2.167/) permitted a determination, for large values 
of M,, of the effect on c,, of transition from the conical shape to that 
defined by r= cz", which has a larger volume » (Figure 2.77). Figure 2.77 
shows that when the nose elongation of a body defined by a power law is given, 
the wave drag is minimum for m= 0.70; the wave drag of a body of this 
shape is approximately 25% less than that of a conical body, while the 
volume is about 25% larger. Bodies of this shape become more 
blunt-nosed with decreasing m<1; m-+0.5 corresponds to a strong cylindri- 
cal detonation. It has to be taken into account that the increasing bluntness 
is accompanied by increasing effects of the high-entropy skin flow, which, 
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according to /2,168/, is, however, negligible for 1 > m> 0.65 
(Figure 2.78). 


10 108 U6 124 x, 
FIGURE 2,77. Wave drag coefficient of bodies of revolution whose 
shapes are defined by r= cx™, as function of relative volume 6/v*; 
o* and xp refer to conical bodies (m= 1) of equal elongation. 


FIGURE 2.78, Influence of high-entropy skin flow on parameters 
of hypersonic flow with shock past body of revolution r = cx®-88, 
Solid curve represents exact contour of body, dashed curve 
represents contour when high-entropy skin flow is neglected. 


A body of revolution whose shape is defined by r = cz™ is found to have 
minimum wave drag when m= 0.75 also on the basis of the approximate 
relationship for the relative pressure Pf acting on the body (cf. /2.165/ 
for more details): 


=- = sind, 


P = Pasint®,, , (2.84) 
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P—P, 
pv?/2 
section), 6, is the local inclination of the body surface [to the direction 

of flight], p, and @, are respectively the relative pressure and inclination 

at a fixed point, e.g., at the nose, 

Using (2.84) it can be shown that if friction is taken into account /2.165/ 
the optimum shape of the nose is negligibly altered (Figure 2.79) /2.210/. . 
When the local friction coefficient cr = const , the optimum shape of a thin 
body of revolution is defined by /2.165/ 


: F a4s(2)"+(5£)" 


where p = 


( cx, is equal to the mean value of p acting on the midship 


Re 


cae 2 Pe Van a 
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104 Using (2.84), we can also determine the optimum shapes of noses of bodies 


of revolution when their volumes are given /2.165/; these are close to 
power-function profiles, determined by 
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FIGURE 2.79. Influence of friction on optimum 
shape of nose of body of revolution at hypersonic 
flight velocities. Solid curve represents optimum 
shape when friction is taken into account; dashed 
curve represents optimum shape when friction is 
neglected /2,165/. 


FIGURE 2.80, Wave drag coefficient of 
body with open nose as function of relative 
inlet radius TqlToi Cyn is referred to area 
of annular midship section. 


The wave drag of bodies of revolution having open noses depends on 
the relative inlet radius 7, = r,/r; the variation ¢,, of the drag coefficient 
with *,is shown in Figure 2.80 /2.165/. 


105 § 3. COOLING SYSTEMS FOR SPACECRAFT 
POWER PLANTS 


1. Radiation cooling systems. Thermal open-cycle jet engines 
(Figure 2.10) are mainly cooled by preheating the working fluid. Thus, 
the OP-1 jet engine designed by Tsander in 1930 (Figure 2.81) was cooled 
by the oxidizer (compressed air) flowing through a jacket surrounding the 
combustion chamber before entering the latter /2.71/. 
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FIGURE 2.81. OR-1 jet engine using benzine as fuel and compressed air as oxidizer; 
P= 0.5 kg. 


The energy efficiency of a space propulsion system having a closed- 
cycle power plant (Figure 2.52) is m = N,/N,, i.e., the ratio of the total 
jet power N, = N, to the power N,, of the energy source; in power plants it 
ig usually of the order of 10%, Hence, in closed-cycle power plants a large 
106 part of the power produced by the energy source, namely 


1{— 
M=M—M= N=, (2.86) 


must be removed at about the minimum temperature Tam of the working ' 
cycle*, 


® Taking into account power N,ycontributed by the scooped-up working fluid (cf. Chapter One, § 2) does not 
basically affect the analysis. We assume Ngg=0 for simplicity. 
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The principal cooling method discussed in the literature (/2.32, 2.87/) 
is radiation cooling by various types of radiators. The required surface 
area S, of the radiator is related to the power M, by the Stephan — Boltzman law 


N N: 1— 
So (2.87) 
SOT Fin oT iin “Ne 


Equation (2.87) is true in the absence of heat flux from outside and for 
radiators without self-irradiating surfaces; an example of such a system 
is a flat radiating surface in space, located parallel to the solar-radiation flux. 
Typical space power plants operate according to a thermal working 
cycle. The energy efficiency na depends on the maximum and minimum 
temperatures of the cycle: 


=n, EO = —T, (2.88) 


max 


os 
where T = —™ 


and the coefficient yn, takes into account the deviation from 
max 


the ideal cycle. 
The required radiator surface area is, by (2.87) and (2.88), given by 
N,[t—9,(4—T)] 


eh 2.89 
e ooT hash, (t —T)T* : ( ) 


When the jet power N, andthe maximum permissible cycle temperature Tmax 
( and7y,) are given, the radiator surface area is minimum for 


minS, at Tor= 1—_ an (t— eS +—-1. (2.90) 
The functional relationship Tont (1,) has been plotted in Figure 2.82; it is 
seen thatfor 7,=1.0, Top: =%,, increasing slightly with decreasing 7,. The 
corresponding minimum specific surface areas S,w/N, are shown in 
Figure 2.83. It is seen that for T,,,= 1000 to 2500% /2.32, 2.87/ the 
specific surface area of the radi-tor is ~107! to 10°? m?/kw, so that even 
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FIGURE 2.82. Optimum temperature ratio FIGURE 2.83. Specific radiator surface area as 
Tost = Tinin/Tmax of spacecraft power function of maximum cycle temperature. 


plant, corresponding to minimum required 
radiator surface area, 
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for a power N, = N, ~ 20,000kw (i.e., for a thrust of the order of 10.0 kg 
at a specific impulse /°~ 10,000 sec) a radiator surface area of hundreds 
of m? is required. This makes it necessary to consider ways to minimize 
the radiator weight. This will be done for the typical cases of a radiator 
with fins and of a strip radiator, 

2. System of energy removal from a flat-tube radiator with fins. 

A flat tube radiator with fins is shown in Figure 2.84 /2.32/. The 
thermal energy of the coolant flowing inside the tubes is removed by 
radiation from the surface of the fins. 


FIGURE 2.84, Flat tube radiator with fins. 


We shall first consider the problem of weight minimization of systems 
with tubes of very small diameter. This is equivalent to the two-dimen- 
sional problem of minimizing the weight of a system of fins cooled by 
radiation linear heat sources arranged in parallel with a spacing 2L 
(Figure 2.85, a). Because of symmetry it suffices to consider the fin 
part of length Z cooled by radiation from AB. Heat is supplied to the fin 
on one side along its base O4 (Figure 2.85, b), the minimum fin thickness 
O'B being given /2.169/. We shall consider a thin fin of smooth contour, 
for which the equations of heat conduction and heat radiation are 
respectively 


Q=rAry et, BZ = 20T, (2,91) 


where y is the thickness of the fin, the z-axis is directed along the fin 
width, Qis the heat flux in the z-direction per unit fin length, 4A,is the 
coefficient of thermal conductivity, T is the temperature of the fin. 


FIGURE 2.85, Heat flow in flat tube radiator with fins, 
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The optimum contour (fin of minimum weight) corresponds to the 
L 
minimum cross-sectional area — = —2{ yde of the fin when the initial 


heat flux Q,, initial temperature T,, and minimum fin thickness ymin 
(y > Ymin) are given. 
We introduce the dimensionless variables: 


Qo’ Ts:* 
z= 7 qe, Fa, (2.92) 
0 0 0 
2suT* 4a,coT® 8, or0°T? 
Then 
_ = L 
Dagtt, 2 im F__ol; 
C=Je E=™ F = —~2\ gis. (2.93) 


109 At the fin edge z= L we haveQ= 0, =0. It is therefore advisable to 
determine the other variables as functions of Q@:T(Q@, 2(Q, y (Q. 
Equations (2,93) can then be rewritten as follows: 


QoL 
F=—2\ 5d , (2.94) 
1 


where for Q=1; T=1, 9=9,; for @=0,T=Th, 9 = gam. 
In this formulation the problem can be solved by maximization /2.170/. 
- es 
We introduce a new variable ¥:= —2{ " dQ and consider the problem 
1 = 
of optimizing the boundary value of this variable for Q = 0. The Hamiltonian 
/2,170/ is 


A= poh (2.95) 


where 


, oH 4 QO s ’ HH 
r= — 2 = & (22 — 2p), p,=—- 2 =0, (2.96) 


with the boundary conditions: for Q@= 0, p,= 0, py= 1.0. The momentum p, 
is constant: p,= 1.0 (cf. (2.96)). According to /2.170/, H must be maximum 


at g for any values of T and p,. At the rib edge, where Q= 0 and p,= 0, 


8Froi0 
pe 


the maximum 4 is attained for #, = gam, so that H,= — Sate, (P,), =— 
L 


Moving away from the fin edge, we see that as long as / — ae <g , the 


maximum of H occurs at 7 = jmin. Hence, for this part of the fin the 
optimum profile is § = jam = const. 


At some point Q= Q,, the magnitude — ne becomes equal to ju; 
hence, for Q> Q,,the function H has a maximum at g> gan and p, = — ; 
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which leads to the following differential equation: 


297 Fy +160 (2) TF =o. (2.97) 


{10 Integration of this equation yields 


T = ((1—TL) 0" 4+ TEI", (2.98) 
the contour being determined by integrating the following system: 
Tal Ye 0 
= go jolt (2,99) 


d —_—-""=>=, . =.” =a 1 =a SU 
. [A —T?) Qe 4 T2 yh" 1—T? dz 
where T, corresponds to the temperature at the fin edge, if the contour 

given by (2.99) is continued in the region 7< Yon. Figure 2,86 shows the 
optimum contours ((2.99)) for some values of T, /2.169/ (the calculations 


were performed by Yu. V. Shalaev). 


is Sal 


I ee 


a OS 10 1S 20 2s ~£ 


FIGURE 2.86. Optimum contours of a flat fin cooled by radiation. 


For T,= 0, we obtain the absolute-minimum fin area fopt, which 
corresponds to the particular case considered in /2.171— 2.174/ ofa 
11) fin with Jon=0(cf. /2.169/ for more details). For this fin 
mz AM = z \8 — = \"s 
T=0", Ga(t+3), TH(1+4)", 


z 3.6 
g=6(144+—} , 
ae +5) s (2.100) 
Yo = 6. Lopt = — 3, F opt = 8, 
3. Q _ 3 @ _ 
Dont = — > watt + Yo opt = 2 4 oot? ' Font = 4 oT? 


It is convenient to refer to the values of § for all analyzed contours 
to this value Fopt. 

When jmn is given the optimum contour from the fin center line to 
9 = Gmm (£.,, Q,.,1,,) is plotted in Figure 2.86, with T, as parameter; the 
parameters of the part of constant thickness 7 = §min adjoining the fin 
edge are determined by the following formulas (at Q. > Q> 0): 


Pp 5 (9*_ Go \ 
= ge -T) 
Q a 
Z—f,,= f 2 e° (2,101) 


Figure 2.86 shows the optimum contours for fmn =1.8. The relative 
cross-sectional areas ¥/¥opt of these fins in Figure 2.87 are shown as a 
function of T,; the dashed curve ¥/¥op for 
Guin =O. For Jmn=1.8, Fntn/¥. = 0.31; the 
area for a gently sloping optimum contour 
is minimum at T, ~0.70, being ¥/¥op:= 1,205, 
which is considerably less than for the 
optimum rectangular rib, where ¥/fopt = 1.635 
(cf, dashed line in Figure 2.86 /2.175, 2.176/). 
The contour of an optimum triangular fin 
/2.177] for which ¥/Fop: = 1.103 (with Jmin= 0) 
is also shown dashed in Figure 2,86. 

In real flat tube radiators with fins 
having tubes of finite diameter (Figure 2.84), 
radiation from the surface of the tubes and 
mutual irradiation of tubes and fins must 
be taken into account. The latter is, accord- 
ing to /2,175/, relatively unimportant in 
a as 10 T, radiators with sufficiently long fins, and 
will therefore be neglected in a first approxi- 
mation. We shall consider an optimum 
combination, of minimum weight, of fins 
and tubes /2.169/ heated on the inside by the 
coolant, the tube-wall temperature T, = T, 
and the tube geometry (diameter D, wall thickness 8) being given. As 
before, Q)is the initial heat flux along one fin; the total heat removed in 
unit time per unit tube length z is given by 
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FIGURE 2.87. Influence of relative 
temperature of fin edge on cross- 
sectional area of cooling fin. 


dN, 
se = 20,+2(D + d)ouT!, (2,102) 


The weights of unit length of tube and fin are determined from 


dG, (D +6) 'D* F a Q 
Pd wh) De — ont 
or ras A nt A otarT® Ya, (2,103 


where 7, is the specific weight of the material of the tube, y, is the specific 
weight of the material of the fin. 
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The weight of the radiator per unit of heat removed in unit time [relative 
weight] is by (2.102) and (2.103): 


if 
aN, =~ Qte ’ (2.104) 
where 
D + 6)3—D? F/F x(D +6) 
Aan Orr un, B= ’ 6 = OO Tt. 
The relative weight of the radiator is minimum for 
a we 
c= “FeO. 3ey’ 
or 
4 
+= oee (2.105) 
where 
— 2 Qo 
=a ¢ 
The minimum relative weight is 
ae) _ tie 2.106 
(ae) = 2 ( ; ) 


i.e.,is a (1+%)-th part of that of a finless tube radiator. 
Figure 2.88 shows a for D= 10mm, 6= 0.25 to 0,75mm, T,=1100%, 


wo = 0,9; the tube is made of steel, the fins are of steel, copper, or 
beryllium with ¥/¥op= 1.205 and have the above-considered optimum 
contour with Jmin/f = 0.31, The optimum flat tube radiator with fins has 
a relative weight approximately one half that of a finless tube radiator. 


Steel-steel 


Steel-copper 


Steel~beryllium 


agg 450 Qi mm 


FIGURE 2.88, Influence of fins on relative weight of flat tube radiator, 
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The relative weight of a tube radiator is a function of the minimum 
thickness 6 of the tube wall, which depends on the meteoric hazard (cf. § 3 
of Chapter One). The relative weight of a tube radiator has been plotted 

in Figure 2.89 as a function of its 

vA temperature T, for different permissible 
numbers of penetrations of the radiator by 
meteors, per unit radiated energy /2.32/, 
using Figure 1.8 and equation (2.104) 
for a finless tube radiator (Q,= 0). 

The useful power of the propulsion 
system (e.g., the total jet power )) 

is, of course, much less than the power 
Ny, removed by the radiator; even in 

an ideal cycle (n= 1.0) the useful 

power is a third of the radiated 

power. The unit weight of the tube 
radiator (weight per unit useful power 
of the propulsion system) thus is 
several times larger than the relative 
weight given in Figure 2.89 (the number 
scale of penetrations per kw-hr of 
useful energy is altered accordingly). 

COG 800 ‘(200 ‘600 T,°K It is seen that the unit weight of a tube 

radiator is considerable compared 
FIGURE 2.89. Relative weight of tube radiator with the unit weights of power sources, 
(per unit radiated power), taking into account power converters, and nozzles; cf. 
oe hazard during flights near Earth, as §§ 1 and 2 of this chapter. A flat 
unction of the radiator temperature T,. : : : i 

optimum tube radiator with fins has 

about half the unit weight of a finless 
tube radiator (cf. Figure 2.88). An even larger weight reduction can be 
achieved by the use of star-shaped radiators. 

3. Energy removal from a star-shaped tube radiator with fins. We 
have just discussed the two-dimensional problem of the optimum 
contour of a heat-radiating fin to which heat is supplied from one side. 

It was shown that the cross~sectional area of the optimum (minimum-mass) 


fin is 
F Q@ 
F = = , 2.107 
Foye 4owrT? ( ) 


i.e., the cross-sectional area (weight) of the optimum fin is proportional 
to the third power of the heat flux Q, radiated by it. Hence, if a specified 
quantity of heat Q; is to be radiated in unit time by n fins (Q; = nQ,) the 
total cross-sectional area of the fins (i.e., their weight) will be inversely 
proportional to n* (neglecting the mutual irradiation of the fins): 


“Fn = nF ~ +, when Qz = nQy = const, (2,108) 
115 The heat-radiating fins may be arranged like a star at the apexes of the 


polyhedron (tube) being cooled (Figure 2.90). When n>2 the mutual 
irradiation of the fins becomes important, and determines the optimum 
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number of fins (n:) and the corresponding optimum shape of their 
cross section /2.178/. 


FIGURE 2.90. Star-shaped tube radiator with fins, 


The problem of the optimum star-shaped fin arrangement was solved 
in this formulation in /2.178/ and /2.179/. Figure 2.91 shows the optimum 
shapes of star-shaped fins for » = 1.0 when the central tube is small, 


as 


0 - 

(2345678 21 
FIGURE 2,91. Influence of number of fins FIGURE 2.92, Influence of number 
(n) on optimum shape of fins in star-shaped of fins (rn) on cross-sectional area of 
radiator. star-shaped radiator: 


1) fins of optimum shape, 2) rect- 
angular fins, 
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The influence of mutual irradiation is for 2 >2 clearly expressed by the 
increase of the relative fin dimensions with increasing number of fins. 
However, taking (2.108) into account, we find that the absolute cross- 
sectional area ¥zof the fins (and hence the radiator weight) has a minimum 
for a star-shaped arrangement of 4 or 5 fins when the total heat flux Qzis 
given(cf. solid curve in Figure 2.92, where¥zis referred to the area Fiop 

of a single optimum fin radiating the same quantity of heat Qgin unit time). 
The dashed curve in Figure 2.92 has been plotted from the computed values, 
given in /2.80/ and /2.81/, for the best rectangular fins in a star-shaped 
arrangement, whose cross-sectional area is ~ 1.5 times larger than that ~ 
of the optimum fins, The dot-dash curve corresponds to (2,108), the mutual 
irradiation of the fins being neglected. More detailed information on flat 
and star-shaped fin arrangements of radiators can be found in /2,.178 — 
2,195/, 

When comparing a star-shaped radiator with a flat tube radiator with 
fins it should be remembered that for the latter n= 2. The weight of the 
fins is, according to Figure 2.92, approximately 40% less in the optimum 
star-shaped radiator than in a flat radiator. 

4, Energy removal from a belt radiator. Since the high unit weight 
of a tube radiator is largely due to the requirements of shielding against 
meteors, a belt radiator was proposed in /2.196/, the weight of whose 
main element — the belt — does not depend on the meteoric hazard. In 
this radiator a flexible belt is pressed against the cylinder containing 
the coolant by means of rollers /2.196/ (Figure 2.93, a), or by the 
centrifugal forces (/2.197/ and /2.198/) in the case of a revolving belt. 


FIGURE 2.93, Energy removal by means of helt radiator. 


The belt removes the heat from the cylinder and radiates it from its surface. 
Penetration of the belt by micrometeorites does not affect the operation of 
such a radiator. Details on the belt shape and its stability in space, on 

the effects of mutual irradiation of the belt elements, etc., can be found 

in /2.197—2.205/. We shall now consider the main parameters of a 

belt radiator /2.196/. 

Let Gy be the belt weight, c, the specific heat of its material, L its 
length, W the tangential speed of the drum, T, the maximum temperature 
at the point where the belt leaves the drum, T, the temperature at the 
point where the belt comes into contact with the drum; the power removed 
by the belt (neglecting the part in contact with the drum) is then 


Ne = Gye, (T, — Ts). (2,109) 
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This power must be radiated by the belt. Neglecting the mutual irradiation 
of the belt elements, we can write in a first approximation /2.196/ 


Ng = 26, LooT, (2.110) 


Ns 


L 
where b, is the width of the belt, Ty=(}-(Tds) . 
. t) 


The average temperature T, of the belt is determined by the temperature 
drop along the belt: 


oa eT. (2.111) 


Integrating (2.111) with the boundary conditions T = T, at z=0, T = T,at 
z=L, we obtain 


T3_T=3 
us toy ry 
whence 
T _ Ta) ]% 
na($)ayten| oe] (2,112) 
. Ths _ 


118 The weight of the belt is by (2.109), (2.110), and (2,112) 


wiles) 


Gy = —+ ss. (2.113) 
6¢,b,WeoT® (1 — zy 
The belt weight has a minimum for (T,/T,)on, = 0.69. Thus, 
oe nN? - Cex mineoTW 2.114 
min Gg = 3.55 ThWeat® + Lope = 0.34 Ne (2,114) 


The temperature T, is approximately equal to the minimum cycle 
temperature Tmin(the thermal contact resistance is very small /2.206 — 
2.208/). The belt speed W is limited by its mechanical properties; 
if we assume that the belt width 6,(and the width of the cylinder containing 
the coolant) is proportional to the power removed, i.e., b, = kNy, then 
the first equation (2.114) determines the relative belt weight Gy/M. 

According to /2.196/, for N,=20,000kw, N,= 68,000kw, a steel belt 
with graphite coating, W=15.2 to 30.5 m/sec, 6,= 11.6m, Tnn=1000%K 
the total weight of the belt radiator with the cylinder containing the coolant 
and the drive is ~ G.= 3850 to 7250kg (Gr/Ny= 0.057 to 0.107kg/kw, Gr/Ni= 
0.19 to 0.36 kg/kw); this is considerably less than the weight of a tube 
radiator with fins for the same power and temperature, which, according 
to /2.209/, is ~ G,=19,400kg ( G/N, ~ 0.285 kg/kw, G/N, ~ 0.97 kg/kw). ° 


G G, 
Figure 2.94 gives the relative weights mH of flat tube radiators 


with fins (solid curves) and belt radiators (shaded region between dashed 
curves) asa function of the maximum cycle temperature Tmax. The curves for 
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tube radiators with fins show the number of [meteor] penetrations per 
kw.hr useful energy; these curves were plotted from the data in Figure 2.89 
under the assumption that the weight advantage due to the fins approximately 
compensates for the replacement-of N, by ¥,~N,. The parameters of the 
heat-removal system with belt radiator were extrapolated from those of 

the example considered above /2.196/, with the aid of (2.114). 


—. 11 
800 00 2408 Trraxh 
FIGURE 2.94, Unit weights of radiative 


heat-removal systems of spacecraft 
power plants (per unit useful power): 


1) flat tube radiator with fins; curves 
show number of meteor penetrations 
per kw, hr.; 2) belt radiator. 


Figure 2.94 shows that even with the possibility of minimization, 
the unit weights of radioactive heat-removal systems in spacecraft power 
plants are large. The weight of the heat-removal system is thus a 
considerable part of the total weight of spacecraft power plants. 

5. Weight characteristics of spacecraft power plants. Figure 2.95, 
based on /2.89/, shows the optimum zone for each of the power sources and 
energy converters discussed in § 2 depending on the operating period T 
and the useful power N,. The unit weights of elements of spacecraft power 
plants given in §§ 2 and 3 determine their overall weight characteristics, 

The total weight G, of the power source depends on the maximum 
generated power N,.Table 2.11 gives the parameters of some of the 
power sources considered /2.90, 2.91, 2.104/. It is seen from this table 
and from Figure 2.96 which is based on it and on /2.38/ that the unit 
weight of the power source « = G,/N, is nearly constant, for N, 10? to 10%; 
it decreases slightly with increasing useful power \,, 


79 


Ny, kw 


Turbines and thermionic 


copverters with nuclear 


0 Combustion engines seit 
Solid-propellant 
gas generators - 
/ Solar turbines 
Isotope 
ee turbines or 
z thermionic 
Solar cells 
0° Electrical photocells 
batteries : 
Isotope thermoelectric cells 
0? 


0 min /hour ‘day /week /month /yearT 


FIGURE 2.95, Optimum zones for different types of spacecraft power plants, depending 
on operating period T and useful power Ny. 


FIGURE 2.96. Unit weights of spacecraft power plants; curve is plotted 
from data in /2,38/, circles represent data in Table 2.11. 


TABLE 2,11. Parameters of spacecraft power plants 


Snap Snap Snap Snap Snap BBC- BaGeT 
1A 10A 2 8 50 Krupp 
0.5 3.0 35 350 150 150 


Power plant 


Useful power N,, kw... 
Maximum temperature. . 

Trang: Koei c6- 6 of oie 
Heat source and cycle. . 


Radio- 
{sotope, 
thermo- 
electric 

cell 
Radiator area S, m... = 
Weight G,, kg...... o- 


Unit weight a = yy, kg/lew 
v 
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121 Comparison of these values of a (= 1 to 10kg/kw for N, 10? kw) with 
the unit weights of electric propulsion engines and other elements shows 
that the weight of such a propulsion system is mainly determined by the 
unit weight a of the power source /2.48/. Thus, from the viewpoint of 
spaceflight mechanics, the power of sucha propulsion system is limited 
and is the principal factor determining the weight of the propulsion system, 
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Chapter Three 


GENERALIZED PARAMETERS OF SPACE 
PROPULSION SYSTEMS 


The generalized characteristics of the main types of space propulsion 
systems discussed in the literature are considered below from the view- 
point of spaceflight mechanics /3,1—3.3/. This chapter is based on 
Chapter Two, dealing with the physical principles of the elements of space 
propulsion systems. 

The introduction of generalized parameters schematizes the problem 
while preserving its principal traits. A more detailed study may be based 
on the principles described, 

The propulsion systems are grouped into three classes (cf. §§ 1, 2, 
and 3 of this chapter), depending on the basic limitations imposed by the 
physical principles, A limitation is basic if the flight conditions are 
optimum when the limit considered is reached; such limitations may be 
imposed on the exhaust velocity of the gases in the jet, the power, or the thrust, 

The propulsion systems considered exclude those taking up working 
fluid from the environment, which were discussed in Chapter Two. 


§ 1. PROPULSION SYSTEMS WITH LIMITED 
EXHAUST VELOCITY 


This class includes thermal propulsion systems whose schematic 
layout is shown in Figure 3.1. The thrust in such propulsion systems 
is developed by a nozzle, which converts the thermal energy of the 
working fluid into kinetic energy of the directed motion of the jet. 

During space flight the main parameters of thermal propulsion engines 
are determined by the nozzle throat area ¥,, the total pressure p,, and 
the gas temperature T, at the nozzle inlet: 


P =F Do, I=ha 


= (3.1) 
=f amyVT, N= = bE VT. 


When the engine geometry is given (Ff, = const), the-main parameters 
P and q of the propuision system can be varied if independent adjustment 
of the total pressure p, and the temperature T, is possible. The basic 
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limitation of heat engines is the maximum temperature Tyuax permissible 
for the structure; this limits the possible exhaust velocity (cf. (3.1)) to 


% 


V <Voax = ka V Toma . (3.2) 


When the strength of the structure is given, the second limitation is 
imposed by the maximum permissible total pressure Pomax which determines 
the maximum thrust and power per unit cross-sectional area of the nozzle: 


P N, 
¥, = kt Pomax' , = ke Pomax V Tomax’ (3.3) 


The control characteristics of a thermal propulsion system during 
spaceflight are shown schematically in Figure 3.2. The thrust decreases 
during flight in the atmosphere (cf. Figure 2.12). 


_e 
eed 

f 
— 
_— 


FIGURE 3,1. Schematic layout of thermal 
propulsion system: 


1) container with working fluid, 2) nozzle 
with power source, energy converter, 
working-fluid supply. system, and cooling 
system. 


og Vinax y~ 0 


FIGURE 3.2. Control characteristics of thermal propulsion system. 


124 The weight of a propulsion system of limited exhaust velocity is mainly 
determined by the weight G, of the container in which the working fluid is 
stored and by the maximum thrust Pmaz: 


Gp = BuGy + 1ePmax- (3.4) 


Values of the weight coefficients were given in Chapter Two. 
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§ 2. POWER-LIMITED PROPULSION SYSTEMS 


Power-limited propulsion systems consist of a power plant (energy 
source, energy converter, cooling system), a nozzle with working-fluid 
supply system, and a container with the working fluid (Figure 3.3). The 

energy developed by the power plant is 
converted in the nozzle into kinetic 
energy of the directed motion of the jet. 
The existence of a separate plant of limited 
aoe power N, < Nvmax determines the main 
<i — , properties of this group of propulsion systems. 
ee A characteristic property of power- 
ae limited propulsion systems is the possibility 
of varying the parameters g and V within 
wide limits. In addition, the power N,delivered 
1) container with working fluid, to the nozzle may be varied. 
2) power source, 3) nozzle, In an ideal nozzle all the power delivered 
to it is transformed into jet power. Hence, 


FIGURE 3,3, Schematic layout of 
power-limited propulsion system: 


# -N,<N 


3 P=, (3.5) 


vmax" 


where N, max may be a function of the position and of time. 

The characteristics of real nozzles were examined in detail in 
Chapter Two. Taking the actual properties into account, the jet power 
1/.qV? depends on the nozzle parameters, such as the exhaust velocity V, 

The maximum power N,max determines the maximum thrust, which 
for an ideal nozzle is by (3.5): : 


2N. 
Prax = >". (3.6) 


125 The control characteristics of power-limited propulsion systems (with 
ideal nozzle) are shown in Figure 3.4, 


Vv 


FIGURE 3,4. Control characteristic of power-limited propulsion system 
with ideal nozzle, 
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The weight of a power-limited propulsion system consists mainly. of 
three components: the weight G, of the container in which the working fluid 
is stored, the weight G, of the power plant, and the nozzle weight G,: 


Gp = BuGy + ON max + 7Pmaz- (3.7) 


It is also possible to use an energy accumulator, whose weight is 
proportional to the maximum stored energy: G, = BE,. Values of the 
weight coefficients were given in Chapter Two. 


§ 4. THRUST-LIMITED PROPULSION SYSTEMS 
(SAIL SYSTEMS) 


This class of propulsion systems includes solar and isotope sails, 
whose thrust is limited by the maximum sail area Sax: 


P < Poax = KS nax- (3.8) 


No mass is discharged in sail systems; the thrust depends on the 
positionoronthetime, Inan ideal solar sail with mirror reflecting properties 
the thrust is directed along the normal to the sail surface; its magnitude 
depends on the angle ¢ at which the sail is set, and on the distance Rto 
the Sun: 


P 
zu =. < (3.9) 


126 In an isotope sail the thrust depends on the ratio of the operating period ¢ 
to the half-life 1/4, [of the isotope]: 


t= kee. (3.10) 


The weight of a thrust-limited propulsion system is determined by the 
maximum thrust: ‘ 


Gy = {Pmax- (3,11) 


The weight coefficients and their dependence on the basic parameters 
were discussed in detail in Chapter Two. 
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Part HH 


PROBLEMS OF OPTIMIZATION 


129 After the purpose of the space flight has been determined, there arises 
the problem of attaining it most economically by selecting the optimum 
spacecraft with the most suitable propulsion system, determining the 
optimum control parameters, and working out the best program for the 
control functions. 

The economy in carrying out the spaceflight is characterized by some 
optimality criterion: maximum payload, minimum cost, etc, We 
shall consider mainly the criterion of maximum payload; the optimization 
problem will be formulated for this case. 

We shall call dynamic maneuver the flight from a fixed point 0 
{%, Vo} of the position-velocity phase space to another fixed point 1{r,, v,} during 
a given time Tf. 

The variational problem is as follows: the given dynamic 
maneuver has to be carried out with maximum payload 
G, at given take-off weight G. 

‘The differential equations of the variational problem with the corre- 
sponding: boundary conditions include the mass-flow equation and the 
equations describing the motion of the center of mass of the spacecraft: 


fel =—gq, G(0) = G,, G (T) = Ga+ Gy, 
we r(O)=", r(T)=" (11.1) 
vag +R, v(0)=vo, v(T)=v1- 


Here r and v are respectively the radius vector and the velocity of the 
center of mass of the spacecraft, Gis the variable weight of the space- 
craft (q is the mass flow rate of the working fluid, P and |e|=1 are 
respectively the magnitude and the direction of the thrust vector), R = R (r, t) 
is the vector of the acceleration due to the gravitational forces, gis the 
ratio of the weight to the mass, G, is the weight of the propulsion system. 

The following points should be noted: ; 

130 1. System (II.1) has the form of ordinary differential equations of the 
first order, solved for derivatives. This makes it possible to formulate 
Mayer's problem and to reduce the variational problem to a boundary- 
value problem for a system of ordinary differential equations with finite 
expressions for the control functions q, P, and €. 

2. The right-hand side of the third equation (II.1) represents the 
accelerations due to the propulsive and gravitational forces. Other forces, 
such as drag, may also be taken into account. 

3. In (11.1) the spacecraft is assumed to consist of a payload G,, a weight 
G, of working fluid, and a propulsion engine of weight G,: 


G = 6. + G. + Cy (11.2) 
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The remaining weight components (the weight of the structural elements 
and of the working-fluid tanks) are arbitrarily included in the payload. 

If necessary, it is possible to allow for these components in the variational 
formulation. 

4, When the problem becomes more complex it is possible to increase 
the number of dimensions of the phase space, by adding, e.g., the coordinate 4, 
defining the time of engine operation (for flights with limited working-fluid 
reserves), or G, and Gs, being respectively the weight of the propulsion 
system and of the tanks (for problems concerning the jettisoning of parts 
of the engine and of the tanks). Differential equations describing the 
variation of these coordinates have then to be added to (II.1); in the examples 
given these equations have the following form: 

in the first case 


i, = 8, (11.3) 
in the second case 
G. = 89x, Gp = —84p- (I1.4) 


We then obtain new control functions: 6 (t)=1 or 0 according to whether 
the engine is fired or cut off; g. (f) > 9, 9s (t}) >O are functions determin- ° 
ing the jettisoning of parts of the engine and of the tanks. 

We shall now rewrite the initial system (II.1) in a form convenient for 
formulating Mayer's variational problem, adding the formal equation of 
payload constancy G,=0, and substituting (II.2) for the total weight of the 

131 spacecraft. The complete system of equations and boundary conditions 
then becomes: , 


G, = 9, G.(0)+G.+ Gn(T)= max, 
G. =— 89, +G.(0)=Gy, G.(T) =9, 
r=vV, r(0) =r, r(T) =n, (11.5) 


. P 
Y=faaa qe t® v(0)=%, v(T)=1. 


Mayer's problem is now formulated as follows: 

The system (II.5) must be solved for the control functions and control 
parameters (e, q. P, G. or others through which these are expressed) 
such that G, is maximized for the given boundary conditions. 

The variational formulation (II.5) can be simplified in many cases, 
We shall describe one transformation possible if the weight of the space- 
craft has no components depending on the weight of the working fluid. 

The sum of the payload G, and the weight G, of the working fluid is 


Go=Gat Gy. (11.6) 


At the start G, is the difference between the take-off weight and the 
engine weight, while at the end of the flight it coincides with the payload: 


G, (0) = G, — G, G(T) = G,. (11.7) 
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Introducing the new coordinate G, (), system (11.5) becomes: 


Ga =— 84; Gy (0) + Gx = Go, Gq(T) = max, 
r=y, 1 (0) = ro, r(T)=n, (11.8) 
v=g 7 +R, v(0)=v,, v(T) = "13 


Mayer's problem is formulated in the same way as for the initial system, 
the only difference being that the final value of the weight G, is the control 
function. 

In these formulations the dynamic maneuver and the initial weight are 
given, and the maximum payload is sought. The following formulations 
are also possible: the dynamic maneuver and the payload are specified 
and the minimum take-off weight has to be determined; the payload and 
the take-off weight are given, and the minimum flight time or the extremum 
of some coordinate has to be found. 

The latter formulation may be advantageous when the weight distribution 
is known beforehand. On the other hand, this formulation is not universal, 
since in many problems the flight duration and some coordinates are unknown 
and must be found by optimization. We shall henceforth consider the 
problem of maximizing the payload when the take-off weight and the dynamic 
maneuver are specified. 

This variational formulation must be adapted to each type of propulsion 
system. 

1. The thrust P and the mass flow rate g have to be expressed through 


the independent control functions u = (uy, .. +, U) and the parameters w= 
= (w,,..-,Wm) of the propulsion system (the control characteristic of the 
engine): 

P=P (u, w), q>q (u, wy), Yam < u (3) < Unar, ¥ = const. (II.9) 


2. The weight G, of the propulsion system has to be determined as a 
function of the parameters w and the limiting values of the control functions 
u (the weight formula for the engine): 


Gx = Gx (Umior Umax, W)- (II.10) 
These are the basic characteristics of the propulsion system. They 
are not exhaustive; with increasing complexity of the problem it may 


become necessary to add further information on the properties of the 
propulsion system. This will be done as required. 


133 


Chapter Four 


IDEAL POWER-LIMITED ENGINE. 
SEPARATION OF THE VARIATIONAL PROBLEM. 
OPTIMUM WEIGHT RATIOS 


We shall consider the problem of delivering a maximum payload with an 
ideal propulsion system of limited power. Study of the ideal 
case is interesting because it reveals the limitations of such engines. 

The control characteristic (11.9) and the weight formula (II.10) for an 
ideal engine of limited power are (4 =WN, u, = q): 


P = Y2Nq, q=% Gy =aNinex (4.1) 
ONO <Nnw 9K |g () < 0). 


These equations describe the following properties of the ideal engine: 

a) there are no losses of working fluid or power*; b) the control is 
subjected only to a power limitation (the requirement that the mass flow 
rate g be nonnegative is not taken into account); c) the weight of the engine 
depends linearly on the maximum power. 

In (4.1) the characteristics are expressed through the power N and the 
mass flow rate g. We may also select other systems of independent 
control functions, The power N must appear in all cases, since it is 
directly subjected to limitations. The mass flow rate q may be replaced 
by the exhaust velocity V or the thrust P, since neither of these magnitudes 
is limited in the ideal case (the requirement that the thrust P and the exhaust 
velocity V be nonnegative are again not taken into account). Thus (u,=N, 


uy = V) 
P=2N/V, q=2N/V4, G, =@Nmax (4.2) 
O<N()<Nnx, 0<V() < ~), 


134 or (u, = N, u, = P) 


P=P, q=PY2N, Gx =aNinex (4.3) 
(O<N(t)<Nmax, 0< P(t) < 0). 


« The subsequent procedure remains the same if we assume the losses to differ from zero but take the engine 
efficiency 4, as constant: n,=const < 1 (irrespective of the mass flow rate and the power supplied to the - 
Nozzle). In this case & is the weight of the engine per unit maximum jet power Nypa,; if the weight G, 
is referred to the maximum power N,, = Nynay/n, Of the energy souce, we have to write everywhere a/n, 
instead ofg. This applies to all sections dealing with ideal engines of limited power. 


‘89 


135 


It will be seen that in the ideal case it is advisable to express the thrust 
and the mass flow rate through the variable weight G@ of the spacecraft 
and through the acceleration a due to the thrust (z, = N, u, = a) 


P=aGlg, q=@@/2Ng*, G. =aNmax (4.4) 
(O<N (1) <Nmax, 0< a(t) < 00). 


It then becomes possible to divide the optimization problem into two: 

1) a weight problem-— finding the optimum weight ratios and the 
optimum power control; 

2) a dynamic problem —finding the optimum program of 
acceleration by means of the thrust. 

Dividing the problem greatly simplifies the investigation and thus justi- 
fies the idealization. 


§ 1. OPTIMUM WEIGHT RATIOS WHEN ENGINE 
WEIGHT IS CONSTANT OR VARIES STEPWISE 


1, Separation of problem, power control, When the engine characteristic 
is given in the form (4.4) and the engine weight is constant during flight, 
(11.1) becomes 


G = —G'a?/2Ng, G0) =G,, G(T) =Ge+Gx. 
r=V, / (0) =r, F(T) =n, (4.5) 
v=ae+R, vO)=vy. v(T)=V: 

O<N(t)<G,/a, OS a(t)< o, Je(t)| =1, G, = const). 


The problem consists of establishing the optimum programs for N (i), 
a(t), e(t) and selecting the optimum value of G,, so that the boundary 
conditions for system (4.5) are satisfied and the maximum payload G,= 
= G(T) — G, is delivered, the take-off weight G, being specified (the unit 
weight « of the nozzle is given). 

The power should be maintained at the maximum level during flight, 
since at a high power less working fluid has to be discharged in order to 
create the same thrust (cf. (4.1)). If we select a high maximum power, 
the mass flow rate of working fluid will decrease, but the weight of the 
propulsion system will increase. Beyond some value of the maximum 
power, the increase of the engine weight will exceed the gain due to the 
reduced consumption of working fluid. For each flight program there exists 
an optimum ratio between the weight of the working fluid and the weight 
of the engine, for which the payload is maximum. 

The existence of optimum weight ratios for spacecraft with engines 
of limited power was first established by means of models (/4,.1— 
4.20/). The main simplification consisted in replacing the true gravitational 
field by a gravity-free field and in assuming one-dimensional motion. A 
simplification was also introduced in the control functions: the power and 
weight of the engine were assumed to be constant, and the thrust control 
corresponded either to the case of constant acceleration or to the case of 
constant thrust. These problems are used by us to illustrate the general 
procedure, : 
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We shall now analyze system (4.5). The first equation in (4.5) can be 
integrated /4.15, 4.21/ 


G(t) = Go(4 + A (4.6) 
,) 


This relationship yields the law of variation of the total weight during 


flight. From this we obtain the final weight G, = G(T), and also the payload 
G,= 6G, — &: 


G.= a (1+ 2) Salto, (4.7) 
0 


Hence, when G, and G, are given, the payload varies inversely with the 
value of the integral 


(oat (4.8) 


The control function N (ft) enters only in (4.8). but not in the equation of 
motion (cf. the second and third equations (4.5)). For Nmax= const, as in 
the example considered, the optimum law of variation of N (t), which 
makes (4.8)aminimum, isindependent of the other control function /4.15/: 


N (t) = Nox for O<t<T. (4.9) 


We then obtain from (4.7): 


CG, = Go (4 + iN IV" -G, (J = { «ai). (4.10) 


The integral Jin (4.10) is independent of the power Nmax and the weights 
G, and G, and can be evaluated if the flight path r(#) is known. This integra’ 
represents the dynamic part of the problem in the formula for the payload. 
The smaller its value, the larger is the payload when G), Nmx, and G, are 
given. ° 

The original problem has thus been divided into two independent parts, a 
dynamic problem and a weight problem. 

The dynamic part consists in establishing the optimum laws of varia- 
tion of the magnitude a (t) and the direction e (2) of the acceleration vector, 
which minimize the integral J for the given flight program: 


: (0) = Fo, r(T)=n, (4.11) 
v=ae+R, v(O)=w, v(T)= v4 
(0<a(t)< oo, [e(é)| = 1). 
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The weight part of the problem consists in determining the optimum 
weight G, of the propulsion system or the optimum value of Nm from the 
condition of payload maximum (4,10): 


maxG, = max [Go(4+ Ge T)* — Ge (Naas) | (4.12) 


Nmax>? 28N max 


when the value of the integral J and the take-off weight G are given, and the 
relationship G, (Nmax) is specified. 

2. Optimum weight ratios. If the engine weight G, is a linear function of 
the power Nima, 


G, =aNmex (@ = const), (4.13) 


the relative payload can, in accordance with (4.10), be written as follows: 


T 


ts on Nos 4,14 
ere eRe (P= a) He). vies 


ay 


The right-hand side of (4.14) hasa maximum asa function of (6,/G,)(Figure 4.1). 
When ® is given, we obtain the following solution of (4.12): 


G,/Go = VO—®. (4.15) 
The maximum relative payload (4.14), corresponding to (4.15), is 
G,/G) = (1 — VO). (4.16) 


The optimum value of the working-fluid reserve G6, = G,— G, — G, is 
given by 


GyolGy = VO. (4.17) 


The optimum weight ratios (4.15) to (4,17) /4.15, 4.21/ are shown in 
Figure 4.2. The functions (4.15) and (4.16) exist only in the interval 
0<@<I; hence, when the engine weight is given, a flight for which 
J > 2g/a is impossible (the payload, given by (4.16), becomes zero for 
®=1). The optimum engine weight does not exceed 4/, of the take-off weight. 


0 Qe WB Ub U8 &fb, 60 @ & WU 8 © 
FIGURE 4.1, Payload Gy as function FIGURE 4.2. Optimum relative values 
of engine weight G, for given values of Ga. Gy, Gyo as functions of ® (dy~- 
of ® (dynamic problem). namic problem). 
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138 If the relationship between the engine weight and the maximum power 
is nonlinear: 


G, = G, (Nmax), (4.18) 


the optimum weight ratios cannot be found explicitly in the general case. 

We shall obtain an equation for determining the optimum value of Mmax /4.22/, 
If (4,18) is nonlinear, the unit engine weight a = G,/Nmax is a function 

of Nmax. We select an average value a,, which is independent of Nima, 

and express the payload (4,10) through two dimensionless magnitudes 


T 


Numax , OD= 4 atdt (a, = const). (4.19) 


ry a, 
ae Gof, 2g 
é 


The first of these is unknown, while the second is given (cf. (4.14)); 
the weight G, in (4.10) can be considered as a function of N, since the 
relationship G, (Nmax) is given, and G, anda,are specified. 

Substituting (4.19) in (4.12) and setting 0G,/aN =0, we obtain 


a (GIG) (_ a 4. 
av (je +V®) =1. oe") 


Solving (4.20) for the dimensionless power N, we can obtain Nmax, G, 
and G, by means of (4.18), (4.18) and (4.10) respectively. If the solution 
of (4.20) is not unique (this depends on the form of (4.18)), we select the 
solution which gives an absolute maximum of (4.10), 

If (4.13) is linear, we write a, =a = const, whence W = G, / G, and (4.20) 
yields again (4.15). It is easily seen that (4.15) to (4.17) remain true also 
for a general linear relationsnip* 


Gy = Gy (0) + o,Nmax (4.21) 


if G, and G, are replaced by G, — G, (0) and G, — G, (0) respectively. The 
permissible range of variation of ® is then 


0<O<1— V4, (0/Gp. (4.22) 


139 Consider the left-hand side of (4.20). The expression in paren- 
theses is a monotonically increasing function of WN. At the point ¥,= y® — ®, 
i.e., for the optimum value of (4,13), it is equal to unity, The optimum will 
therefore move from the point V,= Y® — © to the right when d(6,/6)/d%i< 1 
(larger power) and to the left when d(G,/G,)/dN > 1 (smaller power). 
We can interchange the roles of ® and WN in (4.20), i.e., consider Was 
the independent variable and ® as the unknown. In this case the solution of 


(4.20) is 
_ /d(GJG@o) rar Gt (eres 


SG/Go) 
eo ao O<N< Fert }: 


(4.23) 


* This applies also to the following two sections of this chapter. 
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The sign in (4.23) determines the two ranges of values of ®, which 
are separated by 


o, -[4 


4 (G,/Go) |~1 . 
ae (4.24) 


the negative sign yields 0< ® << @, (the ascending branch of the optimum 
relationship G, (®) (cf. Figure 4.2)), while the positive sign corresponds to 
® > ©, (the descending branch of G, (®)). 

We can determine quantitatively the influence of the nonlinearity of (4.18) 
on the optimum weight ratios (4.15) to (4.17) by considering the relationship 
G, (Nmax) corresponding to the curve @ (Nmax) in Figure 2.96. This relationship 
is shown in Figure 4.3 (curve 1), where the linear relationship (4.13) 

G, (kg) = 4kg/kw Nmax (kw) (curve 2), and the general linear relationship 
(4.21) G, (kg) =1.5-103kg + 2.2kg/kw Nmex (kw) (curve 3) have also been 
plotted. Optimum values of G, (®) and G, (P) corresponding to these three 
curves are given in Figure 4.4 for G=10°kg, a,=4 kg/kw. 


y 


Sie 


a 
” 
é 
a 
| | 


FIGURE 4,3. Dependence of engine weight G, on 
maximum power N,,,;3 


1) Actual relationship according to Figure 2.96; 
2) linear relationship (4.13); 3) general linear 
relationship (4.21). 


3, Stepwise variation of the engine weight. As was shown in the 
preceding subsection, a flight is impossible when J > 2g/a if the engine 
weight is constant. This limitation is eliminated if parts of the propulsion 
system are jettisoned during the flight /4.23/. 

A reduction in engine weight is accompanied by a proportional decrease 
in the maximum power, since Nmax = G,/a (we consider the case «= const; 
all nonjettisoned parts of the engine operate in parallel). It can again be 
shown that the maximum power should always be used: WN (t) = Ninax (f). 

The payload G® (¢=1,...,) at the i-th stage is equal to the sum of the 
actual payload G, and the weight of the working fluid remaining at the, 
instant at which the i-th part of the engine is jettisoned. We obtain the 
recurrence relationship 


Ge) = G® + AG, ( 4,25) 
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where AG is the weight of the working fluid used up in the é-th stage 
(ta SC t< ty). 


6.x 


a a2 a4 a8 / 42 @ 


FIGURE 4.4. Optimum relative weights for linear and nonlinear relation- 
ships between engine weight and maximum power (numbers of curves 
correspond to Figure 4.3). 


We shall determine AG with the aid of (4.6), applied to the interval 
ta Cb hi: 


(eee ia (@. =f \ ardt) (4,26) 
44+ 067,/60 1" 2¢ , : 


where G; is the weight of the spacecraft before the i-th engine part is 
jettisoned, Gj. is the weight of the spacecraft after the (i—1)-th engine part 
has been jettisoned, Gis the weight of the engine at the i-th stage. 

By definition Act? = Gf, — Gj. Substituting this expression in (4.25) and 
writing GL, = Gt + ef we obtain 


6) 1-14 eet) o, (4.27) 
gD 14446) oO, ; 


We write 


CG, eG ga) a gt 
eat Uwe yas oe, + Se (G® = G,), (4.28) 


where the last factor is by (4.14): 


op 


eee 4.29 
Go 1+ (G/GM) O, Go * ee) 


while the other factors are determined by (4.27). Each factor depends only 
on G®/Gt™ (for i=2,..., n) or G/G, (for i= 1) when is given. These 
factors are independent; the maximum of G,/G) is therefore attained when 
each factor considered as a function of G@/G! is maximal. When is 
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142 given this maximum occurs when 


143 


eo _ 1-0; G® 


Gey T+O, i= Y eae n), a = VY O,— QD. (4,30) 
Hence, 
G,. ry (1 — 93 \ 
a = ¢—VOrT (a) : (4.31) 


The above considerations were based on the assumption of a fixed flight 
path (specified law of variation of a (t)); the sum 


Yo-o (4.32) 


i=L 


in (4,31) is thus given, The optimum ratios between the ®; must be determined 
from the condition that (4.31) be maximum when (4.32) is fulfilled. 

Without considering the general case, we can determine the limiting 
value of ® at which the flight program becomes impossible (G, = 0). 
Substituting in (4.31) and (4.32) ®,=1—e(0< e<J1), we obtain 


seAT et, Onn—Se. (4.33) 


When e; -.0, we obtainG,=0for @=n. Thus, when the engine weight 
is decreased in n steps, flights become possible for which 


O<J < 2ngla; (4,34) 


this is a n-fold increase in the range, over that possible with an engine 
of constant weight, 


§ 2. OPTIMUM PROGRAM OF ENGINE-WEIGHT 
VARIATION 


1, Formulation of the problem, The weight of a propulsion system 
of limited power may represent up to one fourth of the take-off weight 
of the spacecraft in the optimum case, At the end of the flight, when 
most of the working fluid has already been used, the engine weight becomes 
predominant if the payload is small. It may then become advantageous to 
jettison part of the engine; this will reduce both the weight of the space- 
craft and the power available to accelerate the working fluid. The thrust 
will thus be less. If the jettisoned engine part is of the correct size, 
less working fluid will then be discharged, 

We may consider the problem of determining a law of continuous 
variation of the engine weight; this is the limiting case of a stepwise 
weight decrease /4.24, 4.25/, A second method of solving the problem 
of stepwise engine jettisoning is also described in this section. 
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The characteristic of the ideal engine is again given inthe form(4.4), The 
variational problem is formulated as Mayer's problem (11.8). The controls 
are: the unit vector e(t) in the thrust direction, the magnitude of the 
acceleration a(t) due to the thrust, the power WN (), and the engine weight 
G, (t). The optimum laws of variation of e(t) and a(t) can be found by the 
standard rules of variational analysis; this becomes difficult for N (#) and 
G, (t) since these controls are not independent. The upper limit of N (@) 
depends on 6G, (2): 


Nyax (t) — G, (O/a, (4,35) 
and G, enters in the initial conditions (II.7): 
G, (0) + Gy (0) = Gy. (4,36) 


We shall now show how two independent controls may be substituted for 
N (t) and G, (), so that L.S. Pontryagin's method may be used. 
Instead of the control function N (t), which varies in the range 


<N (t) < Mimax (t) = G, (O/e, (4,37) 
we introduce the dimensionless function N (t): 
N (t) = N (t)\/Nmax (t) = & N(t)/G, (2), (4.38) 
whose limits are 
O< NW <1, (4,39) 
and which is independent. 


We add to system (II.8) a differential relationship which expresses the 
variation of the engine weight (cf. (I1.4)): 


G, = —84x (4.40) 


(gis the rate at which the engine mass decreases, 0< q, (t) < 00); we shall 
consider g, as an independent new control function, and the welght G, as a 
new coordinate, 

144 The laws of variation of the engine weight q. (t) and power WN (#) are: 


t 
G, (t) = G, (0) — 8\ a (t)dt, N(t) = G,(t) W (t/a. (4.41) 


This method is of a general character and will be used when applicable 
(e.g., in § 3 of this chapter). The optimum law of variation of G, (#) may 
be found without using (4.40), in view of the properties of the variational 
problem. 

We now express the weights G,, G,, G, in fractions of the take-off weight G, 
and substitute (4,38); the symbols used for the weight ratios are ShOBe of 
the corresponding dimensional magnitudes. 
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System (II,8) then becomes 


Gym — Soe Oet & at, Go(0) + Ga(0) = 1, Go(T) = max, 
f=v, r(O)=ro, r(T)=r1, (4.42) 
vV=ae+R, v()=v, v(T)=vw 
(le@=1, O<NM<1, at) >0,  Ge()<0). 


2. Separating the variational problem. We shall now investigate the 
optimum variation of N (t), e(t), a(é), G.(é). Following L.S. Pontryagin, 
we introduce the Hamiltonian H and the momenta p: 


(G, + @,)? 


H=—p Po NG, 2g po + Pr: V+ Po: (ae + A), 
aH wets 
Po = — 5g = Pawo g @ a, (4.43) 
: 0H 0H 
p= — So =—F (p-®), Py = — 5 = — Pr 


The momenta pz, p,, pp are normalized so that 
po(T) = —1. (4,44) 


The function p, (t) is negative in the interval O< t<T, since the differen- 
tial equation (4.43) for p, is linear and homogeneous, while p, is negative 


145 at time T: 


po (t) <0 for0<t<T. (4,45) 


The optimum variations of N (é), e(4), a(t), G. (2) must give an absolute 
minimum of the Hamiltonian (4.43), 

The coefficient of 1/N in the first term of the Hamiltonian is positive 
by (4.45); the optimum variation of N (‘is therefore by (4.9) 


N(t)=1for0 <t<T. (4.46) 


. Physically this means that all the power available must be used to 
develop thrust. 
The optimum vector control e(t) is selected so as to minimize the 
scalar product p,:e, where 


e€ = — Po/ Pu (Po =| Pol), (4.47) 
i.e., the thrust vector must be opposed to the vector p,. 


From the condition éH/éa = 0, since a is not limited, we obtain the 
optimum law of variation of a. (f): 


—~_m» “%& 8 
a=— 5 G40, 0° (4.48) 


The optimum acceleration due to the thrust thus differs from zero 


everywhere except at isolated points where p,= 0; in other words, an 
ideal engine of limited power is switched on during the entire flight. 
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We shall now consider the optimum law of continuous variation of the 
engine weight. * The Hamiltonian (4.43), considered asa function of G,, has 
a relative minimum at 


Gu = Gye (4.49) 


We add to (4.49) the limiting condition for G,, corresponding to the 
equality sign in the condition G, < 0 in (4.42): 


G, = const; (4,50) 


it will be shown later that (4.50) is included in the optimum law of variation 
of G, (2). 

When (4,49) and (4.50) are satisfied, the coefficient of («/2g) a? in the 
Hamiltonian (4.43) is independent of time and is negative in the entire 
interval [0, 7]: 

G G,)? 
po 27 * = const <0; (4,51) 
this can be shown by differentiating this expression and substituting for 
Pa from (4.43) and for G, from (4.42). The sign of the constant follows 
from (4,45). 

We shall now consider the combination (4.51) as anew momentum; the 
function H willthen correspond to the variational problem of maximizing 
the integral 


T 
—J=—\ atas, (4.52) 


formulated in (4.42). The control functions are e¢(#) and e(t). Changing 
the sign in (4,52), we transform the problem of maximizing J into the 
problem of minimizing J, i.e., the variational problem (4.11). 
After the variational problem (4.11) has been solved we must determine 
the optimum law of variation of G, (t), which maximizes G, (T) = G, 
when the laws of variation of a(#) and e(#) are known, and Jis given. 
From the mass-flow equation and the boundary conditions (4.42) for 
the weights we obtain the integral relationship 


Gn 
G,aG, a 
feel lel MEO (4.53) 
G. 2 
ag tre 2g 


The law of variation of G, (?) must be combined from (4.49) and (4.50) 
in such a way that G, becomes maximal while condition (4.53) is satisfied. 
Thus, as in the case of constant engine weight (§ 1), the variational 
problem (4.42) is divided into a dynamic part (4.11) and a weight part (4.53), 
3, Solution of the weight part of the variational problem. It is required 
to determine the piecewise continuous function G, (G,), consisting of the 
sections G, = G, and G,=const, for which G, is maximum when J/Jis given 
(cf. (4.53)). This formulation is equivalent to the following one: it is 


* A continuous function G, (¢) corresponds to a continuous jettisoning of infinitesimal engine elements; 
this is the limiting case of a stepwise variation of G,. 
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147 required to determine the function G, (G,), which maximizes J 
when G, is given: 


maxg-J=max [- y aay ] (4.54) 


{in other words, J(or@®) and G, are interchanged]. 
This formulation will be considered henceforth since it is the most 
convenient. 


Sz 


a ox bea / Os 


FIGURE 4.5. Optimum law of variation of engine 
weight Gx as a function of total weightGg (1)= 

= Gy+ Gi(t)i (G,= payload, weight of working 
fluid =G, (1). 


We note first that when G, >0.5 the optimum variation of G, (G,) cannot 
include the straight line (4.49), since in this case the initial condition 
G, (0) + G, (0) = 1 would not be fulfilled. Hence, for G, >0,5 the optimum 


law is 
Gx.(Go) = Gy = const, (4.55) 
and 
a 7 _ _ Sw (4.56) 
2° CG EGO : 


From the condition that J/be maximum we obtain 
Gyo = Gr — Guy (4.57) 
whence 


o=(—YG,) (O= 2); (4.58) 


this is equivalent to (4.15) and (4.16). 
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If G. <0.5, the optimum variation of G, (G,) can consist of no more than 
three straight lines (Figure 4.5): 


Gy =Gro for 1—Gyo >G, > Gu, 
G.=G, for Gyo > Go >> Gary (4.59) 
G,, = Gy for Gra > Go > Gn. 


Evaluating the integral (4.54) over the sections (4.59), we obtain 


© = gy — Fn Ga +f Guo — = (4.60) 


where G,, and G,, must satisfy the inequalities (cf. (4.59)) 


1 — Gro > Gro > Gu > Gr- (4.61) 
From the condition that ®, consideredasafunctionof G,, and G,,, be 
maximum, we find 


Guo = 0.25, Gay = Gee (4.62) 
The maximum value of @ is 
® = 0.25 (1 — In 4G,). (4.63) 


Returning to (4.59), we find that the piecewise extremum consists only of 
the two straight lines 


G,, = 0.25 for 0.75 > é.> 0.25, (4,64) 
G, = G, for 0.25>> Ga> Gn. 


This solution is true for 0.25 > G,>0, since (4.61) is not satisfied 
when G, > 0.25 and Gy, G., are given by (4.62). If 1>G,> 0.25, the 
optimum function G, (G,) is the straight line (4.55), the optimum value of 
G,,and the maximum value of ® being given by (4.57) and (4.58) respectively. 
The solution of the weight part of the variational problem is therefore: 


for 0€ @< 0.25 
G.=(1—YO), 6, =V5—0, 


for 0.25<@<oo (4.65) 
CG. = 1 a, G< tee for 0.75 > G, > 0.25, 
4 « ©6for 0.25>G.>G,. 


The curve G, (®) in Figure 4.6 represents the variation of n =oo according 
to (4.65). A gain in relative payload of 0.01 to 0.015 (0 < G, (co) — G, (1) < 
< 0.017) over that possible with an engine of constant weight (curve n= 1) 
is obtained at small payloads. This gain is very important. At ®=0.7 the 
payload is increased by 50%, at ®=0.8 by 150%, and at ® = 0.9 by 500%; 
at ® = 1 the relative increase is infinite. The possible range of values 

of J, which characterizes the flight, is extended to infinity (0<J< 0%), 
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Consideration of the problem of optimizing the variation of the engine 
weight when the law of variation of the acceleration due to the thrust is 
given (e.g., a(#)=const) /4.26/, 
leads to similar results on the strength 
of what was said in subsection 2. 

4, Stepwise approximation of 
optimum variation of engine weight. 
Let G, be a piecewise-constant (step) 
function of the time ¢ (or of the weight 
G, of the working fluid). It is required 
to determine the optimum levels of 
the steps and the optimum instants 
of transition from one step to the next, 
if the number of steps is given, Here 
G, is a nonincreasing function of the 
time ¢ (or a nondecreasing function of 
the weight G.), so that the levels of 
the steps must decrease with time ¢ 
FIGURE 4.6, Payload G, in case of continuous (or increase with the weight G,). 
variation of engine weight (n=00), stepwise The integral (4,54) is in this case 
variation of engine weight (n=2), and con- replaced by the sum of n integrals 
stanb engine weight (0-1). over intervals in which the function 

G, is constant; integrating and sub- 
stituting the respective limits, we obtain 


"ng 04 46 a8 / @ 


n-1 
3) w® 4 
© = G, e @) : g® an 1) + 2 Gs, (a rng) — Ge) a) ot 
4 1 
+02 (7 — or) (4.66) 
*\e,-e? af Y+ a 


Here n is the given number of steps; G,..., GP are the levels of the 
steps; G?,..., GS" correspond to the instants of transition from one step 
to the next, 


We find the (2n — 4) unknowns: G®,..., G; G®,..., G* from the condition. 
that the function @ be maximum, Differentiating (4.66) we obtain 


G2 = VES "G® or Gl =6© (=1,...,n—4), 
Gan a Vos Ge (i=41,...,n—1), (4.67) 
GY = Vee — @®, 

The top line of (4.67) contains two groups of equations, obtained by 
maximizing ®asa function of Gt. In the second case (G{" = @) all the rn 
steps of G, are at the same level; this corresponds to (4.55). 

We shall now show how to solve the system of algebraic equations 


obtained. The magnitudes G{) and @{* satisfy the following recurrence 
relationship: 


(Gey io (G$")'¢, (i = 2, wae n—4); (4.68) 
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as is easily shown by the method of complete induction (cf. (4.67)). The 
magnitude G6” is determined from the equation 


Gen = Very G.. (4.69) 


We obtain G®) from (4.69) for the given value of G,, find successively all 
Go ,..., G@ and from them also G by (4.67), and then determine ® by 
(4.66). The result is shown in Figure 4.6 for n=2, Comparison with 
the curve corresponding to a continuous variation of the engine weight 
(n = oo) shows that even if only a single part of the engine is jettisoned 
(n= 2) it is possible to realize most of the gain achieved through the 
optimum variation of the engine weight. 

The problem may be solved in the same way when it is required 
that the engine consists. of equal parts. In this case it is necessary to 
select in (4.66) only one level G® as optimum; the other levels are deter- 
mined by the formula 


GP =GP(1— =") or GPaae, (4.70) 


In conclusion we note that the limiting optimum variation (4.64), and 
also the stepwise optimum variation corresponding to it, plotted as functions 
of G,, may also be written as functions of t, if the law of variation of the 
acceleration a(t), due to the thrust, is known. The variables G, and ¢ 
are related by the equation 


Gg t 
G,dG 
— | Gran lee ea) 
1-Zyo 6 


where the optimum variation of G, (G,) is substituted in the integral 
on the left. 


I51§ 3, UTILIZATION OF JETTISONED ENGINE 
PARTS AS WORKING FLUID 


1. Statement of the problem, In discussing in the preceding two sections 
the optimum laws of variation of the engine weight it was assumed that the 
jettisoned parts leave the spacecraft at zero velocity and do not impart 
any additional impulse to it (passive jettisoning). If the engine parts to 
be jettisoned are transformed into working fluid and leave at the velocity of 
the jet (active jettisoning), an additional advantage is gained. This method 
of using superfluous structural elements was suggested by Tsander /4.27/. 

We shall now formulate the problem of the optimum utilization of the 
jettisoned engine parts /4.22, 4.28/, It will be assumed that only part 
of the jettisoned mass can be transformed into working fluid: 


0<*() <%max (0 < %maxr = const < 1), (4.72) 
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where mx is considered as given. Thus, the part (1 — x) qa. of the mass 
qx > O discharged per unit time (cf. (4.40)) is not utilized and leaves the 
spacecraft at zero velocity. The remaining part xg., which is converted 
into working fluid, enters the nozzle. The total mass flow rate through 
the nozzle is thus 


d= m+ x*Gxs (4.73) 


where g, is the mass flow rate of the proper working fluid. 

We shall first consider the limiting case of continuous jettisoning. 
Stepwise jettisoning will be discussed in the last subsection. 

We select as independent control functions the dimensionless power 
(4,38), the mass flow rates g, and q, and the coefficient « defined by (4.72), 
The propulsion system is again considered as ideal, its characteristics 
being given in the form (4.1). The variational problem will be formulated 
as Mayer's problem (II.8), We add (4.40) to system (II.8), and rewrite 
it in terms of the above-listed control functions: 


Go = — Qu Ge (0) + G,(T) = max, 
Oe = — Jn: + G, (0) = 4, Gx (T) > 0, 
tev, fas r(0)=r, r(7T)="r, (4.74) 
gs LOU Se ee v(0)=v,, v(T)=v1 


Gat G& 
(le@J=1, OC NG)<1, OS x(t) < Hoax, 
Qu (t) > 0, g(t) > 0). 


152 Here the weights are referred to the take-off weight, the mass flow 
rates to the take-off mass, and the power to the maximum possible power 
at the given instant; these dimensionless magnitudes are represented by 
the same symbols as the dimensional ones. 

It is required to select the optimum take-off weight G, and to determine 
the optimum laws of variation of e (t), N (),% (@, a (), q& (d (the structural 
parameters @, %max and the dynamic maneuver {ro, Vo, T1, Vi, T} are specified). 
The final value of G,, which by definition (cf. (II.6), (I.7)) is the payload, 
has to be maximized. 

2. Optimization of control functions. The optimum control functions 
will be determined by Pontryagin's method, The Hamiltonian 


AT = — Podp — Pagu + Pr*V + Poe R + 


+ Boe V (28/4) GN (qu + %9x) (Ga+ Gx) (4.75) 
- soo _ OH: ae oH 
Po=— 3g" Pr =— ag» P=—- FA Pp=—-_R 


considered aga function ofthe variables e, N,%, q., and qx limited according to 
(4.74) must have an absolute minimum on the optimum flight path. 

The direction of the thrust vector is again given by (4.47), since the 
coefficient of the scalar product p,-e in the expression for HW is non- 
negative, 

Analyzing this term and noting (4.47), we find that the optimum corre- 
sponds to full power ((4.46)). 
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We confirm similarly the physically obvious conclusion that the part of 
q Which is transformed into working fluid must be the maximum possible 


* (t) = Xmx for O<t<T. (4.76) 


We determine the laws of variation of g, and gq. by substituting (4.46), (4.47), 
(4.76) in the part of the Hamiltonian which depends on these variables:* 


SH = —~ PoI — PuIn — Po V (28/4) Gu (Gp + #9) (Go + Gu) (4.77) 


and so obtain 


Ps = — Po V (28/2) Gu (Qu + *9x) (Go + Gx), 


gee (4.78) 
Px = 7 Ps (1 — G,JG,). 


153 It follows from the condition that (4.77) be minimum that if p, and/or px 
are greater than or equal to zero, the optimum value of gq and/or 9x 
becomes infinitely large. 

Consider now the case 


Pa <Q, Px <0. (4.79) 


We express (4.77) in terms of the total mass flow rate (4,73) and gx: 


H = — Pog — Po V (28/4) Gq (Got+Gx)!—(Pe—*Ds) Ya (4.80) 
(q>0,0< % < g/x). 


The optimum distribution of the total mass flow rate ¢, between q and 
% = —%*g is determined by the sign of 


A= px — %Po- (4.81) 


In fact, if A<0, the minimum of # asa function of q, is attained when 
@=O0, i.e., for gq =g, while if A>O, it is attained when g, = g/x, i.e., 
forg= 0. When A= 0 the function # is independent of g, and q, taken 
separately, and is determined by the total mass flow rate q. 

Thus, in each of the three possible cases the function # depends only 
on one of the magnitudes q,, 9x, or g, which must be nonnegative: 


51 = — Poly — Po V (28/2) Gundy (Go + Gy) 
when A<0 (ax = 0), 


Ha = — edu — Po V (OB]%) Gatn (Go + Gu) (4.82) 
when A>0 (q,=0), 


ats = — Po — Po V (28/0) Gig (Go + Gx)? when A =0. 


The conditions of absolute minimum 4%#,/dq,= 0 and d#,/@q,= 0, yield the 
optimum laws of variations of g, and gq, when A=0: 


(9/2) G,p4 


= 5G, + 6," qx=O (A<0), (4.83) 


* Here and henceforth the symbol % without subscript means %,,,,. 
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% (8/2) GP? 
%=9, n= ee (A>0). (4.84) 
x J » 


154 If A=0, the condition 0#,/aqg = 0 yields 


(g/2) GP 


IS) OP =0). 4.85 
275 (6, + G,) aia ( ) 


Gp t+ Xn = 


For the singular case in which A is zero over a finite time interval, 
the derivative of A also vanishes in this interval, so that 


A=4p.(1—2— 3) =0. (4.86) 


(This equation is obtained from (4.81) and (4.78).) 

It follows from (4.86) that either p, = 0 or (4 — 2 —G,/G,) = 0. Let us 
consider the first possibility. We eliminate (g,+xq,) from (4.78) with the 
aid of (4.85) to obtain 

(e/a) G,  F% 


Po G+ G,) pi’ (4.87) 


The right-hand side of (4.87) is positive, except at isolated points. 
In fact, the engine weight G, can vanish only at t= T, since by (4.75) 


Po=—Prs Pr = — Be (Po). (4.88) 


The momentum p,. may vanish either at isolated points or identically over the 
entire flight path. The latter case is degenerate, since it corresponds to 
G = gx= 0 (cf. (4.83) to (4.85) for pe= 0). 

The first possibility p,= 0 is thus eliminated, and there remains only 


1—2 — G,/G, = 0. (4.89) 


This means that the weights of the engine and of the working-fluid 
reserve vary proportionally (cf. (4.49)). Together with (4.85) this yields 
the optimum control functions of g, and qx in the singular case so that 


(1 — 2x) (e/a) G75 


= 1—2x ~~ 
Qe = (12K) de = Sy paG, + 


(A =0). (4.90) 


It is easily seen that (4.89) and (4.90) are meaningful only when x < 0.5 
and G, < 0.5 (otherwise 1—2 «<0 and G,/G, >1). 
155 3. Alternation of optimum flow-rate programs, It was established 
above that the form of the optimum control functions of the flow rates q, and 
q depends on the signs of the momenta p, and p,, and of the function A. 
According to the transversality condition at time ¢ = 0, the momentum 
vector (ps, px) must be directed along the normal to the straight line Go(0) + 
+G, (0) = 1 (cf. (4.74)), ice., 


Po (0) = Px (0). (4.91) 


By normalization, we have that at the final timet = 7 


Po (T) = —1 (4.92) 
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(since the momentum p, corresponds to the coordinate G,, whose final value 
is maximized). 

There are two alternatives for the final value of the momentum p,, 
namely, either the final value of G, in the optimum case reaches the limit 
G, (T) = 0 (cf, (4.74)), and thus the value of p, (7) is indeterminate, or the 
optimum value G, (7) > 0, and thus G, (7) can be considered as unspecified, 
and from the transversality condition p, (T)= 0. Hence we obtain 


G,(T) =0 or px (T) = 0. (4.93) 


(These two conditions can be fulfilled simultaneously, if 4G, (T)/dG, (T)= 0 
for G, (T)= 0). 

The initial value (4.91) of the momenta pe, px must be negative. Other- 
wise it follows from the condition for (4.77) to be minimum that gq, = co and 
qx = 00, i.e., the final portion of the working-fluid reserve and the propul- 
sion system are jettisoned at an infinitesimal velocity (V = VY 2N/(q. + gx), 

a case in which the initial weight ratios are not optima. It is also possible 
to obtain a lower bound for (4.91). The derivative (4.78) of p, is everywhere 
negative, and its final value is -1 (4.92); therefore 


—1< pe = ox <0. (4,94) 


Thus, pois negative throughout the flight (p,(0)<(0, p.(#)<( 0). This is 
also true for the momentum p, (except for the final instant, when p, may be 
zero (4.93)). In the neighborhood of the initial point, t= 0, p,is negative 
(4.94). If it becomes zero after a certain time (0<¢,< 1), the derivative 
Px (t, — 0) > 0, and by (4.78) G.(t, —0) >G, (4, - 0). This inequality becomes 
stronger to the right of the point ¢=¢,, since g=0, ga = wforp,< 0, px= 0. It 
follows that the derivative p, will remain positive whilst passing through the point 
t=t,, and p,(t) >0O fort>z2z,, Ifthe last inequality holds over the final time 
interval, the engine weight vanishes (q, = 00 for px > 0), which is possible 
only att=T, 

It has thus been shown that inequalities (4.79) hold over the entire time 
interval 0<t< Tf. It remains to analyze the behavior of expression (4.81), 
whose sign will determine which of th optimum flow-rate control functions 
(4.83), (4.84), (4.90) will be valid in a given case. 

We first consider the case 0<x< 1. From the optimum boundary 
condition for the momenta (4.94) it follows that the initial value of the 
function A is negative, 


A(0:) =(1—) p (0) < 0. (4.95) 


The final value of the function A must be positive, 


A(T) = px (T) — *ps (T) > 0, (4.96) 


since, according to condition (4.93), either p, (7)= 0 or G(T) = 0. In the 
first case the validity of inequality (4.96) follows directly from (4.92), since 
A (f) = —xp, (T) =. In the second case it follows from (4.84), since near the 
final instant the weight G. must decrease to zero. This is possible only 

with the optimum control function (4.84), which is applicable forA>0 (G4, (j= 
const in (4.83) and G, (t) = Gz (é)/({ — 2x) in (4.89), (4.90)). 
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We shall study the function A within the interval [0,7]. Its derivative is 
defined by (4.86). The first factor of this expression 1/,p, is everywhere 
negative. It follows that the character of the function A will be determined 
by the second factor 


y= 1— 2 — G,/G,. (4.97) 


At the beginning of the flight, the function A is negative (cf. (4.95)). 
Therefore, the weight varies according to (4.83), which states that the 
weight G, remains constant, and G decreases, i.e., x increases by (4.83), 
If we assume that A(0) <0, the final value of A(T) will be negative, since 
A(0)< 0 and A(t) <0(as a result of the increase in xy). The negativity 
of A(T) contradicts condition (4.96), 

Thus, the derivative of A is positive at the beginning of the flight. 

We shall consider all the possible combinations which can exist within 
the interval [0, 7]. 

1, The derivative A ( is everywhere positive. Thus A (é) must inter- 
sect the ¢-axis at some time ¢ = ¢,(since A (0)<0 and A(T) >0). In the 
first interval 0 <t< #, the control functions (4.83) hold, according to which 
Gy (t) = Geo , and in the second one t, << ¢<T the control functions hold (4,84), 
by which &G, (?) = G, (¢,) (Figure 4.7), where G, (¢,) = G,, since G, (T) = G, by 
condition (II.7). 


OQ & %e0 / be O by bao  & 
FIGURE 4.7. The function A (¢) (first FIGURE 4.8. The function A (t)(second ' 
alternative) and corresponding optimum alternative) and corresponding optimum 
engine-weight control function(0<% < 1). engine-weight control function (0 <% < 


< 0.5, 0 < Gp < 0.5). 
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2. The derivative A(t) is positive at first, and then vanishes together 
with the function itself (A (t,) = A(t) =0). In the interval 0<t<f, the weight 
variation follows law (4.83), while at ¢ = ¢, this law is replaced by (4.89), 
according to which the weights G, and G, vary proportionally, so that y and A 
remain equal to zero. At some time t= ¢,, the working-fluid reserve will 
be exhausted, G, (¢,.) =G,. After this only the weight G,can vary. The 
expression x again becomes negative as A decreases, and the derivative G, 
becomes positive. The function A passes into the positive region, and 
the weight will be controlled by (4.84) (Figure 4.8). 

3, The derivative A(t) vanishes for A(t)<0. For A<0 the weights G,, 
G, vary according to (4.83), by which xy increases. Therefore, after it 
vanishes, the derivative of A becomes negative and the function A will 
never enter region A>0, which contradicts condition (4.96). 
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a & = a Ge ! Sg 
FIGURE 4.9, The function A(t)at x= 1 FIGURE 4.10. The function A(¢)(first 
and corresponding optimum engine~ alternative) at x= 0 and corresponding 
weight control function. optimum engine-weight control function. 


4, The derivative A(f vanishes for A(t)>0. This possibility is likewise 
eliminated, since for A> 0 the function x must decrease according to (4.84) 
and (4.97), while in order to have a positive value of the function A at 
some time ¢ = t, we must have A(t.) >0. Therefore for A> 0 the derivative A 
remains positive, thus contradicting our original assumption. Hence, the 
last two alternatives 3 and 4 are eliminated. 

We shall now study the behavior of the function A for the extreme 
values of the parameter x, namely » = 1 andx=0. At x= 1 the‘ initial 
value of the function A is zero (cf. (4.95)), and its derivative is every- 
where positive (cf. (4.86)). Therefore all the subsequent values of A lie 


109 


in the positive region, and only the weight of the engine G, varies in the 
course of the motion, according to (4.84). Here G, (t) = G, (T) = G,, i.e., 
there is no working-fluid reserve (Figure 4.9). 

In the case x = 0, considered in the preceding section, the function A 
cannot enter the positive region, since at x = 0 the control function (4.84) 
is meaningless, Therefore the function A is either everywhere negative 
(with the possible exception of the point t= 7), and then G, (t) = Gro 
(Figure 4.10), or it is negative at the beginning and then vanishes at 
t=t,< 7. Thus the derivative A (t,) also vanishes, and remains equal to 
zero until the end of the flight. In the first interval 0< t<?, the weight 
varies according to (4.83), and in the second interval t, <¢<T according 
to (4.89) (Figure 4,11), The other possibilities are eliminated in the 
same way as was carried out for 0 <x< 1. 


4 


| ae i 
0 = t 


a & bee / ba 


FIGURE 4.11. The function A (?)(second 
alternative) at x = 0 and corresponding 
optimum engine-weight control function 
(0 < Gy < 0.5). 


4, Separating the problem into weight and dynamic parts. We pass 
from the flow rates g, and g, to a new control function a, the thrust accelera- 


tion (cf, (4.74)), given by 
a = V (2¢/2) GAN (gu + %gu) (Go + Gx). (4.98) 


Thus the two vector equations (4.74) defining the flight trajectory will 
contain no weight parameters; sor =v,v = ae+R, and equations (4.74); 
which describe the variations of the weights G, and G,, will be expressed 
for each of the optimum equations (4.83), (4.90), and (4.84) through the 
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0 weight parameters and the square of the thrust. acceleration (the dimension- 
less power N is equal to unity on the optimum trajectory) in the forms: 


for A(9<0 es 
jr CoO wos, G,.() = const; (4.99) 
for A(t) <0 
Gy = —4 — 0) Ga Hat, Gy (t) = on (4 <0.5; Ga <.0.5); (4.100) 
( 2¢ 1—2 
for A(t) >0 
G,(¢) = const, Gao Get Se es (x > 0). (4,101) 
“GQ, =. ag 


It was shown in the preceding paragraph that at 0 <x < 1 two solutions 
are possible; the first consists of (4.99) and (4.101) joined one after the 
other, and the second of (4.99), (4.100), and (4.101). The variables in each 
of the differential equations (4.99) and (4.101) are separated, According to 
the continuity requirement of the coordinates G, and G,, the initial condition 
Goo + Guo = 1, and the final condition G,, = G,, the following integrals are 
obtained; 

for the case (4.99) + (4.101) 


Gn yy 
ag G,dG. 
= oe Sa es __“* __@; 4,102 
Go | weg —* Serer =o eine) 
1-9 Gx 
for the case (4.99) + (4.100) + (4.101) 
(1-2%) Gxq Gn Oxy 
dG 4 dG, GG 
=% 4 a al Te = @, (4,103) 
1-Gyg (Ga F Gna) as 4" a . sss (6, + 6.) 
Here, as in the two preceding sections, 
T : 
= -~\ g2 4.104 
O= 3 fa dt. ( ) 


After calculating the integrals appearing on the left-hand side of 
equations (4,102) and (4.103), a finite relationship between the payload G,, 
the initial and final weights of the engine G,, the parameter x, and the 
functional ® is established as follows: 

for case (4.99) + (4.101) 


1—Ga— Goo + xin ft oe a te 0; (4.105) 
for case (4.99) + (4,100) + (4.101) 
M4 By tt nS 
Sa ea eed, (4.106) 


t=) G, Ga Gy 


11. : 


In view of (4.105) and (4.106), the functions ®(G,) are monotonic decreas- 
ing (@0/0G, <0). This enables us, as in §§ 1 and 2, to separate the problem 
into independent weight and dynamic parts. The dynamic part of the problem 
consists as before in determining the optimum program of the thrust- 
acceleration vector, and is formulated in the form (4.11). The weight part 
of the problem consists in determining the initial value G,, and the final 
value G,, of the engine weight, and ensuring the maximum of the function ® 
in (4.105) and (4.106) at fixed values of the payload, * and also in establishing 
the limits of applicability of solutions (4.105), (4.106). 

It is possible to use a similar approach to determine the limiting values 
of the parameter x; for x = 1 it is necessary to take the single solution 
(4.101), and for x = 0 either the single solution (4.99) or the two solutions 
(4.99) and (4.100). 

5. Solution of the weight part of the problem. Examining the partial 
derivatives 0@/0G,,, 00/0G,, we find the optimum values of G,, and G,, to be: 

for the case (4.99) + (4.101) 


Guo = Yan —Ga+ VO FIGs, Ga =0; (4.107) 
for the case (4.99) + (4.100) + (4.101) 


ope ee 
x0 = 4(1— x) , 


G Gus 0 (4.108) 


By comparing (4.105) and (4,106) after the optimum values (4.107) and 
(4,108) of the weights G,,, G,, have been substituted in them, one may 
establish the exact limits of applicability for each type of solution. Solution 
(4.99) + (4.101) is valid in the region 


(1 —wW/4(1—n <G<1, 0<xn<05 
and 0<G,<1, 05<%<1, (4,109) 


162 and solution (4.99) + (4.100) + (4.101) in the region 
0<G, <(t —WAU—Ww, 0<K%< O05. (4.110) 


Regions (4.109) and (4.110) are shown in Figure 4.12; region (4.110) is 
shaded, At x= 1 the weight varies according to (4.101) over the entire 
interval 0<G,< 1, and G,, and G,, are determined by (4.107). At x= 0 
the solution (4.99) is valid over the interval 0.25 < G, < 1, where 


G, (t) = VG, = Gay 


and the solution (4.99) + (4.100) over the interval 0 < G,< 0.25; here 
Greg = 0.25, Gry = Gy 

Figure 4.13 represents curves of the optimum take-off engine weight Gx 
as a function of the payload G, for different values of parameter x. The 
curves are plotted according to (4.107) and (4.108), and the limits of 
applicability (4.109) and (4.110). The lower solid curve corresponds to 
the passive jettisoning of the engine (x = 0, cf. § 2). The dashed continua- 
tion of the lower curve and the right-hand branch of this curve correspond 


Relations (4.105) and (4.106) are solved for ®, and therefore it is expedient here to replace the problem 
of maximum payload G, for fixed ® by the equivalent problem of maximum @ for fixedG,. 
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to the case of fixed engine weight, treated in §1. It is seen that the optimum 
take-off engine weight increases as a result of using the jettisoned sections 
of the engine as working mass (*> 0, active jettisoning) at the expense of 
the working fluid. 


a Z)! 04 06 Gb by O 82 1 < Ox 
FIGURE 4.12, Regions of applicability FIGURE 4.13. Optimum take-off engine 
of different types of solutions (unshaded weight Gyo as a function of payload G» for 
region corresponds to the first type — fixed values of the conversion coefficient 
Figure 4.7, and shaded region to the x. 


second type — Figure 4.8), 


From the results obtained we derive the following optimum control 
functions for the engine weight and the working fluid: 

for the cases 0 <<%< 0.5, (1—2x)/4 (1—x) <G, <1 and 0.5 <x<1, 
0<G,<1 (Figure 4.7) 


163 Gx(t) = Ge =2—Grt YW + U—nGe, 


Gp ot Gad aw oe 


Gyo (4,111) 
(for 4— Exo > G,(t) > G,), 
: (G+ 6,)? 
G,= ae, 7 a, Go(t)= Gr 


(for Gyo > G, (£) > 0); 
for the case 0 <<x<0.5, 0< G,<(1—2x)/4 (1—™) (Figure 4,8) 


= = 4 i (Go + Gyo)? a 
Gx(t) = Gao = Tay > aay WEIS Tl 
(for 1— Gyo > Ga (t) > (1 — 2x) Gxo), 


Gy Ct : 
Gu) =F, Go 4G eat 


(for (1 — 2x) Gyo > e (£) > Ga), 


(4,112) 


; (G, + G,)? 
caer - Sams = a’, G,(t)=G, 


(for <5. > Gx (t)>0); 


for the case x= 1,0 <G, <1 (Figure 4.9) 


G Gy 
G ae Lat, G(h=G, (for1—G>G()>0), (4.113) 


= 
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for the case x= 0, 0.25 <G,<1 (Figure 4,10) 


=: (G, 4- Gyo)? a 


Gx (t) = Gag = VG, — Gz, Go= 2g a? 
0 
(for 1— Gxo > Go(t) > Gn); (4,114) 


for the case x = 0, 0 < G, < 0.25 (Figure 4.11) 


‘S G 2 
Gu (t) = Gro = 0.25, Gy = — fal fe 
x 


(for 1— Guy > Go (t) > Gro), (4.115) 
Gx (t) = G,(t), Go= — 4G.5- a® 
(for Gyo > Gy (t) > Ga). 


164 Finally, the functional ® is expressed as follows in terms of G,: 
for 0<*<0,5, (1 —2x)/4(1 —x) <<G,.<1 and for 0.5<%<1, 0<G,<1 


© =(1—x)(1— - )—xIn-Gt +6,—K 


(x=44+ VY 2+0—waG); (4.116) 


for 0<%<0.5, 0<G,< (1 — 2x)/4(1 — x) 
{—2. _ 42x 1 At =4Ge 
=%40—*) 2a—%  4a—~% "Tae 


The maximum payload G, has been plotted in Figure 4.14 as a function 
of the functional ® for different fixed values of the parameter x, according 
to (4.16), The lowest solid curve corresponds, in Figure 4.13, to the case 
x = 0 which was treated in § 2, This same curve (in the range 0 < © <0,25) 
and its dashed curve continuation (in the range 0,25 < ® <1) correspond 
to the case of a constant weight G., which was treated in § 1. 


a 


FIGURE 4.14. Maximum payload G, as a function FIGURE 4.15. Payload G,as a function of the 
of the functional ® of the dynamic part of the conversion coefficient » for fixed values of the 
problem for fixed values of the conversion co- functional ©. 

efficient x. 
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All the curves are represented in the interval 0.<@®< 1, - Whereas: in 
the case of constant engine weight the function G,(®) becomes physically 
meaningless outside this interval (cf. § 1), here the function G, (®) has a 
meaning along the entire semiaxis 0<@®<oo, The behavior of G,(%) outside 
the range 0 < @< 1 is approximately (for G,<1) described by the following 
formulas: 


— 2x 


1 
G,= Tita exPI—4(1—) O} for 0<x< 0.5, 
Gp = exp (— O/x) for 0.5<x*<i1. 


(4.117) 


The dependence of the payload on the parameter x is nearly linear for 
low values of the functional 0 << ®< 0.5 (Figure 4.15), and becomes 
exponential for large values (4.117). 

The gain in payload achieved by utilizing the jettisoned engine sections 
as working mass («> 0) can be considerable. Thus, at the limit x= 1 
(full conversion) the payload is increased (compared with simple jettisoning, 
x= 0) by a factor of 1.2 for ® = 0.05, 1.8 for ® = 0.25, more than 3 for 
® = 0.5, 7 for ®= 0.75, and 15 for ®= 1, 

A comparison of payloads for the same values of the functional ® = (@/2g) J, 
however, yields results which are too high. The conversion of the engine 
material into working mass obviously necessitates some additional devices, 
which increase the engine weight per unit power, and hence the value of ® 
(for a fixed value of the integral /). The full conversion of the engine 
material into working mass (x = 1) becomes inefficient when the unit 
weight a increases by a factor of 2 for ® = 0,05, 2.5 for ®= 0,25, 3 for 
@® = 0.5, etc., (where ® = (a,.,/2g)/). The problem of selecting the 
optimum value of x (the value which yields a maximum payload for a given 
value of the integral J) can be solved if there is a functional relationship 
a (x), 

6. Discrete reduction of the engine weight. The previous case of 
continuous reduction of the engine weight corresponds to an infinitely 
large number of infinitesimal engine sections (n = 0 in Figure 4.14). 

We shall now compare this limiting case with that of a finite number of 
finite-size sections, as in § 2 for x= 0, 

Let the j-th section of the engine be jettisoned at time #;, and let 
some of this section, defined by the coefficient x, be added to the working- 
fluid reserve, i.e., 


(+ — i)- ()- — i+ 
rs eo Gp) (4.118) 


where the subscript j indicates time ¢;, and the plus or minus superscripts 
correspond to the values of the function to the right or left of this time 1;. 
The engine weight remains constant during the time interval t;< t< tj, so 


Ge =Ge"* (7 =1,...,2). (4.119) 


The power WN and the parameter x should be maximized, as in the case 
of a continuous decrease of the engine weight. The variation of the vehicle © 
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weight between jettisons is described by equation (4.99), Integrating this 
equation by parts from ¢; to tj.(j= 0, 1,... ~—1; t% =7) and summing, 
we obtain 


aa” 1 4 

_ ad _ 

oO= p Gy Gu 4 Gut aur + Gu" : (4,120) 
=0 % 


Using (4.118) for the working fluid at the points of discontinuity, and the 
condition that the engine weight be constant between times of jettisoning 
(4.119), we can rewrite (4.120) in the form 


n-t 
o= Ge" ( Saar — gpa) 4,121 
> a Gut 4 Gut Gul 4 GG + (1 — 0) gr ( ) 


(Gor = Gy = Gru, ap = Goo, Gy = Ga = G,). 


j=0 


By calculating the partial derivative 00/06. we can see that the function 
@ (G,) is monotonic decreasing. The problem is again separated, and the 
weight part reduces to finding the values of 


Gi, Ge (j=0,1,...,n—1), (4.122) 


which maximize the function (4.121) for a fixed value of G,, and satisfy the 
conditions 


Go+Gr=1, Grae (4.123) 


(In the following, the superscripts + and - will be dropped for simplicity.) 


FIGURE 4.16. Comparison of the payload Gy 
for continuous (n = oo) and discrete (n= 2, 4) 
decrease of engine weight; n= 1 gives payload 
for fixed engine weight with full conversion 

of engine material into working mass (%= 1). 
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We thus obtain a system of 2n algebraic equations (at 0 <x < 1) for 
determining the 2n unknowns (4.122): 


(GP + GO) VER = G9 + x6" 4 1 — ayy ce 


(etn ae 0), 
egen «Gay 
eS iP RON VRE + TALI Le lcwa oo ca Addie —F 
(GI 4 GO © (GID + xGY + 1 — x) GEM) 
: Gt) 4 x6 g-D 
© (G94 xGEY +) PY (4.124) 
00" Gr agen 
(sen =°) or G?=Gi, 
o? 4 “Gy 
(EP + GO)? (GH 4 xO + (4 —%) GH 
do 
( ago J 9), 


GO 4G =1 (J=4,...,2— 1). 


At the limit x = 1 the corresponding system of equations has the simple 
solution 


Goo =1— (GI! —1)G,, C= Gn ee ees | (4.125) 


GP = Grn") _ 1), (j=0,4,....n—4: x=1). 


Substituting (4.125) in (4.121), we obtain the relationship between the 
maximum payload G, and the functional ® in the form 


@ =(n+1)4—GU")4+6,—1 for *=1. (4.126) 


As n-» oo this formula reduces to the first relationship of (4.116). In 
Figure 4.16, equation (4.126) has been plotted in the form of curves G, (®) 
corresponding to fixed values of n. It is seen from the figure that in 
passing from n= 1 (constant engine weight) to »= 2, roughly one-third 
of the maximum possible gain in payload is obtained, while n= 4 gives 
about two-thirds of the maximum gain. In the transition from n= 4 to 
n = 00 the full maximum gain is attained. For x= 0 (cf. § 2) most of 
the gain is already obtained at n = 2. It is thus possible to conclude that 
the payload limit can be approached by means of a relatively small finite 
number of engine sections; this number decreases with the coefficient x. 
Note that the maximum permissible value of the functional ® is equal to zn, 
as in the case x= 0, 
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Chapter Five 


IDEAL POWER-LIMITED ENGINE, 
OPTIMUM PROGRAMS OF THRUST ACCELERATION 


It was established in the preceding chapter that for an ideal power-limited 
engine, the variational problem (4.11) of the optimum law of thrust accelera- 
tion (the dynamic problem) can be solved independently of the general 
optimization problem. After it has been solved for each specific maneuver, 
the optimum parameters of both the propulsion system and the vehicle may 
be calculated by the formulas of Chapter Four. 

The dynamic problem (4.11) was formulated as a Lagrange problem with 
differential constraints and boundary conditions. The thrust acceleration 
a (t)in the optimum regime differs from zero throughout the flight, except 
at isolated points, as follows from §§ 2 and 3 of Chapter Four. The absence 
of boundary controls makes it possible to solve (4.11) by the classical 
methods of variational calculus. 

In some cases it is convenient to alter the formulation of (4.11) so as to 
eliminate the differential constraints. To that end it is necessary to 
eliminate the acceleration a from the functional integrand using the 
equations of motion (cf. Appendix (A.47)) so that 


T 
es [r—R(r, #)]?de (5.1) 
(0) =1% F (0) = Vn F(T) = Ky t (T) =v) 


The problem reduces tothe determination of extremals, paths in position- 
velocity space (between given points (rp, Vv») and (r, , v,;)) along which the functional 
(5.1) is a minimum for some given time interval. 

Alternately, we can formulate the variational problem (4.11) as Mayer's 
problem in the form 


J =a? =(ae), J(0)=0, J(T)=min, 
r=y, r(0)=r, r(7T)=11, (5.2) 
v=ae+R, v(0)=vo, vV(T)=v1 

(a(t) >0, je(t)|=4). 


* 


§ 1. EQUATIONS OF THE EXTREMALS AND 
THEIR PROPERTIES 


1. Equations of the extremals for the general case. We represent the 
functional (5.1) in a rectangular inertial frame so that 
T T 
J=\ (e—X)+W—YP + E—2y dt = Fe, ty 92 Bat (5.3) 


with boundary: conditions 


2 (0) = 29, y(0) = Yo, 2 (O)= 2, 2(0) = uo, 9 (0) = v9, 2(0) = wu, 
2(T)=2%, y(T)=y, AT)= 2, 7) =u, Y(T) =, XT) sw, 


where X = X(t, z,y,2), Y=Y(t,2,y,2), Z=Z(t,2,y, 2) are the components 
of the vector of gravitational acceleration R (r, #). 
The first variation of the functional (5.3) is 


OF OF. OF -: d OF ad oF . daF. 1 
OF OF ,. OF ,.\]L 
+ ($e ot + Zi by +56 a2) — 
d OF d OF ad OF 1 
(ee tt ay wt ae) Pt 


i . 
OF | OF @aF | OF a OF | OF 
[Ga + az) 52 + (aa ay + By) ou + (Ga se + Ge) Oefat. (5.4) 
0 

Since the initial data (zo, yo, 2, Ue, Yo, Wy) and final data (,, y;, 2, U,, ¥4,w,) Of the 
trajectory are fixed, their variations in (5.4) vanish. If the expressions 
multiplying the variations 6z, 5y, 6zin the integrand are set equal to zero, 
we obtain the Euler equation of the variational problem considered, namely, 


ax ay az 

Gp = Gy tae ut He 

Pee: ay aZ 

Sy ay Oe ay fe oy (5.5) 
ax ay a 


or, in vector form, 


a= —(a-R), a=r—R. (5.6) 


2. First integrals of the equations of the extremals for three-dimensional 
motion in a central field. In the case considered (R = —Ar/r) the equations 
170 ofthe extremals (5.5) or(5.6) possess four first integrals expressed as one 
scalar and one vector integral /5.1/ and written 


1/.(a-a) — (a-v)—(a-kr/r®) = A = const, (5.7) 
(a X v)— (a X r) = M = const, 


(The scalar integral is due to the absence of time in the integrand ( aF/at = 0) 
of (5.3), and exists for any stationary field oR/at = 0; if the full time of 
motion is unspecified, then H = 0.) 
In the two-dimensional case there are only two integrals /5.2/ 
"a (az + a) — (,4 + dy) — k (ant + ayy) (2? + y*)* = const, (5.8) 
(a2 — ay) —{G,y — 4,r) = const. 


3, Equations of the extremals for plane motionincentral field. We shall 
study in detail the important particular case of optimum motion described by 
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system (5.5), that of plane motion (z = a, = 0) in a central gravitational field 
(X = ~—ker3, Y = —kyr3, r= Yo? + y)/5.3, 5.4/. 

Dimensionless variables will be used in what follows. The values (A. 2) 
will be taken as characteristic values. For the functional J we thus obtain the 
characteristic value r=, The same symbols as before will be used for the 
dimensionless variables. 

After transforming (5.3) to polar coordinates (r,@), which are related 
to rectangular coordinates (z, y) by formulas (A. 4), write @ = 0, and obtain 


[7 — rq? + 4/r3)? + (pr + 2g7)*] de (5.9) 


coy 


(r (0) = Tor @ (0) = Por 7 (0) = Tor G (0) = Gp, 
r(f) = ry (7) =O, 7 (2) = Nn, 9 (f) = 9). 


Since the integrand in (5.9) does not contain the argument ¢ or the function 
qg (t), the order of the differential expression in the integrand can be reduced. 
We shall use the notation(A.8) for the first derivatives r, g given byr =v,, 

p = v,/r and replace argument t with argument r to yield dt = dr/u,. 
171 By these substitutions the integral in (5.9) is reduced to 


af (oat E+ 5) + (00 


r 


rey) (5.10) 


where the primes indicate differentiation with respect to r, The extremals 
of this functional satisfy the initial and final conditions relative to um, », 
and r, Using the known relationships », (r), vs (r) it is possible to calculate 
the. time 7 and the angular displacement 9, — 9, in the forms 


T% 


ar Ce, (r) dr 
ra=\ my wow | a ean 


If the magnitudes f and 9,— 9, are specified, expressions (5.11) must 
appear as conditions of isoperimetry. The variational problem equivalent 
to (5.9) is written in the new variables as 

Th vy? 3 
J= { [(v-»;—— + =) + (vv, 


UV, (To) = Veo, Ye (To) = Yeo, Yr (71) = Up, Ve (T1) = Vere 


rp )+2n42v22] 2, (5.12) 


(The parameters 2A, 2v are constant Lagrange multipliers, ensuring the 
fulfillment of conditions (5.11); the coefficient 2 is introduced for convenience.) 
If the first variation of the functional (5.12) is equated to zero, we find 
two differential equations of the second order for v, and v,. Returning tothe 

argument ¢, and using the equations of motion (A.8), we obtain a system 
of equations of the first order describing the optimum regions of plane 
motion in a central field /5.3, 5.5/; this is 
fF =U,, P= Ve/r, V_ = a, + Ve/r—1/r*, Ve = de— v,v4IT, 
» i " 
esa a2) +a,(—2 ~)—a—v =], (5,13) 


dy = + (av, — 24,V_ +). 
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The last two equations of the system define the optimum program for the 
components of the thrust-acceleration vector. 

4. Properties of equations (5.13). The system of differential equations 
(5.13) is of the sixth order and contains two constants 4 and v (the first 
integrals of the system, cf. (5.8)), and therefore its solution requires 
eight boundary conditions such as (5.9). If some ofthe boundary values 
are unspecified, it is necessary to calculate instead the corresponding 
optimum values. These are obtained by equating to zero the differential 
part of the first variation of the functional (5.12), namely, 


= 2[a,6v, + agbv~_ + (2agve/r — a,) br — vip — ABE). (5.14) 


When the angular displacement and the time of motion are unspecified, 
the multipliers of the corresponding variations, v and 4, must be equated 
to zero, 

Equations (5.13) are invariant under the linear transformation /5.4/ 


r-olr, tlt, pg, v0, 0, Vg Ove, } (5.15) 
a,->1-94,, a> lag, ATA, Voy, Jo, 


and under the sign-inversion transformation 


t——, rT, e-—-F® Dp —+— Dey, sae (5.16) 
p> Ory Ig —>—Ag, AA, Vv, Jod. 


Invariance under the linear transformation (5.15) can be used to obtain 
the optimum trajectories of zero energy build-up starting from a circular 
orbit of radius r (0) = I (if the optimum trajectories starting from the 
circular orbit of radius r(0) = 1 are known), or for passing from the 
optimum transfer trajectories between the circular orbits r (0) = 14, r(T) =r, 
to the transfer trajectories between the orbits r(0) = 1, r(f) = Ir. 

Invariance under the sign-inversion transformation (5.16) can be used 
for passing from a given transfer trajectory to the inverse symmetrical 
transfer trajectory, and from the energy build-up trajectory to the decelera- 
tion trajectory. 

5. Singular point of equation (5.13). The expression for a, has »v, in the 
denominator, so that 4,--0 as v,—0, provided the numerator does not 
approach zero simultaneously. In the latter case the point », = 0 is singular; 
its type can be determined as follows /5.3/. 

We examine the third and fifth equations of system (5.13) near the point 

= 0; the functions r (2), ve (t), ay (é)on the right-hand sides will be considered 
as known in the neighborhood of this point. We write these equations in the 
form 


Up =Ge+hn, a, = (Maat + ahi + he) (5.17) 
(hy = vglr — 4/7, hg = 403 — 0 — vog/r). 


Eliminating a, from system (5.17), we obtain a linear equation for 1/,»?, 
in which the argument is. v, instead of t; the solution of this equation is 


1p =v, [e Ba { (have — t/a + Ia) v;"dv, | ; (5.18) 
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where ec is an integration constant. We.expand the integrand about the point 
= 0 as a power series in »,, and calculate the integral 


Wut = Yahihy — hoy tev, bie. (5.19) 


The subscript 0 indicates that the value corresponds to the point », = 0,. 
and the terms of the expansion which we neglected contain powers of uv, higher 
than the first whose coefficients are independent of c. 
Thus, in the(v,, 1/,v?)plane the integral curves (5.19) intersect the axis 
v, = 0 at the same point, independently of the value of the constant c. 
This point has coordinates 


vu, = 0, avy = Yehio — Nop. (5.20) 


This is a singular point of the node type. When vy, hy and A, from (5,17) 
are substituted in (5.20), the numerator in the expression for a, vanishes, 
i.e., 


1, (a2 + ag) + ay (vg/r — A/r*?) —’ — vu,/r=0 for v, = 0, (5.21) 


6. Integration in the neighborhood of the singular point. We note a 
property of the differential system (5.13) pertaining to the singular point. 
Taking the time derivative of the fifth equation of (5.13), and introducing 
the resulting equation in place of the original one, we get 


r=v,, P= Pall v, = a, + vir —Ajr®, ve = dg — Upve/T, 


(5.22) 


a, =+(a,—3- re 42 ae +V> 2), dy = + (agb, — 20,09 + v). 


In the new system there is no indeterminacy at the point v,= 0 to 
complicate the numerical integration; moreover, we have eliminated 
an integral of the system containing the parameter A, and the order of 
the system has increased without changing the number of degrees of 
freedom. Therefore system (5.13) is preferable to (5.22) everywhere 
except at the singular points (which can exist at the beginning, at the end, 
or in the middle of the integration interval). 

Let the coordinates, the velocity components, the parameter v, and the 
acceleration components be specified at the initial instant of time by 
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r (0) =To® (0) = Por Ur (0) = Vr Ve (0) = Ven V = V, 
a, (0) = Gyo, Gy (0) = ayy. (5.23) 


If v,, 0, the parameter 4 appears in the system of initial conditions 
together with (5.23). This set of initial values defines the Cauchy problem 
for equations (5.13). 

If v,,= 0, the initial point is singular, and relation (5.21) applies; from 
this relation we find the value of the parameter 4. In this case the Cauchy 
problem is formulated for equations (5.23), and it will be defined if, in 
addition to (5.23), we require that a, (0) = aj. 

The procedure described for integrating the Cauchy problem set out in 
(5.13) and (5.23) can be used at each step of the solution of any boundary- 
value problem for equations (5.13), if the latter system is solved by 
guccessive selection of the missing initial conditions. 
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7. Relationship between parameters at the beginning and end of a trajec- 
tory. If the dynamic maneuver consists in the transfer between two circular 
orbits, the extreme points of the trajectory are singular. In this case the 
initial and final values of the radius r and of the velocities v,, vu, are given by 


r (0) = 4, v, (0) = 0, v (0) = 1, r(T) =r, » (7) = 0, Ye (7) = my". (5.24) 


Applying the condition at the singular point (5.21) to the beginning and 
end of the trajectory, we obtain the two relations 


Yeap — 4 —v = 0, Mai — A — vr3* = 0, (5.25) 


where a, and a, are the initial and final values of the thrust acceleration. 
Eliminating 4 from (5.25), we obtain 


aj = a5 — W(1 — 7”). (5.26) 
It follows that for r, >1 
aq=a if v=0,a,>a if v<0,a,<a, if v>0. (5.27) 


For the condition aj >0 to hold, the parameter v must satisfy the 
inequality 


v<yag (1 — ry) (5,28) 


175 For r,<1, inequalities (5.27) and (5.28) are replaced by the reverse 
inequalities. 
8. Equations of the extremals for plane motion in a bicentric field. 
The equations of the optimum thrust-acceleration program for plane motion 
in a bicentric field can be written in the following form similar to (5.13), 
with the Sun (t=1) and a planet (i= 2) representing the two centers (cf. (A. 49), 
(A. 50), and Figure A.6) /5.3/: 


ya 
“i 1 [AG 1 aye gy eo) 
caer [3 (a0? + 5 (ay? + a) —G- — 


. 1 ai pa 3 
a9) = (ave) — 2a + v9), (5,29) 


y = aay ay + aan ay, 

4 ane yp? (aay ar + aan jar + ap pO) = 
— ype 7-O eo Rg _ (vo jr) vi? zs) Jal yt 

(VP = 7, vO = (p+ w) 7, ¢ = 4, 2). 


Here v and 4 are no longer constant, since the variables 9 and ¢ appear 
explicitly in system (A.49), (A.50). (The variables in (5.29) are dimen- 
sional.) 

If the motion occurs in the immediate neighborhood of one of the centers, 
i.e., in a quasi-central field, the derivatives + and i will be smail in 
absolute value; at the limit, equations (5.29) reduce to the last two equations 
of (5.18). 
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A different form of the extremum equations is given in /5.6/, where 
the fulfillment of the second and third necessary conditions for a minimum 
of the functional is also checked. 

9. Analytic solutions for a plane-parallel field.* The problem of 
determining the extremals of the functional J in the general case requires 
numerical integration, but for model gravitational fields simple analytic 
solutions can be found. The most important of these fields is the plane- 
parallel field (R (r, 2) = g = (0, —g, 0) which is a constant vector, cf. § 1 
of the Appendix), and the particular case of the gravitation-free field 
(g = 0). By integrating (5.5) we determine the optimum program of the 
thrust-acceleration vector, and from it the trajectory, with the aid of 
the equations of motion (A. 53) and the functional, so that 


a(t) = byt + be, (t) = "ebst® + *fe (be + g)t? +bst + ba, (5.30) 
J = YpbiT® + (by-b2) T? + BET. 


176 The constant vectors b,,...,b, are found from the boundary conditions; 
thus, when the coordinates and the velocity at the beginning (r,, v,) and at 
the end (r,, v,) of the trajectory are given, we have 


bi = ga (vi + vo 22S"), bh =— (vi + 2vo— 3B), 
by = Vor bg = fo. (5.31) 


Something of the character of the optimum thrust-acceleration programs 
may be learned by considering the two simplest maneuvers for one-dimen- 
sional motions in a gravitation-free field (/5.1, 5.3, 5.5, 5.7/, etc.). 


ae 

“4 

Tv 

a r ft 

FIGURE 5.1. Optimum program of thrust FIGURE 5.2. Functional of the dynamic 
acceleration for the problem of velocity mag- problem J (T) /J (T,) as a function of the 
nitude build-up in a gravitation-free field total time of motion T/T .for maneuvers 
(ais the magnitude of the acceleration, in a gravitation-free field (curve u, is 
é =21 is the direction).- the velocity build-up, -J (T.)= u,/T., 


curve | is the displacement between points 
of rest, 1/T — :20/T.?). 


1) Build-up of a given velocity magnitude u, during a given time 7. The 
initial position and velocity are given; the final position is not fixed (cf. (A. 64)). 


* Dimensional variables are used in this section. 
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The boundary conditions (A. 64); together with the transversality con- 
ditions, yield the following expressions for }, and 8,: b, = 0, 6, = u,/T, whence 


a(t)=u/T, e()=+1, J =u. (5.32) 


Note that in this case the thrust acceleration is constant and is in the 
direction of the velocity (Figure 5.1); the value of the functional is inversely 
proportional to the time necessary for executing the maneuver (Figure 5.2, 
curve u,). A relationship J (7) of the same form is obtained for maneuvers 
in a central field when the thrust acceleration is much smaller than the 
gravitational acceleration. 

2) Displacement between two points of rest situated at a distance l apart 
during a specified time T (cf. (A. 65)). 

177 Substituting the boundary conditions (A.65) of this maneuver in (5.31), 
we find 


a(t)=p({—24), e)=+4 for 0<t<ipT, 


a(t) =—7;(2-4-—1), e@)=—1 for pr<t<7, (5.33) 
J = 420/73, 


Here the thrust-acceleration vector isa linear function of time (Figure 5.3), 
and the functional is inversely proportional to the cube of the maneuver time 
(cf. curve / in Figure 5.2), This maneuver 
represents a rapid orbital transfer in a 
central field (the thrust acceleration is 
much larger than the gravitational accele- 
ration). 

We shall determine the gain in the 
functional produced by replacing one of 
the nonoptimum programs of the thrust- 
acceleration vector (/5.8, 5.9/) by the 
optimum program. Consider a thrust- 
acceleration vector (dashed line in 
Figure 5.3) of constant magnitude (a(t) = 4l/T? 
whose direction changes only once during 
the flight (at ¢=/,7). Such an acceleration 
program corresponds to the functional 
FIGURE 5.3, Optimum thrust-acceleration © _ 467/73, so that in this case a gain of 25% 


program for the problem of displacement : , 2 . , 
between polute of rest in @ gravitation-tree “7 the functional is achieved by the optimum 


field (a is the magnitude of the acceleration, Program (5.33). 


e = +1 is the direction, the dashed line is 10. Analytic solutions for a homogeneous 
the acceleration program, given for com- central field. Next we consider the so- 
parison). called homogeneous central field /5.10/. 
Here the vector of gravitational accelera-~ 

tion is given by R = —sr/r’, r,= const (cf. (A.54)). A transformation ig 
made to dimensionless variables, taking r, as the characteristic distance, 
and (A. 2) as the other characteristic quantities, Then 8 = —r, and system 
(5.6) reduces to a linear homogeneous vector equation with constant 
coefficients 

Te 2S tral, (5.34) 
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The general solution of (5,34) is of the form 


r = (er+ o,f) cost + (ey + e,f) sin ¢, (5.35) 


where the constant vectors ¢,,...,e, are determined from the boundary 
conditions; for instance, if r(0))=r, r(0)=vo, r(7%) =4r, r(T) =v, then 


C1 = To, 
Cs = apa llsin P cos T + 7) ro + 
+ vosin® 7 — (sin T + T cosT)r, +-TvisinT], 
a (— (sin T cosT + T)r9 — T?vp + 
+ (sin T + T cosT)r;— TvisinT}, (5.36) 
a= ora losin’ F + (T —sin T cosT) vp — 
—Tr,sinT + (sin T— T cos T) vi); 
for T = 2ns (s = 1, 2,...)* 


Ti —fo t1— Yo V1 — Vo 
Cr= For Ca = a = VQ a SH a, 


The optimum thrust-acceleration program and the integral J are, in 
accordance with (5.35), given by 


a(t) = 2(c,cost—c,sint), 
J=2(8+4 c3)T + (c? — c3) sin 27 — 4 (cz. eq) sin® 7; 
for T = 2ns(s =1, 2,...)* (5.37) 


a()= 2(35* cost — “* sint), 
J= 2. (ra — Fo)* + (Vi — Vo)?]. 


11, Analytic solution for a central field. A particular solution of 
system (5.6) for the case of an arbitrary potential field (R = —grad U) is 
given in /5.11/ by 


a(t)=For¥ (5 = const). (5,38) 


This law of thrust acceleration satisfies the Euler equations exactly, as 
is easily seen by direct substitution. It can be used for determining the 
- trajectory during the acceleration period, but then the transversality 
conditions will not be completely fulfilled. The relative error in the 
functional for values of the thrust acceleration which are small compared 
with the gravitational acceleration is, however, also small and of the 
order of a(where ais the relative acceleration). 


§ 2. OPTIMUM INTERPLANETARY TRAJECTORY 


me WITH IDEAL POWER-LIMITED ENGINE 


We present here a numerical solution of the variational problem (5.1) 
for interplanetary flights. The extreme values and the extremals of the 


* The time Tis a multiple of the period of motion along a circular orbit of radius r,. 
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functional studied were determined by solving the corresponding. boundary- 
value problems for system (5.13) using either the method of systematically 
selecting the missing initial values in the equivalent Cauchy problem /5:4, 
5.5, 5.12—5.21/, or by direct methods applied to the functional (5.1) 
/5.18—5.21/. Two approximate solutions were also obtained. The first 
corresponds to the sections of flight in the neighborhood of the planets 
/5.3, 5,11, 5.22 —5.24, 5.37/, and the second to the mid-course sections 
of flight /5.1, 5.25/. 

The scheme of interplanetary trajectory with a low-thrust engine is 
described in § 2 of the Appendix. Two qualitatively different sections of 
the trajectory of such a flight are indicated there: the section in which 
the gravitational field of the planet is predominant and the Sun has only 
a perturbing effect, and the section in which the gravitational field of 
the Sun is predominant and the planets have only a perturbing effect. 

In these sections the deviations of the gravitational field from a central 
field have little influence on the integral characteristics of the trajectory 
/5.4/. The use of the approximate boundary conditions (A. 55), (A. 56) 

or (A.57), (A. 58) for each section also has only a minor effect. In view 

of this the problem is solved independently for the following two elementary 
maneuvers: zero energy build-up in the central field of the planet (or 
deceleration after orbital transfer), and orbital transfer in the central 

field of the Sun. 

1. Zero energy build-up. The maneuver starts at a given point of the 
initial orbit; during the given time 7 it is required to build up the full 
zero energy £ (T)= 0, 

The angular displacement is not fixed; the final values of the radius r,, 
together with the radial and transverse projections of the velocity »,,;, and 
Ye, » respectively, are related by E(T) = 4 (vn + vn) — 1/7, = 0 (ef. (A. 55)). 
Since the first variation of the functional (5.14) must vanish, we obtain the 
optimum relations 


v= 0, apy/dey = VeylVer, Ory — 24qVey7Fy — OryYeyrt = 0. (5.39) 


Note that according to the last two relations of (5.39), the angle y between 
the thrust and velocity vectors, and the derivative »~ must vanish at the 
end of the flight /5.11/. 

The complete system of differential equations and boundary conditions 
which defines the optimum zero energy build-up maneuver consists of 
(5.13), (A.55), and (5.39). We shall study below the case of a circular 
initial orbit, for which the entire system can be written in the form 
(cf. (5.22)) 


r=, r(O)=41, Yolve(T) + e3(T)I—1/r(T)=0, 

a eae re(0)=0, SO Zi = 0, 

Vy =ty— 2, v9(0)= 4, eae 
a, (T) — 2ay(T)»,(T) F(T) — Gy (T) v, (7) 79(T) = 0, 

a, = “2 388 pak, 

dy = -+ (ag, — 20,09). 
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The other characteristics of the motion, such as the angular displace- 
ment 9 and the value of the control functional J, are determined after the 
boundary-value problem (5.40) has been solved, by integrating the corre- 
sponding differential equations 


_ @ = Mm (t)/r(t), 9 (0) = 0; J = a2 (t) + a2 (), J (0) = 0. (5.41) 


The optimum acceleration equations are represented in the form (5.22), 
since the initial point of the trajectory is singular, » (0) = 0. Away from 
the singular point it is possible to replace the equation for 4, in (5.40) witha 
first-order equation having a first integral 4 (cf. (5.14)). The latter is 
determined from the condition 


4 ="/, [a2 (0) + a2 (O)]. (5.42) 


Note that the trajectory of the acceleration period may have more than 
one singular point, since the motion at low accelerations ais quasi- 
periodical, and the singular point may appear during each circuit. 

The boundary-value (5.40) can be solved by reducing it to the Cauchy 
problem with the selection of the three missing initial values ay, aq, Gro 
/5.4, 5.5, 5.11, 5.12/. Another procedure consists in applying direct 
methods to the minimization of the functional (5.9) with the boundary 
conditions (A.55), (5.39), /5.19/. 

Problem (5.40) contains the single parameter T. The trajectories and 
the control functions of problem (5.40) are recalculated for initial circular 
orbits of arbitrary radius and different planets by the criteria of similitude 
(5,15). The required characteristic values for Venus, Earth, Mars, and 
the Moon are given in Table 5.1. Four values are given for each para- 
meter, corresponding to circular orbits at altitudes of 200, 250, 300, 
and 350km. 
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TABLE 5.1. Characteristic values of parameters in planetocentric (Venus, Earth, 
Mars) and selenocentric reference frames for circular orbits at altitudes of 200, 
250, 300, and 350 km 


~ 


Planet a? Sec 


v,, m/sec 
/sec* 


6.361-40® | 879 | 7,238.40® | 8.236] 5 
¥v 6.444-408 | 889] 7.240.408 |8.4108| 5. : 
onus 6.464-40? | 900 | 7.182.408 | 7.983] 5.734-404 | 63.74 

6.544-40® | 940 | 7.454.409 | 7.864! 5.624. 


6.571 -108 844 | 7.783.108 {9.249] 7.175.108 | 84.99 
Earth 6.621 -108 854 | 7.754-10® |9.080| 7.040-10¢ | 82.45 
6.674 -108 864 | 7.725.108 | 8.944] 6.909-10¢ | 80.00 
6.721 -108 873 | 7.696-10 | 8.812] 6.781-40* | 77.65 


3.532-408 | 1030 | 3.427-408 |3.326] 1.440-404 | 14.06 
Mars 3.582-408 | 1052 | 3.403-10® / 3.234] 1.401-10¢ | 10.46 
3.632-108 | 1075 | 3.380-108 | 3.145) 1.063-106 9.89 
3682-408 | 1097 | 3.357-10® |3.064} 1.027.108 9.37 


1,938 -108 | 1239 | 1.564-10® (4.262) 0.197-10¢ 1.59 
1.988-108 | 1288 | 1.544-10® | 4.199) 0.185.108 1.44 


Moon 4 . 
2.038.408 | 1336 | 1.525-4108 {4.144| 0.174.106 1.30 
2.088 -10® | 1386 | 1 4. 


-507-109 | 4.087] 0.164-10# 
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In view of the reversibility property of the optimum trajectories (5.16), 
all the results obtained in the problem of zero energy build-up can also be 
used in the deceleration problem. In accordance with the boundary con- 
ditions of the zero energy build-up maneuver, it is necessary to note 
here that at the beginning only the condition of zero energy is specified (the 
radius and velocity are not fixed separately), while at the end only the 
condition of transfer to a circular orbit of specified radius is given (the 
angular displacement is not fixed). 

2, Numerical results for zero energy build-up. The numerical solution 
of problem (5.40) shows that for large values ofthetime, T >10?, (small 
acceleration values, ¢<10-?) the escape trajectory from a circular orbit 
represents a shallow unwinding spiral (Figure 5.4). 


T=2.95-10" 


alo? 


FIGURE 5.4. Examples of optimum trajectories of zero energy build-up at takeoff 
from a circular orbit (the first circuits of the spiral are not drawn to scale; the 
markings along the trajectory are in time units; all parameters are dimensionless), 


The direction of the acceleration forms a small angle with the direction 
of the velocity (included between the tangent and the transversal), coinciding 
with the latter at the final stage of the motion (cf. the second condition 
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of (5.39)). The modulus of the thrust acceleration varies slightly along 
the trajectory, increasing in the final section by 10 to 20%. The variation 
of the thrust-acceleration components with time is illustrated by Figure 5.5 
from /5.19/, together with the corresponding functions r (¢) and », (t) r(t). 
Table 5.2 compares the parameters of three trajectories of zero energy 
build-up /5.19/ (all parameters are dimensionless). The time of motion, 
Tf = 100, is the same for all trajectories. The first column of the table 
shows results of the calculation for the optimum escape trajectory from 
an initial circular orbit, and the second is for escape from an elliptic 
orbit with eccentricity es = 0.1. The third column gives parameters of a 
trajectory with constant transverse acceleration at takeoff from a circular 
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FIGURE 5.5. Optimum control function of the transverse, gg, and radial, ap, components 
of thrust acceleration, radius r, and momentum ver for the zero energy build-up 
maneuver (circular initial orbit, time of maneuver T = 100, dimensionless parameters). 


TABLE 5.2. Comparison of trajectories of zero energy build-up from circular 
and elliptic orbits for optimum program of thrust acceleration and for a constant 
transverse acceleration 


Trajec- 
tory €,= 0, a, (t) = opt, €,=20.1, a, (t) = opt, eo=0, ap (t) 590, 
para- Gg (t) = opt Gg (t) = opt Ge (t) = const 


ar —0.2257.40-8 —0,3068.4078 0 
Geo 0.6485-10-2 0.6894 -41078 0.7755-10- 
a, 0.4627-40-2 0.4484 -40-2 0 

aos 0.4524 -40°4 0.4576-40-2 0.7755-40-8 
n 9.139 9.489 9.660 

J 0.5534 410-2 0.5620-40-2 0.6014-404 


The dependence of the functional J on time Tf of zero energy build-up 
from a circular initial orbit is shown in Figure 5.6 /5.4/. Figure 5.7 
depicts the gain in the functional resulting from the programing of the 
thrust~acceleration vector /5.4, 5.5, 5.11, 5.12, 5.26/. It is seen that 
the difference between the optimum program of thrust acceleration and 
a tangential acceleration of constant magnitude is small and decreases with 
an increase in maneuvering time. 
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0 1? 210° 310? T 


FIGURE 5.6. Functional J of the dynamic problem for 

zero energy build-up maneuver (solid curve) as a function 

of the time of motion T (circular initial orbit, dashed 

curve corresponds to build-up maneuver of velocity ui= 

= 0,895 in gravitation-free field, dimensionless parameters). 


The optimum law a(t), as well as the relationship J (7) for the zero 
energy build-up maneuver in a central field, resemble those for the 
‘velocity build-up maneuver in a gravi- 


J R tation-free field (cf. (5.32) and Figure 5.6). 
Thus, the latter is considered asa 
aver maneuver representing the zero energy 
build-up in a central field. 
wy S Neglecting the influence of the third 


body — the Sun —on the functional J leads, 
in the case considered (near the Earth), 
to a relative error smaller than 1073, 


W 0 0? 7 4 i reel by calculations performed in 
EIGUEE tics Sema Dope tale ee une genet oo Analytic solution for zero energy 


J, of the optimum program of thrust accele- build-up. We turn to the analytic 
ration (solid curve) and of a tangential accele- 


tation of constant magnitude (dashed line) for representation of the results obtained. 

zero energy build-up maneuver from a circu- When the thrust acceleration is much 

lar orbit (dimensionless parameters). smaller than the gravitational accelera- 
tion (@a<10-*), the trajectory during the 

acceleration period is initially a shallow spiral, on which the gravitational 

and centrifugal accelerations are approximately equal: 1/r? = vi/r. We shall 

find the optimum formula a (¢) for the initial section of the escape trajectory 

under the assumption that the latter condition is fulfilled exactly. 

The equations of motion and the initial conditions at takeoff from a 
circular orbit are 
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T=2,, r(0) = 4, 
0, = Ors v, (0) = 0, (5.43) 
Ve = Ay—%,Ve/T, V—(0)=1 
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(where the condition v3/r =41/r is allowed for in the equations of motion 
(A.8)). 

Eliminating v, = 1/Yr and v, =7 from the last.equation of (5.43), we obtain 
,rr~s =a,. Integrating this equation, we can express the radius r and the 
velocity components v,, », with the aid of (5.43) as a function of the time 
integral of ay: 


a(t (ag dt)", 2, = 2a (1G oat) soy = 1 — Cana (5.44) 


The initial conditions (5.43) are satisfied for r and v,from (5.44), but 
not for v,. For low values of the transverse acceleration a,,<1, however, 
the radial velocity is likewise small at the beginning v,) = 2a,<1, so 
that finally this disturbance of the initial conditions has only a small effect 
on the result. 

The characteristic time of the problem, according to (5.44), is of the 
order of i/a,. Therefore when the time derivative is taken, the order of 
smallness relative to a,increases by about one. Thus, at the beginning 
of the motion, v,is of the order of a,, and a, = 3, is of the order of a3. 

The kinematic characteristics 7, v,, vu, are determined by the magnitude 
of the integral in (5.44). Therefore the problem of optimum transition from 
a fixed initial position to a fixed final position (for instance, EF (Tf) = 
= 1/, (vA + v3) — 4/r, = E,) during a specified time is formulated as the problem 
of minimizing 


T 
J=\ edn abdt (5.45) 
Q 


Cty 


T 
for a given ( Gyat. 
9 
186 Performing the usual procedure of variational analysis, we may obtain 
the optimum program for the projection of the acceleration a,. This is 


a, (t) = const, (5.46) 
where 
a, (t) = Gab (1 — agt)*. (5.47) 


This result was obtained for the case a,<a,. In the neighborhood of 
the escape point (Z, = 0) this inequality does not hold, since a, reaches 
the order of a, (as can be séen by substituting in (5.47) the value of the 
escape time, found from the condition E (Tf) = 0, using (5.44)). Therefore, 
the optimum law (5.46) is correct only on the initial section of the trajec- 
tory of zero energy build-up. Methods of solving the problem, which are 
different from the one described here, have been obtained in /5.11, 5.22 — 
5.24, 5.37/. 

4. Orbital transfer, The maneuver begins at a fixed point on the orbit 
of one planet and ends at a fixed point on the orbit of the second. The. 
velocity vectors at the beginning and end of the motion coincide with the 
corresponding orbital velocities; the time of motion is specified (cf. (A.56)). 
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The optimum transfer between coplanar orbits (we are mainly concerned 
here with this type of orbit) is described by the differential equations (5.13) 
with the boundary conditions (A. 56) 


P= Up, 7(0) =4, r(T)=n, 
Q= =, 9(0)=9, O(T)=% 
ry 
(alee 2, (0) = P70, v,(T) = On, 
: (5.48) 
Ve= te ~ 28, V9 (0) = Veo, Ve(T) = Yor, 


v 


é= [F(t +0) +0,(*—5)—a—v'2], 


‘ 1 
Gy = = (detr — 2a,0q + ¥). 


The system of differential equations (5.48) is of the sixth order and 
contains two arbitrary constants 4 and v, i.e., the number of degrees of 
freedom in the equations is equal to the number of boundary conditions. 

For singular points, v, = 0, on the transfer trajectory (such as the 
initial and final points of a trajectory connecting circular orbits, cf. (A. 58)), 
the equation for a, in (5.48) is replaced by a second-order equation from 
(5.22). The procedure of mutual transformations (5.48) « (5.22) is similar 
to the one described in § 2.1. 

187 In the case of circular orbits, the parameters of the problem are r,, a, 
and v, For a fixed r,, there corresponds, to each pair (a, v) a pair 
(7, 91) (or several pairs (7, 9,), if the problem has more than one solution). 
Orbital transfers can be classified either according to the parameters 4a, v, 
or the parameters 7,9,. The first method of classification is convenient 
when the boundary-value problem is solved by reducing it to the Cauchy 
problem, and the second is used when the functional extrema are found 
by direct methods /5.18, 5.20, 5.21/. 

If the actual motion of the planets is taken into account in the calculations, 
one uses as parameters either the date of departure f and the flight duration 
time 7, or the departure date ¢, and the arrival date t,. The transformation 
ty, $3 <+ tf, Tis the very simple one T= t,—%t,t=t,. The relationship 
between the parameters ¢,, t, and 7,9, is determined from tables in the 
ephemerides of the planets, assuming the angular displacements of the 
vehicle and the destination planet at arrival time are equal. If the planets 
are assumed to move uniformly along average circular orbits, and the 
departure and arrival dates f and t, are reckoned from the time of opposi- 
tion of the planets, we can write the formulas for the transformation 
to t,< 7, p, in the form 


T =t,— ty, 
G, = Ot, — oft, + 2ns (s = 0,1, 2,...), (5.49) 


where a, and o, are the average angular velocities of motion of the departure 
and destination planets; sis a positive integer (the number of additional 
revolutions of the planet of larger angular velocity), the positive sign 
representing transfer to an external orbit, and the negative sign transfer 

to an inner one, 
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Note that the transfer from orbit 1 to orbit 2 can be converted to the 
inverse transfer (the mirror image) by formulas (5.16). The transformation 
from the dimensionless variables used in the text is performed as usual. 

The characteristic magnitudes used for the average circular orbits of Venus, 
Earth, and Mars are given in Table 5.3. 


TABLE 5.3, Characteristic magnitudes in the heliocentric coordinate system 
for average circular orbits of Venus, Earth, and Mars 


lp km/seG ge,m/sec”| Jer Ye» 


r-m"/sect 


Planet 


days 
Venus 408.1-40° | 35.7] 35.04 | 4.144-10°2 | 399.6 1.303-40-4 
Earth 4149.5-40° | 58.14 | 29.76 | 0.597-40°% | 177.6 0.356.104 
Mars 227.8-10° |109.3 | 24.44 | 0.257.10-2 61.9 0.066 -10-8 


188 5. Solution of the boundary-value problem (5.48) by the method of the 
"transport" trajectory. The boundary-value problem (5.48) for optimum 
orbital transfer was solved either by selecting the missing initial con- 
ditions in the equivalent Cauchy problem /5.4, 5.5, 5.12—5.17/, or by 
the method of the "transport" trajectory /5.1, 5.25/. 

In the second method, a Keplerian trajectory passing through specified 
points of orbits 1 and 2 is selected. It is assumed that the motion to be 
determined differs only slightly from the Keplerian motion, so that the 
equations of the variational problem can be linearized in this neighborhood, 
A boundary-value problem is set up for the system of linear differential 
equations. 

Let 2 (), y(t) be a plane Keplerian trajectory (called transport 
trajectory) which passes through the specified coordinates r, and r, at the 
beginning and end of the motion. We choose the z-axis normal to the plane 
of the transport trajectory, and represent the true trajectory in the form 


eal Ok y=yOty, 2z=6 (5,50) 


Assuming the functions £, yn, to be small, we linearize equations (A. 1) 


£= (E)"24+ (BE )Paten 
i= (iem)"8+ (Gp) at on oD 


FH — (ae? + (YP E+ ae, 


where U = —1/r is the field potential X = aU/éz, Y = dU/éy, Z = AU/éz 
(= VP TPT. 

The second derivatives (@U/dz*)®, (®U/dz dy), (#U/dy*) are functions of 
time calculated along the known transport trajectory : 2 (t), y(t). We 
represent the Keplerian trajectory in terms of the osculating element, 
where p is the focal parameter, ethe eccentricity, o the longitude of perigee, 
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and @ the true anomaly (cf, Appendix); the coefficients in the linear 
equations (5.51). will then have the form 


(@U ja22) = — (7-94 — 3cos* u), 
(@U jaz ay) =(r™y%3 sin ucosu, 

(8°U J ay?) = —(r™ > (4 —3 sin? x), 
(7 = p /(1 + 8cos #), u= 8+ 0”), 


(5.52) 


The formulation of the variational problem is preserved under the trans- 
formation to the transport coordinate system; as before, it is necessary to 
find the minimum of the initial functional 


T 
J = (2+ a5 + ab)dt. (5.53) 


0 


This is due to the fact that we selected as transport trajectory the 
Keplerian trajectory, i.e., the trajectory of passive motion. Therefore 
in equations (5.51) we have the total value of the acceleration, rather 
than contributions to the thrust acceleration. 

The boundary conditions for equations (5.51) are 


(0) = (0) = €(0) = E(T) = n(T) = C(T) =9, 
E(0) = up — 2, 4(0)=%—y, £(0) =m, (5.54) 
ET)=u— 2, 1M=a—9, ET) =un 


where us, Ug Wo Uy, YW, are given (components of the orbital velocities 
of the planets), and z®, y, 2, y® are calculated at the beginning and end of 
the transport trajectory. 

Thus, in the transport coordinate system the motion starts from the 
zero point with a given velocity vector, and after a fixed time interval it 
ends at the same point with a different given velocity vector. The initial 
and final velocity vectors are equal to the differences between the orbital 
velocities of the departure and destination planets and the velocities at 
the beginning and end of the transport ellipse, 

If the thrust acceleration is much higher than the gravitational accelera- 
tion, equations (5.51) can be simplified (first approximation) to 


—=a,, N= dy, t=a,. (5.55) 


These equations coincide with the equations of motion in a gravitation- 
free field (A.53). The general solution of the equations of the variational 
problem (5.53), (5.55) is given by (5.30). The integration constants are 
determined from (5.31), in which, according to the boundary conditions 
(5.54), it is necessary to write r, =r, = 0, vo = (€ (0), 10), € (0), vi= 
=(E(7), (7), €(T)). In vector form, where p = (£, 9, ), this solution is 
written as 


a(t) =6 (60 + P2) gar — (2Fo + 1) 
P(t) = (Po+ bx) pr — (20+ Pr) + Pots (5.56) 
J =F (9) — (po: 61) + pil. 
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FIGURE 5.8, Shape of optimum trajec- 
tory of Earth— Mars orbital transfer in 
transport coordinate system (arrows show 
direction of motion, dots give time 
spread in days, total time T = 212 days). 


Figure 5.8 shows an ideal orbital transfer 
trajectory in the transport coordinate sys- 
tem /5.1/. The calculation was performed 
using (5.56) for the Earth —Mars orbital 
transfer. The departure date was 27 Sep- 
tember 1960 and the time of flight 212 days. 
The orbits of Earth and Mars were assumed 
to be coplanar (€=0). The boundary con- 
ditions (5.54) are in this case — (0) =n (0)= 
= §(T) = n(7) = 0, & = -0.0145, 4(0) = 
= -0.1283, §(7)= 0.0769, 4(T) = — 0.1099. 
(The velocities are expressed as fractions 
of the orbital velocity of Earth at departure 
time.) It is seen from the figure that the 
maximum deviation of the trajectory from 
the beginning of the transport coordinate 
system (~8 million km) is small compared 
with the radius of the Earth's orbit (150 
million km). 

In more accurate calculations one must 
take into account, in addition to the thrust 
acceleration, the linear terms of the 
gravitational acceleration of the Sun 
(second approximation), caused by the 
displacement of the moving point away 


from the origin of the transport coordinate system (5.51). 
The Euler equations for the extrema of functional (5.53), written in 
accordance with the general formulas (5.5), are, in this case, given by 


i= (Be) ont 


J Sa (fe) (BE) 


(5.57) 


a, = — [(2) + (yO? ]-™ ay. 


The derived system of linear differential equations, (5.51) and (5.57) 
with coefficients given by (5.52), is integrated by quadratures (cf /5.1/). 
The accuracy of the first and second approximations is illustrated by 


"00 890 200 20 p,dvg 


FIGURE 5.9. Relative error in functional 
for second approximation of the transport 
trajectory method, vs. angular Tange of 
flight (Earth — Mars and Earth— Venus 
orbital transfers), 


Table 5.4, in which some parameters 
of the optimum trajectories of Earth — 
Mars and Earth — Venus orbital transfers 
are given (taken from /5.1/). The firstand 
second columns show the duration and 
angular range of the flight; these are 
followed by the values of the functional 
of the dynamic problem, J, and the 
initial, a,, and final, a,, values of the 
thrust acceleration. Three values are 
given for each of the last three parameters 
listed. These are obtained from the first 
and second approximation and by numerical 
integration of the exact equations respec- 
tively. 

It is seen from the table that the method 
proposed is highly accurate. Its accuracy 
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TABLE 5.4. Accuracy of the transport trajectory method when calculating optimum transfers between orbits of 
planets (error relative to exact solution given in parentheses) 


gz, m*/sec® a,, mm/sec” a,, mm/sec” 
2 
= T, days | #, deg first | second | third first | second | third first | second | third 
approxi-| approxi-| approxi-| approxi-| approxi-| approxi-) approxi-| approxi-| approxi- 
Mation| mation | mation | mation | mation | mation | mation | mation | mation 
2 60.88 71.29 3.80 4.64 4.08 4.54 
Bf 10 | 9.08 |e sey (ots 969, 72 tos eects 96 | 47 | @.8 99[ adm) 448 
! 
"a4 9.33 | 14.53 1.24 | 4.54 1.22 | 1.44 
5 2] 147-38 |49.3°95) (0.09 %)] 44-4 [20.4 95)| (0.68 94) 1°52 (44.7 %)| (0.7 %)) 143 
3.60 3.23 0.64 0.89 0.62 0.40 
222.65 M495 4) |(0.94 %)| 3-29 |(30.4 96) | (4.1 96) | 9-88 |ra7.6 %6)| (4.8 %)| 9-4? 
19.03 28.44 2.09 1.85 2.51 4.02 
g | 14 | 136-35 (o7 8 9%) |(0.04 %)| 76-43 [43-6 %)|(0.5% 96) 184 |a8.5 %)| (1.5 %)| 4% 
v 
> 
12.65 11.98 1.5 4.28 1.29 2.25 
L | 220 | 234.79 W44'3 “oy |K5.3°%) | 14-38 [(a0.4°96)] (9.6.9) | 1:15 [e42.4 96)|(0.45 9%)| 2-74 
8 
ww 
15.45 10.39 1.58 1.49 1.37 2.04 
240 | 255.05 lgs's my [41.5 %)| 9-32 [51,9 4) [44.4 %)| 4-4 (29.7 9%] (3.4 %)| 1-98 
I 


increases with a decrease in flight time, since this leads to an increase in 
the thrust-acceleration level, and the optimum trajectory approaches the 
momentum transfer trajectory (which is taken as the transport trajectory). 
With increasing angular range the accuracy of the method drops (cf. 
Figure 5.9 from /5.1/); an increase in the radial displacements has the 
same effect, It is suggested in /5.1/ that in the case of large angular 
ranges the accuracy of the method can be improved by constructing the 
transport trajectory from several ellipses instead of only one. 

6. Numerical results of the boundary-value problem (5.48). Figures 
5.10 to 5.13 give examples of transfers between the coplanar circular 
orbits 7, = 1 and 7r,= 1.52 (Earth orbit — average Mars orbit, Figures 5.10 
to 5.12), and 7, = 1 and r,= 1.38 (average Venus orbit ~Earth orbit, 
Figure 5.13) /5.4/. Each of the figures shows the trajectory y (z), the 
control function of the thrust-acceleration magnitude a@(), and the hodograph 
a, (4;). On both the trajectory and the hodograph the time is marked in 
increments of At = 0.2. The captions of the figures give the integral 
characteristics of the flight, as well as the initial values 4,5, arctg (dro/@yo) 
necessary for solving the Cauchy problem, All parameters are dimen- 
sionless. 

For large values of the parameter a, (Figure 5.10) the function a (é) and 
the hodograph a, (a¢,) resemble the corresponding relationships for two- 
dimensional motion in a gravitation-free field (cf. (5.30)), namely, 


x = Dyxt + Byry Ay = Dyyt + byy. (5.58) 
In fact, the larger the thrust acceleration, the smaller the effect of 


the gravitational terms in the equations of motion, and the better the 
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approximation of the central field by the gravitation-free field. According 
to (5.58), a(t) is represented by a hyperbola, and the hodograph 4a, (a,) by a 
straight line. , 

This property is preserved up to 4,~1 (Figure 5.11). With a further 
decrease of the thrust acceleration (Figure 5.12), the optimum programs 
a(t)and a, (a;) become substantially different from (5.58). The trajectory 
of the motion is transformed from a curve with a turning point into a 
smooth curve, tending in the limit to a spiral. The hodograph a, (a,) is 
transformed into a circle. This limiting solution is similar to the one 
described in §§ 2.2, 2.3. 

We note a property of the trajectories of optimum transfer associated 
with the parameter v. According to (5.14), the case v = 0 corresponds 
to a transfer with an unspecified angular displacement (cf. curves 1 in 
Figures 5.10, 5.11, 5.13, and curves 1, 2 in Figure 5.12). Such orbital 
transfers are possible only for a definite (optimum) position of the planets 
in their orbits; the optimum departure dates recur at intervals equal to the 
synodic period. In addition to the above-mentioned paper /5.4/, data on 
orbital transfer with optimum angular displacement can be found in /5.1, 
5.5, 5,12—5,17, 5.25/. 

At v = 0 and r,= 1,52 the ratio 9,/7 (the average angular velocity) is 
approximately equal to 0.75—0.76 for all a,in the range studied (0.02 < 
<a,<4). With a decrease of the parameter v the average angular velocity 
increases (Figure 5.14), and the trajectory enters the orbit closer to the 
center (cf. trajectories 2 in Figures 5.10, 5.11); with an increase of v the 
average angular velocity decreases and the trajectory escapes beyond the 
external orbit (cf. trajectory 2 in Figure 5.13). 

Let us now examine the dependence of the functional J on the flight 
parameters. For flights with an optimum angular displacement (v = 0) 
the dependence of the functional J on the time Tf in the range of practical 
interest is similar to relationship (5.33) for the displacement maneuver 
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“0 05 0 OY rr a aes 
FIGURE 5.14. Influence of parameter v on FIGURE 5.15. Functional J as function of flight 
average angular velocity 9,/T and duration duration T for orbital transfers with optimum 
T of an orbital transfer (transfer from the angular displacement (v= 0). The solid curve 
Earth orbit to the Mars orbit, where r,= 1.52, represents the Earth— Mars flight for circular 
initial thrust acceleration ag = 1, dimension- coplanar orbits; the dashed curve shows, for 
less parameters), comparison, the displacement between points 


of rest £ = 0,487 in a gravitation-free field; 
dimensionless parameters, 
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between points of restina gravitation-free field (cf. Figure 5.15, based 

on the data of /5.4, 5.5, 5.12/). This further substantiates the fact that 
for sufficiently short flight duration (at high thrust accelerations) the 
gravitation-free field closely approximates the central field. Figure 5.16, 
taken from /5.20/, shows the dependence of the functional J on the para- 
meters T,9,, as obtained by the method of steepest descent (cf. Part III). 
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FIGURE 5.16, Functional J as function of flight duration with 
different angular displacements T for orbital transfers (Earth — Mars 
flight for circular and coplanar orbits, dimensionless parameters). 


The parametric calculations conducted in /5.16/ by Newton's method 
(cf, Part III) revealed an interesting type of nonuniqueness in the solution 
of the boundary-value problem. Figure 5.17 shows the functional for 
Earth —Mars flights (allowing for the real motion of the planets) as a 
function of the departure date and the flight duration. Two families of 
curves, I and Il, corresponding to two optimum departure periods 
(family I; January—April 1969, family II; March—July 1971) are 
presented. The points of intersection of the curves of the two families 
having equal flight durations (September —October 1970) represent the 
points of nonuniqueness in the solution of the boundary-value problem 
for system (5.5). In fact, at these points the time 7, the initial and final 
values of the coordinates and velocities, and the value of the functional 
coincide. An example of two flights identical in these integral character- 
istics but differing in their trajectories and thrust accelerations is given 
in Figure 5.18, Another type of nonuniqueness in the solution of the 
boundary-value problem for optimum flights will be noted in § 2.7. 

All results given above were obtained assuming a central field. 

The relative error caused by neglecting planetary attraction forces is 
of the order of 1073 to 1074 (cf. /5.4/). 

A larger error is caused by neglecting the ellipticity of the planetary 

orbits. This is illustrated by Figure 5.19 from /5.15, 5.16/, which gives 
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FIGURE 5.17. Functional J as function of departure date for different flight durations 
of Earth ~— Mars flights (actual orbits of planets), 


data about the transfer from the circular orbit of the Earth to the coplanar 
elliptic orbit of Mars (solid curves 1 and 2). The lower curve 1 corresponds 
to the attainment of the best point of the elliptic orbit of Mars, and the upper 
curve 2 to the attainment of the least favorable point. The difference 
obtained between the corresponding values of the functional is considerable. 
Calculations conducted for the average circular orbits give a value of the 
functional lying between these two extremes (cf. the dashed curve 3 on 
Figure 5,19). 
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FIGURE 5.18. Example of two optimum Earth— FIGURE 5.19. Influence of ellipticity of 
Mars trajectories belonging to different families planetary orbits on functional for Earth— 
(I and II, cf. Figure 6.17), with coincident Mars orbital transfer; 


departure and arrival dates, initial and final 
points, and functional. Arrows indicate optimum 
program of thrust-acceleration vector; acceleration 
scale given in lower right-hand corner. 


1) transfer at “best” point of elliptic orbit 
of Mars; 2) transfer at "worst" point of 
Mars orbit; 3) transfer between average 
circular orbits, 
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The allowance for the noncoplanarity of the orbits has a weak effect on 
the integral characteristics of the flights (cf. Table 5.5 from /5.16/, and 
also data in /5.14, 5.25/), 


TABLE 5.5. Influence of noncoplanarity of Earth and Mars orbits on functional of orbital transfer problem 
(@ = 184 days) 


J, m*/sec® 


Departure Departure three- two- Error 
date i date dimen- dimen- | 4-4, 400 ¥, 
1971 sional sional sional sional ca : 

(1971) trajectory | trajectory (1971) trajectory | trajectory 


a1 


vs 


14 February 
2 March 2.1 
18 March 1.4 
3 April 0.80 
19 April 0.42 
5 May 


13 May 


The results of systematic calculations of the optimum trajectories of 
orbital transfers for different planets of the solar system (Earth —Mercury, 
Earth—Venus, Earth—Mars, Earth—Jupiter, Earth—Saturn) can be found 
in /5.13—5.18, and 5.25/, 

The data given in § 2.2 and here make it possiple to determine the 


, parameters of the optimum one-way trajectory ''Earth satellite—Mars 


satellite’, To that end we use the following approximations: for zero 
energy build-up from a circular orbit 7,= 1 (Figure 5.6), J (T) = (0.895)7/T, 
and for transfer betweencircular coplanar orbits r,= 1 and 7,= 1.52 with 
unspecified angular displacement (Figure 5.15) J (1) ~ 12 (0.487)/T? (dimen- 
sionless variables), We assume circular orbits at an altitude of 300km 


‘for the satellites, and consider the transfer trajectory to be two-dimensional. 


Substituting the corresponding characteristic values of the functional J, 
and the time ¢t, from Tables 5.1 and 5.3 in the approximate formulas, we 
obtain: 

for the acceleration in the Earth's field 

Ju, [m?/sec?) = 5-10%/T7., [days], 
for the orbital transfer Earth —Mars 
J, [m?/sec?) ~ 109 7, [days] , 
for the deceleration in the Mars field 
J [m?/sec*] = 10/7, [days]. 
The total flight time 7, = T,, + T,; + T. is given, but the departure date is 


not fixed; it is required to find the distribution of this time among the three 
sections of the flight which minimizes the total functional Jo =Ja + Ji +J,. 
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Performing this calculation, we obtain the following expressions for the 
optimum times T,,, 7,, [4 and the minimum value of the functional J,: 


Ty [days] = 10%, 7, [days] = 2.783-10°r, T_, [days] = 7, [days] — 
— 10? (x2 + 2.7837) (v= ve 922 + 0.691-10T,, [days] ay — 0.96), 


F aay 4.63 
Ja [m?/sec*] = 2453 + F aa ETT ; 


the optimum angular displacement of the orbital transfer is then equal to 

g, [rad] =~ 3.62. In view of the reversibility properties (5.16), the 

formulas obtained also apply to the flight "Mars satellite — Earth satellite" 
. (it is only necessary to replace 7,, by T and T_, by Ty). 

202 7. Round-trip interplanetary trajectory. In the problem of the round- 
trip interplanetary trajectory the total flight time 7, and the time of sojourn 
on the destination planet 7, are specified; the departure time from the 
initial orbit is unspecified (cf. § 2 of the Appendix). The kinematic para- 
meters of the elementary maneuvers forming the interplanetary trajectory 
are not defined separately. Here it is necessary to find the optimum flight- 
time values for the maneuvers of both zero energy build-up and deceleration 
in the field of the planets as well as the flight time and the angular displace- 
ment for the outbound and return trips between the orbits of the planets. 
The selection of the optimum values for deceleration and zero energy build- 
up in the field of the destination planet are not examined here (these times 
are included in the fixed time 7). The energy expended in performing 
these maneuvers is similarly neglected. The orbits of the planets are 
assumed to be circular and coplanar. 

Let the time for zero energy build-up and that for deceleration near 
the departure planet be specified; the problem then reduces to determining 
the optimum kinematic parameters of the round-trip orbital transfer. 
The values specified here are the initial and final radii, the velocity 
projections for outbound and return transfer, and the sums of the angular 
displacements and of the flight times* (cf. (A.61), (A.62)). In order to 
determine the optimum distribution of the total angular displacement 
9, + @, and the total time 7, + 7, between (1) the outbound, and (2) the 
return transfers, we make use of the condition that the part of the first 
variation of the functional outside the integral must vanish. In our case 
the functional is the sum of the two integrals (5.9) corresponding to the 
outbound and return flights 


Ty, 
Sit Ja = 9 rare +4 + 


+ (pr + 2pr)?] de 
Te a 
+ { [(7 — rg? + A/r2)2 


7TO)=1, @@)=0, 70) =O FO)=1, + 
7(T:) =r, 0(T1) =e 7(Tr) =9, @ (T:) =—nvh (5.59) 


2 - 
+ (gr + 2gr)?] dé FO=n. 9O)=0, TO)=0, SO=r le 
F(T) =1, 9(Ts) =O, r (Ts) =0, (Ts) =2 - 


* If,,in addition, the departure date is specified T, + Ta, Py —@,T; and @, — @,7', will also be determined. 
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In accordance with (5.14), the required terms of the first variation 
of (5.59) are written in the form /5.4/ 


87, + 8, = —2 (v,Sq, + 57, + vdp, + A67,)- (5.60) 


203 If the sums (9, + q,), (7; + 7,) are given, the conditions for (5.60) to vanish 
will be*« 


Vp = Var Ay = Ae (5.61) 


Equalities (5.61) are satisfied if we consider a symmetrical return flight 
(cf. (5.16)); then 9, =q,, 7,=T7,,J,=J,. However, it has been shown by a 
number of authors (/5.2, 5.13, 5.15, 5.20, 5,21, 5.36/) that this does not 
always lead to an absolute minimum for the sum of the functionals J, + Jz. 

Conditions (5.61) can also be satisfied for symmetrical outbound and 
return flights. The solution of the boundary-value problem (cf. (5,13)) 


T=0,, 
2 
; v 
Vy = Op + — ay Ur (To) = Voy Ue (M1) = eas 
2,0 
Ve = g———, Ve (7) = Voor Vo(71) = Vers (5.62) 


=~ (sete) +e(2— 5) av], 


r r? 


: 4 
Ag = — (2Q¥, — 2a,V— + ¥) 


with fixed parameters 4 and v yields two families of integral curves 

v, (r), Ve (7), a, (r), de (r) and therefore two pairs of values for p, and 7, i.e., 
the boundary-value problem (5.62) does not have a unique solution. In order 
to illustrate this fact, consider the curve v (A). In Figure 5.20 we have 
plotted, in (v, 4) coordinates, the lines of equal angular displacement 9, 

for transfers between the orbits of Earth and Mars /5.20/. (The relation- 
ship J (T) for the same values of 9, was shown in Figure 5.16.) The inter- 
section of the curves in Figure 5.20 indicates the nonuniqueness of the 
solution of (5.62), i.e., the conditions of optimum conjugation (5.61) can 
also be fulfilled for nonsymmetrical trajectories. 

We shall give an example of an asymmetrical round-trip flight for 
which the functional value is 16% lower than for the corresponding sym- 
metrical flight; the parameters of the symmetrical flight are 7; = 7,= 
= 1.88, 9, = 9, = 2.14, J, + J, =3.80; the parameters of the asymmetrical 
flight are T,= 2.41, 7, = 1.35, 9,= 3.14, 9,= 1.14, J, +J,= 3.20. The 
total time and the total angular displacement are the same for the two 
flights, and are given by 7,+7,= 3.76, 9, +9, = 4.28. 

204 The optimum distribution of the given total time and angular displace- 
ment between the outbound and return flights is found after solving the 
problem of minimizing the sum J,+ J, with respect to the arguments 
9, T, for 9, +9,= const, 7,+7,= const. This is done in /5.17/ for the 
flight Earth— Mars —Earth employing a wide range of parameters. The 
results obtained there will be used below. 


* For a given departure date, conditions (5.61) are replaced by (v, — V4) @a + (A, — Aq)= 0 (cf. note 


on p. 144). 
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FIGURE 5.20, Lines of equal angular displacement g, in (v, 4) coordinates for Earth— Mars 


orbital transfers, 


The minimum of J,+J, is calculated in terms of the departure date 
from the Earth orbit t, (reckoned from the date of opposition between Earth 


4th, m/sec? 


559-480 -400 -220 “240-160 ~80 Oly days 
FIGURE §.21. Total functional J, + J,for a round- 
tip flight between the orbits of Earth and Mars, as a 
function of the departure date t, (date of opposition) 
for different distributions of the specified total 

time T, + T,= 496 days between outbound, T;, and 
return, T,, flights: 


1) T1= 152 days, T,= 344 days; 2) Ti= 168 days, 
T= 328 days; 3) T1= 184 days, T,= 312 days; 

4) T,= 200 days, T,y= 296 days; 5) T1= 216 days; 
T= 280 days; 6) T1= 232 days, Ts = 264 days; 

1) T1= 246 days, T= 248 days (fixed time of so- 
journ in the vicinity of Mars T= 9). 
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and Mars) andthe time of outbound 
flight 7, (t and @, are related 
by (5.49), where we must assume 
that T=7,). Figure 5.21 showsa 
typical example of the dependence 
of the total functional J,+ J, on f, 
and 7, for a given total time 
T,+ 7, = 496 days and a time of 
sojourn in the field of the destina- 
tion planet givenby T,=0. The 
minimum of J,+ J, in this example 
occurs at 4, = —85 days, T,= 
= 184 days (cf. curve 3), i.e., 
here too the optimum flight is 
asymmetrical. The influence of 
how the time 7,+T, is distributed 
between the outbound, 7,, andreturn, 
T,, flights on the functional J,+ J, 
is illustrated in Figure 5.22 (the 
time of sojourn near Mars is fixed, 
T,. = 0, and the departure date at 
each point is an optimum). It is 
seen that the symmetrical flights 
(T, = T, represented by the dashed 
line on Figure 5.22) become optimum 
when the total time 7,-+ T, is reduced. 
Figure 5.23 gives the optimum 
time 7, of the outbound flight asa 
function of 7,+ T, for fixed values 
of T,. The negative values of T, 
are introduced formally so that the 
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FIGURE 5.22, Values of the total functional J,+J,, minimized 
relative to the departure date, for an Earth—Mars—Earth orbital 
transfer as a function of the duration of an outbound flight T, for 
fixed values of the total time T, +73. Ti: +T: = 16 days; time 
of sojourn in vicinity of Mars T ,= 0; dashed line corresponds to 
a symmetrical flight T, = Te. 


205 corresponding relationships are monotonic. In order to obtain the true 
values of 7, it is necessary to add to the synodic period (which, for the 
Earth and Mars, is about 780 days) these negative values, 

The functional J, +J,, minimized with respect to 7, and ¢,, is given 
in Figure 5.24 in the form f(7,+7,,7.). This relationship, together 
with Figure 5.23, represents the entire problem of the optimization of 
the round-trip interorbital flight. The envelope of the lower curve, 
represented by a dashed line on Figure 5.24, corresponds to a flight with 
unspecified (optimum) time of sojourn in the neighborhood of the destination 
planet (v, = vy = 0). 

We now proceed to the problem of determining the optimum times of 
zero energy build-up 7,, and deceleration 7_; in the field of the Earth. In 
the first place, these times must be equal to each other. In fact, the 
initial and final orbits of the Earth satellites are assumed to be identical, 
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FIGURE 5.23. Optimum time 7; of transfer from 
Earth orbit to Mars orbit as function of the total 
time T, + T,0f the outbound and return orbital 
transfers for fixed values of a sojourn time near 
MatsT (for Ty < 0, add 780 days). 
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FIGURE 5.24. Minimum value of the total functional 
J,+J,(minimum for ¢, andT,) for an Earth—Mars— ~ 
Earth orbital transfer as a function of the total time 


T,+T eof the outbound and return flights for fixed 
values of the sojourn time near Mars T(dashed line 
corresponds to flights with T,unspecified; for Ty <0, 
add 780.days). 
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and therefore the energy expenditures for the maneuvers of zero energy 

208 build-up J,: and of deceleration J_; are expressed by the same function J (7) 
in view of (5.16). This function, calculated in § 2.2 (cf. Figure 5.6), is 
monotonic and has a positive second derivative. It can be shown that for 
such functions the minimum of the sum of two vaiues of the function for 
a given sum of the arguments (i.e., the minimum of J (Tu)4+ J (T — Tx) 
with respect to 7,,) is achieved when the arguments are equal (7T,,; = T_, = /,7). 


/ 2 4680 A so we, cy 
FIGURE 5.25. Functional J,, for maneuvers of zero 
energy build-up and deceleration in gravitational fields 
of Earth and Mars as a function of the maneuver time 
T4,, calculated by the approximate formula (5.65) 
(dots represent exact values taken from Figure 5.6, 
300-km high circular orbit). 


Thus, the total time spent on the maneuvers of zero energy build-up 
and ofdeceleration in the field of the Earth is equal to 27,,, and the 
total functional to 2J,,. It is now necessary to find the minimum with 
respect to 7, of the total functional 


Jo = Way + V1 + JQ) (5.63) 
for a given total time of flight 
=P at(TytT) +7 (5.64) 
(the time of sojourn in the vicinity of Mars Tf, is also specified). 


The dependence of J, +J,on 7,+ 7, and f, is shown in Figure 5.24; 
the relationship Ji: (Ts) is represented by the approximate formula 
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(given: in dimensionless'variables; where: the-transition to ‘dimensional 
variables is performed by Table: 5.1) 


J = 0.3934T,2, (5.65) 


derived under the assumption of a constant tangential acceleration (cf. (6.48)). 
The results of calculations which employ (5.65) are very close to the exact 
results, and therefore also to the optimum ones (cf. Figure 5.6). In 

Figure 5.25 the results of the approximate and exact formulas are compared 
for a 300-km high circular orbit of an Earth satellite. (This orbit is used 
in the following calculations.) In the same figure a line corresponding to 

the circular orbit of a Mars satellite at the same altitude has also been 


drawn (we recall that the energy expended on the deceleration and accelera- 
tion maneuvers on Mars is neglected). 
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FIGURE 5.26. Optimum time T,, of zero energy FIGURE 5.27, Full functional Jg = 23+, + J, + J2of the 
‘build-up in gravitational field of the Earth (equal _ interplanetary Earth— Mars—Earth flight as a function of 


to the deceleration time) as.a function of the the total flight time Tg — Ty = 2 T,,+T1 + T2(total 
total time. T, + ‘Tz of outbound and return flights travel time T g minus the fixed time of sojourn T,, in the 
between orbits of the Earth and Mars.at fixed field of Mars; add 780 days when T,y< 0; dashed line 
values of the sojourn time Tg in the vicinity of corresponds to an unspecified T.). 

Mats (300-km high circular orbit; add 780 days 

when Tg <0; dashed line corresponds to an 

unspecifiedTy). 
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211 The equality 


dJy5 _ Fit Is) 0 (5.66) 
af... 4(T 4+Ts) 


must be fulfilled at the point where (5.63) has a minimum. We have obtained 
(5.66) by differentiating (5.63), and using (5.64) in the form 2d7,,= —d (Tf, + T,), 
Tf, = const, 7, = const. 

The first term of (5.66) was found by differentiating (5.65) to obtain 


ayy 
aT, 


= — 370.8T;}!" (5.67) 


(WJas] = m?/sec?, [14] = days, 300-km high orbit of an Earth satellite). 
The optimum time f,, was found by (5.66) for each pair of values 7, +7, 
and T., given by 


= og @ (Jy + Sz) ]-0-5228 ; 
7.4 = {—0.2697.10 Tl : (5.68) 


The derivative is calculated on the basis of the data used in Figure 5.24, 
The results of the corresponding calculations are given in Figure 5.26, 
The full functional J, = Wi+J,+ J, of the round-trip interplanetary flight 
Earth — Mars is shown in Figure 5.27 as a function of the time 7, — T, = 
= 27,,+7,4+ 7, (the total travel time 7. minus the time of sojourn 7, in 
the field of Mars) for fixed values of T.. 


§ 3. OPTIMUM MANEUVERS OF GUIDED SATELLITES 
WITH IDEAL POWER-LIMITED ENGINE 


This section presents the solution of the variational problem (5.2) for 
the following maneuvers in the vicinity of a planet: (1) rotation of the 
plane of a circular orbit; (2) variation of the radius of a circular orbit; 

(3) simultaneous variation of the radius and angle of inclination of a 
circular orbit. 

A common feature of all the maneuvers of guided satellites with power- 
limited engines is the small ratio between the thrust acceleration and the 
gravitational acceleration. This enables us to obtain an analytic solution 
by means of various approximation methods. The problems in this section 
have been selected in order to include the most useful of these methods, 

1, Rotation of the plane of a circular orbit. We shall determine the 
optimum thrust-acceleration program for the maneuver of varying the angle 
of inclination of the plane of the satellite's circular orbit (cf. § 3 of the 
Appendix) /5.27/, The thrust is perpendicular to the instantaneous plane 
of the orbit (along the normal, e= +1, or in the opposite direction, e = —-1); 
the angle i between the initial and final planes (the angle of rotation), the 
final position of the nodal line 2,, and the time of motion Tf are considered 
as given. To simplify calculations, the time T is taken as a multiple of 
the number of revolutions: T = 2ns, for s= 1, 2, 3,... (all parameters 
are dimensionless, cf. (A.2), where r,=r,). The initial orbit lies in 
the equatorial plane (Figure 5.28). 
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“ The variational problem considered is written in the form of Mayer's 
problem _ 
J = (ae), J (0) =0,: J (2ns) = min, 
%=aesin(t—Q1), 4(0)=0, (2x8) =0, 
© = aecos(t—Q;), (0)=0, w(2ns) =i 


(a(t) >0, e(t)= +1). 


(5.69) 


The derivation of the dynamic equations (5.69) is given in the Appendix 
(cf. (A. 94)); the latter are obtained from a system in osculating variables 
assuming that the angle of rotation i is small. 

Problem (5.69) will be solved by Pontryagin's method. Thus, we write 
the Hamiltonian and the differential equations governing the momenta 


H = — (ae)? + pxae sin (t — Q:) + puae cos (¢ — Q,), ! (5.70) 
Px = — 0H /dy=0, ps = —dH/d0 = 0. 


Here it has been assumed that the momentum corresponding to the 
minimized phase coordinate J is constant. This is in accordance with 
the generally accepted normalization procedure and its value has been 
taken as -1l. 

The control variables a and e appear in the differential equations (5.69) 
and the Hamiltonian (5.70) in the form of the product ae. The optimum 
program for this combination is given by the expression (from the condition 
for H to be maximum) 


ae = 1/, [p, sin (£ — 2,) + pacos (¢ — Q,)). (5.71) 
The optimum control variables @ and e are given by the expressions* 


Seyi ae ee (5.72) 
a= /2| p, sin (¢ — Q1) + pa cos (t — Q,)|- 


Substituting the optimum law (5.71) in the equations of motion (5.69), 
and integrating to the final time 7 = 2ns, we obtain values of the constants 
p,and p, which satisfy the given boundary values in (5.69). These are 

Py = 0, Po = 2i/sx. (5.73) 
Then 
ae = (i/sx) cos (t — Q,), (5.74) 
and the value of the control functional J will be 
J (1) = ®sn = 28/T (fT = 2ns). (5.75) 
The optimum control function of the thrust acceleration (5.74) in the 


course of one revolution is shown in Figures 5.28 and 5.29. According to 


The function sgn z (the sign of z) is defined as sgn z = + 1 for z >0, sgn z=0 for z=0, sgn z=-1 
for zs <0. 
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(5.74), the magnitude of the acceleration has a maximum when passing the 
final position of the nodal line. The thrust-acceleration vector changes 
direction twice per revolution, namely when a(t) vanishes. These points 
are shifted through 2/2 from the maxima. 


orbit 


Zz 
FIGURE 5.28. Scheme of the rotation maneuver FIGURE 5,29. Optimum thrust-acceleration pro- 
of the plane of circular orbit; arrows indicate the gram for rotation of plane of a circular orbit in a 
optimum program of the thrust-acceleration vector, central field (acceleration normal to the instan- 


taneous plane of the orbit, e= 41, a= magnitude 
of the acceleration, dashed line represents program 
shown for comparison), 


The value of the control functional J is independent of the position of 
the nodal line of the final orbit (i.e., of the angle Q,). The dependence 
of the functional on the time of execution of the maneuver is the same as 
for the problem of velocity build-up in a gravitation-free field (cf. (5.30) 
and curve uw in Figure 5.2). If, instead of the optimum thrust-acceleration 
program (5.74), we consider an acceleration of constant magnitude with 
simultaneous changes of direction ae = (i/4s) sgn cos (¢ — Q,) (dashed line 
on Figure 5,29, cf. § 4 of Chapter Thirteen), the value of the functional 
will increase by a factor of 1.23 to become J = #n/8s. We recall that the 
results of this section were obtained under the assumption that the 
maneuvering time is an integral multiple of the number of revolutions, namely, 
T = 2ns. 

2. Transfer between coplanar circular orbits. The problem considered 
is a particular case of the problem of orbital transfer (§ 2.2). The para- 
meters specified are the time of motion and the radii of the initial and final 
orbits. The initial and final velocities are circular (cf. (A.58)); no angular 
displacement is specified (v= 0), The final orbit is considered as external 
relative to the initial one, and by means of the transformations (5.16) all 
the results can be converted to the inverse cases, 

If the thrust acceleration is small compared with the gravitational 
acceleration, it is possible to use the approximate solution (5.44), (5.46), 
(5.47) in § 2.3. According to this solution, the optimum program of the 
thrust-acceleration vector (5.46), (5.47) (for a <1) is such that the 
acceleration magnitude is almost constant, and its direction is close to 
that of the velocity (whose vector here is almost directed along the 
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transversal). The magnitude of the acceleration a,is determined using the 
first relation of (5.44) with the final condition r(f) = r,, and is found to be 
given by 


1° 4 
= —f{ir— : 5.76 
ae (1 Vn ): (5:76) 
here and below all parameters are dimensionless (cf. (A.2) for r, = 7). 
The optimum trajectory is described by (5.44) with ea, given in (5.76}. 
The functional / is approximately 


4 i 1 (5.77) 


(cf. (5.45)). 

The expressions obtained here for J (7) and the optimum thrust-accelera- 
tion program are similar to those derived for the maneuver of velocity 
build-up in a gravitation-free field (5.32), The function J (T) has the same 
form for the maneuver of rotating the orbit plane as well (5,75), although 
the acceleration program there (5.74) is substantially different. 

We shall consider briefly the accuracy of the solution. The part of 
the functional J not allowed for in(5.77) has the value (cf. (5.45), (5.47), (5.76)) 


T 7 
(oy 8 AP, (5.78) 
7 rbpe 


the maximum value of the neglected thrust-acceleration component a, is 
(cf. (5.47), (5.76)) 


= = Su(Vai— 1th 5.79 
max a(t) = 0, (T) = ar, (5.79) 


The discrepancies in the radial-velocity boundary conditions (v,, = v,, = 0) 
are (cf. (5.44), (5.76)) 


v-(0)— r= YB—Y, (7) — og = (5.80) 


215 With the aid of (5.78) to (5.80) it is possible to determine the range within 
which the solution (5.44), (5.76) provides the required accuracy. 

We shall examine an approximate solution of the problem in which the 
model of a homogeneous central field was used (cf. § 1 of the Appendix 
and (5.34) to (5.37)). In this case there is no need to assume a small thrust 
acceleration; instead, we must assume that the radial displacement is small. 
The general solution of the equations of the variational problem in a homo- 
geneous central field was given in § 1 (cf. (5.35) to (5.37)). It remains only 
to substitute the corresponding boundary conditions. 

Before the maneuver starts and after it ends the motion must follow 
circular equilibrium orbits of specified radii. In a central field the 
equations of this motion in the (z, y) plane will be z(t) =rcos (r“t), y(t)=r 
sin (rt), r= const (cf, (A.3) for a4, =a,= 0). In a homogeneous central 
field this is replaced by z(t) =r cost, y(t)=rsin,t, r= const (cf. (A. 54) 
for a, =4a,= 0), Thus, the equilibrium velocity along a circular trajectory 
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of radius ris equal in the first case to -’*, and in the second to r (dimension- 
less variables). 7 $ Gone 

In accordance with what was said above, the vectors ro, Vg, r,, V, in (5.36) 
will have the following components in an ( z, y) rectangular coordinate system 
(Figure A. 4): 


To = (70,0), Vo = (0, 70), 
tT, = (7,608 G1, 71 Sin 91), (5.81) 
vi = (—rising,, 71 cos q;). 


It is assumed here that the initial point lies on the z-axis, By the 
formulation of the problem the polar angle 9, is not fixed, and therefore 
it is necessary to select its optimum value so that the functional J will be 
minimum. 

All variables are expressed as fractions of their value on a circular 
orbit of radius r,(cf. (A.2)), on which the approximate value of the gravi- 
tational acceleration is assumed to be equal to the actual value, In the 
field model used, the gravitational acceleration increases linearly with 
increasing radius, while in a central field it decreases with the square of 
the radius. A certain compensation for the errors resulting from this is 
possible by a suitable choice of 7,,* 

216 We shall assume for simplicity that the maneuvering time is a multiple 
of the period of revolution along the circular orbit of radius 7,. Substituting 
(5.81) in the last formula of (5.37), we obtain 


J = (A— 2rors cos pr + 73) (T =2ns, s=1,2,...). (5.82) 


This shows that the minimum of J with respect to 9, is attained when 
cos g, = 1. Using this relation, we write the expressions for the optimum 
program of thrust acceleration, the optimum trajectory, and the functional 
J (t), in the form (cf. (5.35) to (5.37), (5.81)) 


a, (t) = — fi(n—n) sint, 4@,(t) =F (r—r)cost, 
z(t) =[r + (1110) ]eost — 27 sint, 
y (t)= [ro-+ (r1—re) 7] sine (5.83) 


(O<t<T = 2us, s=1,2,...), 
J (1) =Fin—ny 


The resulting optimum thrust-acceleration program is identical with 
the solution of the problem previously considered. The constant acceleration 
magnitude is given by ¢ = Vai + a} = 2(r, — r,)/T and the direction coincides 
with the transversal a,/a, = —tgt = —tgg. If, instead of boundary conditions 
(5.81), we take here the ordinary boundary conditions for circular orbits 


In the substitution r, -> ~1r, it is necessary to alter all the dimensionless magnitudes in accordance with 
(5.15); the corresponding dimensional magnitudes will remain unchanged. A different method for 
refining the solution, based on numerical integration, is suggested in /5.10/; the thrust-acceleration 
program (5.37) is substituted in the exact equations of motion, and thc constant vectors ¢, and ¢ are 
selected according to the exact boundary conditions. 
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in a central field, there results a thrust-acceleration program greatly 
differing from the optimum one given by 


2 1 1 


a, = — = (r,—r) sint, a(t) = — 2 (= — 7) cost, (5.84) 


Compare the functionals (5.77) and (5.83); we shall designate the first 
by J@, and the second by J@), We rewrite J® in the same dimensionless 
variables as J (i. e., we take the characteristic values of the variables 
on the initial orbit, and not on the orbit of radius r,) so that 


yo = 4 (n-19 (5.85) 


IES 


Assuming that.r, —- 1 = Ar<1 we obtain 


(mm — 1% J@ — 4 (ry —1P 
4r* ep 


J® = (5.86) 


to an accuracy of the order of o (Ar). 

217 For equal r,and 7 the functionals will coincide if we take r,= 2,52. For 
this value of r, the values of the thrust acceleration also coincide (since 
a) (t) = const and a®(é) = const, cf. (5.76) and (5.83)). Formula (5.77) for 
the functional is corroborated in § 3.3, where it is obtained by a different 
method, namely, the traditional one of linearizing the equations of motion, 

3. Transfer between noncoplanar circular orbits of different radii. 

The radii of the initial and final orbits, r(0) = 1 and r(T) = 7,respectively, 
as well as the angle ¢ between their planes, are given. The time of motion 
is fixed, but the position of the nodal line and the escape point on the final 
orbit are unspecified. It is assumed that the initial and final orbits are 
close to each other, where |i| <1,]r,— 1|<1. (The variables are dimen- 
sionless, and the values of the corresponding parameters on the initial 
orbit are taken as characteristic values, r, = r,in (A.2).) 

To solve the problem, we use the linearization method in the neighbor- 
hood of the initial motion /5.28, 5.29/. We select a reference frame &, 7, € 
moving at equilibrium velocity along the initial circular orbit. The 
coordinates (£, 4, 6) are related to the spherical coordinates (r, gp, 9) (cf. 
Figure A.4) by the relationships 


E=t—g, n=r—1,0=8. (5.87) 


Using formulas (A. 4), (A. 6) for the transition to Cartesian coordinates, 
we can write the equations of motion in (8, 4, ¢) coordinates and formulate 
the corresponding boundary conditions. The deviations from the initial 
motion and their derivatives are considered to be small during the entire 
time of motion. The equations of motion are linearized, and likewise only 
the main terms are ‘preserved in the boundary conditions. 

Finally, the variational problem is written in the following form (see 5.2)): 


J=af+ai+4+a2, J(0)=0, J(T)=min, 


g=u, £(0) =0, & (7) = opt, (5.88) 
a=% 1(0)=0, a(f)=n—1, 
tau, $0) =0, (7) +wX(T) = 2, 
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u= a, + 2u, u(0)=0, u(T) = %2(ri—1), 
v=4,+3n—2u, v(0)=0, v(T)=0, (5.B8) 
w=a—t, w (0) = 0. 


The control functions a; (t), a, (t), oe (t) (the thrust-acceleration compo- 
nents) are not limited. The final value of the phase coordinate & is un- 
specified. The final values of the phase coordinates € and w are also not 
specified separately, but are related by the condition @(T) +w?(T) = #. 

Note that the fourth and seventh equations of (5.88), which describe 
motion in a plane perpendicular to the initial orbit, are independent of 
the remaining equations of motion (for the given approximation). In view 
of this, we can use the results of the two preceding parts of this section 
to form the required solution as a superposition of those already found. 
Here, however, we shall treat the problem independently, in order to 
corroborate the results of § 3.2 and demonstrate how the method is applied. 

Let us write the Hamiltonian 


H = — (af + a2 + a2) + peu + pav + pew + pula, + 2v) + 
+ Po(@n + 39 — 2u) + pu (az — 8) (5.89) 
together with the differential equations for the momenta (p; = —0H/dz;) 
in the form 
B= 0, Ba = —3Pvr Pc = Pus (5.90) 
Pu =— Pet 2p, Po=—Pa—-2Pur Pu= — Pee 


The optimum thrust-acceleration program is given by the relationships 
(dH /da, = 0) 


ag = Vepu, 2q = “/aPo, Oc = VePu (5.91) 


The equations for the momenta (5.90) are integrated independently of 
the main system (5.88), since the problem is linear, to yield 


pe=t1, Pu = 3e1t — 4c. cost + 
+ 4egsint + 3es, |. 
Pn = —6 (ext — eg cost + Po = 2(c1 + cpSint + cg cost), (5.92) 
+ ¢ysint + cs), 
Pe = 2(c, cost + egsiné), ip = — 2(c4 sin t — cg cost), 
where ¢,,...,cg are six unknown integration constants. These will be 


determined from the final conditions of (5.88) after the main system (5,88) 
and the optimum thrust-acceleration program (5.91) have been solved. 

In (5.88), some of the phase coordinates at the end of the motion are 
unspecified. We shall write the corresponding transversality conditions 
for them. The final value of the coordinate — is unspecified too, and 
therefore the momentum p;-corresponding to it must vanish at t=T. 

We thus obtain, in accordance with the first equation of (5.92), 


ec, = 0. (5.93) 


The final values of € and w lie on the circle @(f)+u* (Tf) = ## and from the 
condition for an optimum it follows that the momentum vector (pr, py) must 
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be directed along the radius (normal to the circle), i.e.,* 


Px (7)/E (7) = Pw (2) fw (7). (5.94) 


We now write the optimum control function of the thrust-acceleration 
components with respect to time, substituting (5.92) in (5.91), and taking 
(5,93) into account; this is expressed as 


Q(t) = cosint + egcost, 
ay (t) = — cq sint + cacost. 


Di aaa ea aE (5.95) 


After functions (5.95 have been substituted in the right-hand side of 
equations (5.88), this system of nonhomogeneous linear equations with 
constant coefficients is integrated to give the results 


J (t) =a (5e5 + 5c + "fac§ + cf + 05) t — 6cacy sin t + 
+ Geses (1 — cost) + ¥/2(3c3 — 3c3 — ct + ¢§) sint cost — 
— (3cecg + c4cg) sin*t, 
E(t) = c, [8 (1 — cos t) —5t sint] +c,(41sin t—5t cost —6t)— 
— cy [°/at? — 6(1 — cos f)], 
1 (t) = 5/ece (sin t — t cost) + cg [5/ot sint —4(1 —cost)} + (5.96) 
+ 3c, (sin? —t), 
C(t) = ecg (t cost —sint) + 4/seet sin t, 
u(t) = c,(3sint — 5t cost) + ey [5¢ sint — 6 (1 — cost)] — 
— ¢,(°/ot —6sint), 
v(t) = 8/e cet sin f + 4/ecg (5t cos t — 3 sin £) — 3c, (1 — cosf), 
w(t) = —/,egt sin t + 1/o¢g (Sin # + t cost). 


Here we have taken into account the zero initial conditions (5.88) for 
all phase coordinates. The third, fifth, and sixth final conditions in (5,88) 
define the constants cy, cs, ¢, (motion in the plane of the initial orbit); we 
obtain a system of linear algebraic equations for them. The fourth final 
condition of (5.88) and the transversality condition (5.94) yield a system 
of two quadratic equations for the constants ¢, and ¢, (motion in a plane 
perpendicular to the plane of the initial orbit). We select the roots of this 
system which ensure that J (T) is a minimum. 


The final expressions for the constants c,,...,¢, as functions of the 
parameters of the dynamic maneuver considered are 
_ 2(rm—1)sinT &y. —2(r; —1)(1—cosT) 
“a= fei —cosT)—T(ST FasinT)’ ©? = 16(4—cosT) —TOT--3sin 7)’ 
_ V2i(i—cos T) cg = /a(r1—1) (ST + 3 sin T) 
“="Ta sink] 8 = {6(—cosT)— T(5T +3sinT)’ 
V2isinT (5.97) 


“= G—cosT)( + |sinT |) 
(for T = dns, s=1,2,...:¢,= cg =cy= 0, cg = (1 —11)/3T, 
Cg = 2i/T). 


* In /5.28/, the erroneous formula p, (T) = 0 was used instead of condition (5.94); the correct formulas 
were derived in /5.29/. 
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Substituting (5.97) in the first equation of (5.96), the functional of the 
problem is given by 


= (r1—4)(ST + 3 sin 7) 2it 
I(T) = rer pean t)— 16a — cos Ty | FF [sn TT 
(7 (2as) = St 4 +>). (5.98) 


The expression obtained for the functional consists of two independent 
terms, the first of which is determined by the radius of the final orbit r,, 
and the second by the angle of inclination of its plane i. This sum is 
associated with the fact that in a linear approximation the equations of 
motion in the plane of the initial orbit are unrelated to the equations of 
motion in the perpendicular plane. 

We compare the functionals and the optimum thrust-acceleration 
programs obtained here and in §§ 3.1, 3.2. It will be assumed that the 
maneuvering time is a multiple of the period of motion along the initial 
orbit (Tf = 2ns, for s=1,2,...). The first term of the functional (5,98) 
coincides with J® in (5.86), and the second one with (5.75). With the 
aid of (5.97), the optimum acceleration program (5.95) becomes 

ag (t) = ae » 4,(t)=0,  ag(t) = Seost (5.99) 
(T = 2ns, s=1,2,...). 


Since a, = —a,, a, = a,, the first two relations of (5.99) give the optimum 
program (5.76) for the maneuver of changing the radius (with an accuracy 
of up to o (r, — 1)), and the last relation gives program (5.74) for the maneuver 
of changing the angle of inclination of the orbit plane (for 2, = 0). Thus, 
the complex maneuver of altering both the radius and angle of inclination 

221 of a circular orbit is formulated linearly as a superposition of two simple 

maneuvers, namely, changing the radius and then rotating the plane of 
a circular orbit. 

In addition to the solutions described above, many other solutions for 
the optimum maneuvers of guided satellites with ideal power-limited 
engines can be found in the literature. The differential equations are given 
in /5.30/, in which the final relations of the zero approximation for the 
optimum thrust-acceleration program are obtained when all the elements 
of the orbit°change. The maneuvers of transfer between circular and 
elliptical coplanar orbits of different radii, and of build-up of a specified 
energy, etc., are treated in /5.31—5.33/ onthe basis of Krylov — Bogolyubov's 
averaging method. The solution (5.95), (5.96) is used when studying the 
problems of optimum rendezvous of satellites /5.34/ and optimum inter- 
planetary transfers /5.35/. 


§ 4. PARAMETERS OF A VEHICLE WITH IDEAL 
POWER-LIMITED ENGINE 


1. Formulas for calculations. In order to calculate the optimum working 
regime of an ideal power-limited engine, and the optimum parameters of 
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the engine and the vehicle as a whole, it is only necessary to know the 
functions 


t 
a(t), J()= (oat (5.100) 


representing respectively the control function of.the thrust acceleration and 
the time integral of the square of the acceleration (cf, Chapter Four), 

To understand this approach, we summarize here the necessary formulas 
for the case of a single-stage vehicle (without jettisoning sections of the 
propulsion system). 

The weight parameters of the vehicle (G, = payload, G,» = weight of the 
working fluid, G,= weight of the propulsion system, G (= variable engine 
weight) are determined by the following relationships (cf. (4.6), (4.15) to 
(4.17)): 


G,, {kg) Gyo fhe] G, Tkg}) 

Zaig) OVO ao thgy VO aa tag = VOL Or each 
Gi) tke) _ [44 Golkg 4 : 

Go tke) — [! + a tigy ? 


(D, = O(F), O(t) = 0.5-10-e [kg/ kw] J (t) [m?/sec?)), 


where G, is the take-off weight of the vehicle and @« the weight of the 
propulsion system per unit jet power. 

The maximum engine power Nmax, the thrust program P (#), the exhaust 
velocity V(t), and the Buope ent flow rate q(t) are calculated by the formulas 
(cf. (4.2), (4.4)) 


— Sx tke] _P(ey[kg) __ 2 (¢)[m/sec?] G (t) [kg] 
Nmax [kw] = @ [kg/kwy *“Gotkg) ~~ 9-81  Go[kgl ' 


204 G,, [kg] /Go [kg] 5.102 
V (¢) [m/ sec] =o (ke/kw) P(t) kg) Jeo kg) ? ( ) 


9.81°10* P(é) [k; 
q(t) [g/sec} = Vii) AO ee 7 


We note that in order to calculate G,, Gy, G., it suffices to know the 
final value of the functional J (T), whereas when calculating G (¢), P ()), V (4, ¢ () 
we need both functions in (5.100). _ 

If the maneuver is split into rn consecutive stages, and the functions 
(5.100) are known at each stage, namely a (),J (1) OS t< TH, JM (0) = 0, 
and the time 1 and the functional J are measured at each stage from zero), 
the following expressions can be substituted in (5.101) and (5.102) for the 
functions a (f) and J (#) so that 


. a im 1 
a(t) = a) (t = py T), J (t) = p>» gy (rT) + yo (e — py r) 


for dre<i< 5 PO (hes A, css > =0, pr - T). 


(5,103) 


2. Optimum parameters of interplanetary vehicles. The solution of the 
variational problem of the Earth —Mars~—Earth flight (§ 2.7) will tell us 
something about the parameters of interplanetary vehicles with ideal power- 
limited engines. 
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For each pair of values of the total travel time 7, and the time of sojourn 
in the vicinity of Mars 7, we may find the final-value of the functional J 
from Figure 5.27. We then calculate G,/G,, G,o/G, G,/G, by means of (5.101) 
(where the unit weight « of the engine.is ‘specified). Figure 5,30, taken* 
from /5.17/, shows the dependence of the ‘maximum payload G,/G, on the 
time 7, —‘T.. for different values of the unit weight @ and the time Ty. 
The values of G,o/G, and G,/G, can be found from Figure 4.2 using the known 
value of G,/G,. 

If a payload level is specified, it is possible to find the corresponding 
minimum travel times from Figure 5.30. Such values are given in Table 5.6 
for G,/G, = 0.3. 


207, WoT days 


HO 20 0 600 0H 


UI, cx ¥, “Ty, days 
Vag 20 0 600 wad? "7 
c d 
FIGURE 5.30, Maximum payload G,/G, of Earth—Mars—Earth vehicle with ideal 
power-limited engine as function of the total travel time Tg — T'w for fixed 

values of unit engine weight a and sojourn time Tq in the field of Mars. 
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TABLE'5.6, Minimum times 7, of Earth Mars— 
“Earth ‘expedition. at 30%: payload level for 
different values of a (unit engine weight) and 

_ JP (sojourn time in the field-of Mars). - 


480 
238 326 | 514 738 
304 386 | 566 806 
624 


We shall give an example of the optimum values of the vehicle weight 
G(t), the thrust P(t), and the exhaust velocity V (t) as functions of the time #. 
We select the following values of the flight parameters: total flight time Tf, = 
= 644 days ( = 1.76 years), time of sojourn in the neighborhood of Mars 
T. = 48 days. We shall make use of calculations /5.14/ of the optimum 
heliocentric trajectories, allowing for the ellipticity and noncoplanarity 
of the Mars and Earth orbits for specific departure dates (Figure 5.31). 
For greater accuracy, we also take into account the energy expended for 
the deceleration J_, and the acceleration J,, in the neighborhood of Mars. 
These are determined from Figure 5.25, assuming that 7_.,=7,, = “Tu. 

A summary of the parameters of the elementary maneuvers forming the 
Earth — Mars — Earth flight is given in Table 5.7, 


a  Earth— Mars b Mars—Earth 


FIGURE 5.31. Trajectory of heliocentric sections of Earth—Mars— Earth flight with 
parameters. Total time Tg= 644 days, sojourn time in the field of Mars Ty=48 days 
(trajectories projected on the ecliptic plane). 


The optimum weight ratios of the vehicle designed for performing this 
maneuver are determined by (5.101); their values are given in Table 5.8. 

The thrust-acceleration program a(t) and the time dependence of the 
functional J (t) for the. flight considered are given in the upper graph of 
Figure 5.32. Beneath it the values of G()/G,, P(t/G,, V(t) are represented, 
ag calculated from (5.101) and (5.102). 


162 


my 4 § 
: 2 Bene 
2 . 
sane xs) ee 08s 
ws. aera 
“* $8Bo288e.; 
t vB meaeEV 
S & 2A Qos 
ae Er 
3 =%3 
s 
a 
5 
g4 
13 
g + 
. 2 
i) 1+ 
- 
1 
& 


total time); T= 48 days 
Mats, T+,is time spent’on the Earth, T, is Earth—Mars flight 


al 


wt 


ook 


ae 
“WS 2 
ie = 8 5 


acceleration, J (t)the functional, G (t)the total weight, P (¢ 
Mars—Earth flight time, T-,is deceleration time in Earth's fie’ 


' 
t 
my 
FIGURE 5.32. Example of optimum relationships, where a (t) 
and V (t) is the exhaust velocity, for the Earth 
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TABLE 5.7. Parameters of optimum Earth—Mars—Earth flight (T,= 644 days, T= 48 days) 


Ener 
Starting date Date at end Maneuver By 
Maneuver . expended 
of maneuver of maneuver time, days 3y..:9 
J, m*/sec’ 


Acceleration in Earth's field 24 March 1971 12 May 1971 


Orbital transfer Earth— Mars 13 May 1971 12 November 1971 6.6 
Deceleration and acceleration 

in Mars‘ field 13 November 1971|30 December 1971 8 
Orbital transfer Mars— Earth 31 December 1971] 7 November 1972 25 
Deceleration in Earth's field 8 November 1972] 27 December 1972 12 
Total flight Earth— Mars — Earth 24 March 1971 27 December 1972 63.6 


TABLE 5.8, Optimum distribution of vehicle weight for Earth— Mars—Earth 
flight (y= 644 days, Z4= 48 days) for two values of the unit weight of the 
propulsion system 


Unit weight of 
engine «, kg/kw 


Engine weight Working-fluid 

a a iat i Sud 
0.36 0,24 
0.19 


We shall point out two characteristic features of the optimum working 
regimes of ideal engines in interplanetary flights. These are important 
in what follows. In the first place, the ideal engine operates throughout 
the entire flight, and therefore a working-fluid reserve sufficient to burn 
for 104 hours is required. Secondly, according to the optimum program 
it is necessary to vary the thrust, exhaust velocity, and propellant flow 
rate through a very large range. Thus, in Figure 5.32 P and V vary by 
an order of magnitude. 
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FIGURE 5.33, Maximum payload Gp/G, of guided satellites 
with ideal power-limited engine for maneuvers involving 
change of angle of inclination ¢ and radius ro > 7, for acircular 
orbit (axes marked according to maneuvering time T for a 
24-hour Earth satellite, re= 42.3 108 kon, s = T= number 
of revolutions), 
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3. Optimum parameters of guided satellites. We shall write the 
optimum functions (5.100) in dimensional form for the following maneuvers 
in the neighborhood of a planet (cf. § 3). 

1) For a rotation of the plane of a circular orbit of radius 7, through 
an angle i with given angular position of the nodal lineQ,, the optimum 
functions are (cf. (5.74), (5.75)) 


a(t) = kr," + cos (t — 21), 


a 


J (t) = Koro" 5 


(t + sin tcos(t— 2Q,)]. (5.104) 


2) For the transfer between circular coplanar orbits of radii rp and r, 
the optimum functions are (cf. (5.76), (5.77)) 


1-Y2|, sO =H ts (IV 2). (5.108) 


4 
28 


a(t) = kr,” 


FIGURE 5.34. Example of optimum relations a (t), J (t), G (t), P (#), V (0 for the 
maneuver of rotating the plane of a circular orbit through an angle 4 = 10° 
whilst simultaneously varying the radius so that | (r, /re) - 1] = 23.6% (24- 

hour Earth satellite, with ro= 42.3 10? km, s=10, T= 10 days, where 

the intermediate revolutions 1< 3 <9 only are indicated). 
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229 3) For the transfer between circular orbits of radii r, and r,, whose 
planes form an angle i, the optimum functions are (cf, (5.96) to (5.99)) 


a(t)=k eas [(5=72)" + i? cos? t ie 


70 Te ro 


J()= Korg ar [2 ( ri Fo yet 2 (t+ sin e081) |. (5.106) 


4ro 


In formulas (5.104) to (5.106) the maneuvering time 7 is taken asa 
multiple of the period of revolution (s = 1, 2,...) along the initial orbit, 
given by Qnk-rr?, The time t is dimensionless (0 < 1< 2ns) and is related 
to the dimensional time by ¢ = k“r(’x. The other quantities are given 
in the following units: [a]= m/sec’, [J]= m?/sec, [k]= m3/sec? (for 
the Earth k= 0.3986 -10!5 m3/sec?), [r,] = [r,] =m, and iand Q, are angles 
expressed in radians. 

The relative payload G,/G, is again calculated by (5.101) and shown in 
Figure 5.33 as a function of J and the time 7 for maneuvers 1 to 3. The 
curves were calculated for fixed values of the unit engine weight «. Several 
time scales for different sets of maneuver parameters (rp, t, r;) of a 24-hour 
Earth satellite are given on the graph. Examples of the functions G (jt), 
P(t), V(t), corresponding to (5.104) to (5.106) are shown in Figure 5.34. 

Compared with the case of interplanetary flight considered above, the 
working conditions of an ideal engine for guided satellites are somewhat 
more lenient; the necessary range of variation of the controlled parameters 
is fairly narrow for many of the maneuvers. 
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Chapter Six 


UNTHROTTLED ENGINES. 
SEPARATION OF THE VARIATIONAL PROBLEM. 
OPTIMUM PROGRAMS OF THE THRUST VECTOR 


Ideal engines must be ideally throttled, i.e., the only limitations imposed 
on their control must be those inherent in the type of engine studied (such 
as the limitations imposed on the power (Chapters Four and Five) or the 
exhaust velocity (Chapter Eight)). 

The solution of the optimization problem with this formulation usually 
leads to impracticable control functions for some of the engine parameters. 

This chapter treats the other extreme of the control possibilities, 
namely, the unthrottled engine. 

Anengineis unthrottled ifit caneither be fired sothatthethrust P and 
the propellant flow rate gq are constant, or cut off so that the thrust P and 
the propellant flow rate vanish. No restrictions are imposed on the change 
in thrust direction, 

As with ideal engines, the variational problem is separated into weight 
and dynamic parts. It differs from the ideal case in that the dynamic part 
contains two engine parameters P and q; it is, however, applicable to all 
types of unthrottled engines (a knowledge of the characteristics (A. 9) 
and (A.10) is unnecessary for its solution). After establishing this fact 
we proceed to calculate the functional of the dynamic part for a number 
of maneuvers; examples of the solution of the weight part of the problem 
are given for power-limited unthrottled engines. 


§ 1. SEPARATING THE VARIATIONAL PROBLEM 
INTO WEIGHT AND DYNAMIC PARTS 


1, Statement of the problem. We introduce the Dirac function 6 (4), 
whose value is 1 when the engine is fired, and 0 when it is cut off. The 
thrust P (t) and the propellant flow rate q(t) of the unthrottled engine can 
be written in the form P68 (t) and g6 (f). In this notation P and g are constant 
control parameters, and the function 6 (t) defines engine firings and cutoffs. 


The variational problem for the delivery of maximum payload is written 
in the form (A. 8) 
G, = — gq, G, (0) = Go— Gy, Ga(T) = max, 
r=v, r(0)=ro, r(T)=n, 
: gP& (6 al ) 
Yaya, et Bs v(0) = Vo, v(T) =v 


(P,q=const, 8(f)=1 or 0, |e(t)|=14). 
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Here the engine weight must be expressed via the parameters P and q in 


the form G, (P,q). In the variational problem (6.1) the optimum programs 


e(t) and 6 (é must be found together with the optimum values of the para- 
meters P and g. Instead of directly using P and g, one may employ other 
parameters of the engine. 

2. Separation of the dynamic part of the problem. The various features 
of the engine when functioning in an unthrottled regime are determined only 
by the functional relationship G, (P, qg). The optimum unthrottled engine can 
be found by separating the variational problem into two parts: a dynamic 
part, for which one does not need to know the function G, (P, g) (and which 
is thus general), and a weight part, for which the function G, (P, g) must be 
mown. 

We introduce a new phase coordinate ¢, (t), which is the instantaneous 
operating time of the engine, and defined by the following differential 
equation and initial value /6.1, 6.2/ 


t%=6 (0) =0. (6.2) 
The third equation of (6.1) is integrated to give 
G (t) = G, — Gx (P. @) — eat, (4), (6.3) 


and the payload G, is expressed in terms of the parameters P and g and the 
final operating time of the engine t, (7) = T, in the form 


Gz = Gy — G, (P, 2 — gqTy. (6.4) 


If P and g are fixed, the maximum payload &G, will correspond to the 
minimum time f,. 

We now replace the functional in the variational problem. Instead of 
looking for the maximum &G,, we shall look for the minimum 7, for fixed 
P and q. The variational problem obtained takes the form (cf. (6.3)) 


i, =6, t,(0) = 0, t, (1) = min, 
IV, r(0)=ro, r(7T) =r, 
v=— et R, v(O)=v, v(T)=v1 (6.5) 


{—pe, 
(a, » = const, 5(t)=1 or 0, le(é)| = 4). 


In this notation a, = gP/G,, » = gq/G, are the parameters of the problem 
(representing the initial thrust acceleration and the unit propellant flow rate), 
Instead of » one frequently uses the exhaust velocity V = a/u. In the limit 
pn — 0 or V-— oo we obtain the case of constant thrust acceleration a (t) = a. 

The variational problem (6.5) represents the dynamic part of the general 
problem; its solution takes the form I, (gP/G,, gq/G,). 

If the functions 7, (gP/G,, gq/G,) and G, (P, g) are known, it is possible to 
solve the remaining (weight) part of the variational problem, i.e., to find 
the maximum payload with respect to the parameters P and q, where 


max G, = max|Go—Gx(P, )— eal, (4, #)). (6.6) 


168 


233 


We note the following points: 

1) We can use a different procedure to separate that part which does not 
depend on the form of G, (P, g, from the general variational problem. If, in 
place of ¢, (t), we introduce the phase coordinate 


Gi) = & + G (), (6.7) 


representing the instantaneous total weight, we obtain the same result. 
The following relationship obviously exists between the functionals G (T) = G, 
and t, (T) = T,: 


G,=Go—eql, or G/G=1—pT,. (6.8) 


2) If the solution of the variational problem (6.5) indicates that 6 (#) =1 
at O<t< 7, ie., that the minimum engine operating time 17, is equal to 
the specified maneuvering time 7, formulation (6.5) becomes meaningless, 
In this case it is necessary either to reject the separation of the dynamic 
part of the problem and return to formulation (6.1), or to reformulate the 
problem so that the time 7, is specified, and we need to find the minimum 
of T. 

The new variational problem is the minimum-time problem: 


th =6, 4(0)=0, A(T)=T%y, 

r=v, r(O)=ro, r(T)=ry, f=min, 

z (0) = ro (T)=r1 (6.9) 
v= e+R, v()=%, v(T)=v1 


1—pt, 
(a, =const, 6(f)=1 or 0, Je(t)=1)}). 


In this case 6 (#) =1 is obtained when the time 7, is unspecified, i.e., 
t, (T) = opt (ef. § 2.1). 

3) If the engine-operating time is limited (the total resources of the 
propulsion system are specified (cf. § 2 of Chapter Seven)), the formulation 
of the variational problem (6.5) can be preserved. Its solution yields a 
function of the form 7, (gP/G,, gq/G,), and an additional condition gives the 
relation between gP/G, and gq/G,, where 


T, (gP/Gy, gq/G,) < t. (6,10) 


The quantity t.is the givenvalue of the engine-operating time. The solution 
of the weignt part of the problem now reduces to finding the maximum of 
(6.6) under condition (6.10). 

4) Allowance for the weight component G,, i.e., for the weight of the 
working-fluid tanks (cf. § 1 of Chapter Seven), can be made in the weight 
part of the variational problem by replacing (6.6) by 


max G, = max [Go—Gx(P, q)—(1 +8) gal, (EE, #2)), (6.11) 
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§ 2. EQUATIONS FOR THE OPTIMUM THRUST 
VECTOR PROGRAM. SIMILARITY PROBLEMS 


i. Arbitrary gravitational field. The relationships determining the 
optimum thrust program are based on the maximum principle. The two 
formulations examined, (6.5) and (6.9), are identical except for one boundary 
condition. For specific maneuvers, the choice of this boundary condition 
will depend on the primary source, 

The Hamiltonian of the dynamic part of the problem, and the equations of 
the momenta, take the forms 


H = pb + (Pore) Sy + (PorR) + (Pe) (6.12) 
and 
oH 
Pu = Gp = (Pore) Gp 
. F s 
Pr = — oF (Po), Po = — Pr- (6.13) 


The optimum relations for the control functions e (#) and 6 (é) are found 
from the condition that (6.12) be an absolute maximum for the corresponding 
variable (since in both problems we seek the minimum of the functionals 
T, and Tf in (6.5) and (6.9) respectively). 

The optimum program obtained for the thrust direction is (max H with 
respect to e, where |e (t)| =1): 

; e = py/Dy (Po = | Pr): (6.14) 


Allowing for (6.14), we obtain the following definition of the function 6 (2), 

expressing engine firings (6 = 1) and cutoffs (6 = 0) (max H with respect 
to 5): ; 

ga fi for 4>0, 

~ \o for aA<oa, 


A= Pit Poymer i (6.15) 
B 


the singular case A=0, A=0 can happen only for p, = 0 (§2.3, cf. /6.3/ for 
more detail). 

We now write the boundary condition corresponding to the functional of 
the problem. In formulation (6.5) the functional is the final value of the 
phase coordinate ¢, (7); the corresponding boundary condition here is 
Pa(T)< 0, or, after normalization, 


Py (7) = 4. (6.16) 


In formulation (6.9) the functional is the time 7, and therefore the 
boundary condition will be H(T)> 0, or, after normalization 


HT) = (a(P) + Pol?) tp) 8(T) + pol P)-R(e (2). T) + 
+ pr(T)-v(T) =4. (6.17) 


Thus, the complete system of equations of the optimum motion consists 
of (6.5) and (6.13) to (6.16) in case (6.5), and of (6.9), (6.13) to (6.15), and 
(6.17) in case (6.9). 
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We shall now consider how to obtain the optimum region 6 (t) = 1 for (6.9) 
(cf. note § 1.2), Let ¢#, (7) be unspecified. Then, according to the optimality 
condition p, (T)= 0. The derivative of the momentum p,, according to (6.13), 
(6.14), is always nonpositive, so that 


. aps 
Pe = — Pog are aeRO for 0<t<T, (6,18) 


and therefore in the given case p, (t) > 0 for 0<¢t< TF and from (6.15), 
6 (t) =1. The latter condition means that the engine is never cut off (T, = 7). 
If T,< 7, it follows from (6.15) that p, (7) < 0, while in the opposite 
case 6(t)=1 andr, = 7. 
2. Central field. The equations of optimum motion in a central 
gravitational field are obtained as a particular case of (6.5) and (6.13) to 
(6.16), or (6.9), (6.13) to (6.15), and (6.17) for 


Ri(r, t) = —kr/P. 


235 For plane motion in polar coordinates (A.8) they take the form (without 
the boundary conditions) 


are b= ett + p,(—3)— 
— Pog 52s 
P= Velrs Po = 0, 
v, rare Ft Po, = — Pr + Pog 2s (6.19) 
eo 
ab Pog 


* 1 
Po = (Pore = 2P Ye — Ps) 


(6=1 for A>0,6=0forA<0, 
A= PutdoV Po, + Pog — Mty)”). 


Here, all magnitudes are dimensionless and we choose the same 
characteristic values as in the corresponding sections of Chapter Five. 
The characteristic value for the parameter pis inversely proportional 
to the characteristic time f,. The boundary values for r,9, v,, and v, 
are written according to the dynamic maneuver considered, and we 
impose the conditions ¢,(0) = 0 and (6,16) in formulation (6.5), or #(0) = 0 
and (6,17) in formulation (6.9). 

System (6.19) has two first integrals, namely, p, (#) = const and H ()= 
const, since the angle » and the time ¢ do not appear explicitly on the right- 
hand sides of the equations. 
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Equations (6.19) are invariant relative to the following two transforma- 
tions, analogous to (5.15) and (5.16): 
the linear transformation 


ty. Uht,, r—vlr, e—>Q, vp lhy,, vel 'hvg, 
Pu! pay Pr—> lp, Pp —> lpg, Po, Po.» Pog Pogs (6.20) 
tht, ay—->l ay, pola; 
236 and the sign-inversion transformation 
that, ror, P>—P, Up-—>— Vy, Ve Vo, 
Pu Pur Pr->— Prv Po—> Pes Po, —> Po,» nom | (6.21) 
t—+—t, >a, po—H. 


Unlike the case in § 1 of Chapter Five, the use here of transformation 
(6.21) for passing from the outbound trajectory to the return trajectory is 
difficult, since it is necessary to have outbound trajectories with negative 
values of the propellant flow rate (u— — yp). 

3. Plane-parallel field. If the gravitational acceleration is taken as 
constant (R (r, t) = const, cf. (A.52)), the system of equations for optimum 
motion is simplified. The momenta p, and p, are expressed in a finite form 


Pr = by, py = by — byt, (6.22) 


where b, and b, are constant vectors, determined from the boundary 
conditions. 
We may determine the thrust direction according to (6.14) so that 


e()=— baht (6.23) 
V 03 — 2by- bu +528 


For one-dimensional motions (§§ 2.4, 2.5), when the thrust can be 
directed either along or in the opposite direction to the velocity, this 
relationship reduces to 


e (t) = sgn (6, — B,). (6.24) 


The firing and cutoff condition (6.15), together with equation (6.22) for 
the momentum p,, make it possible to draw the following conclusion 
regarding the number of coasting periods. During a coasting period 
the relations 6 (t) = 0, p,= const, t, = const are satisfied (cf. (6.13)), 
and therefore at the beginning (¢ = t,) and (¢ = ¢,) we must have p, (£,) = pp (ty) 
from the condition A(t) = A(t.) = 0. Since for a plane-parallel field the 
inverse function of p, (#) is double-valued in the general case, no more 
than one coasting period can exist in the optimum trajectory /6.1, 6.3/. 

4. Velocity build-up in a gravitation-free field. The differential 
equations and boundary conditions (6.5) reduce to the following for the 
build-up maneuver of a, specified velocity magnitude (cf. (A.64)): 


i=, t,(0) = 0, t,(7) =mian, 


tape u(0)=0, u(T)=u (6.25) 


(ao, 2 = const, 6(t)= 1 for 0, e(t) = +4). 
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237. The Hamiltonian and the momenta are represented here by the expressions 


= (Pat Pugs 4— — pt, Tar)> P= — Pu 
P.(T)=—1, Pu =0. 


a (6.26) 


The maximum of H with respect to e is attained when e (i) = sgn Pu const, 
and assuming u, >0 we obtain 


e(=1 (p>). (6.27) 


The expression A (cf. (6.15)), which occurs in (6.26), is constant in 
view of differential equations (6.25) and (6.26); therefore 


4 for A(0)>0, 


= eae ee ee (6.28) 
MS 15 for A(0)<0, Pe Put pi, 


The second case in (6.28) reduces to the trivial case u,= 0. One still 
needs to consider A (0) = 0, for which the function H will be independent 
of 6 (since A(t) = 0); the distribution of engine firing and cutoff times can 
be arbitrary, and only the total duration of the powered flight periods is 
determined (from the condition u (7) = u,). 

If the equation for u in (6.25) is integrated using condition (6.27), we 
obtain the finite relationship (the Tsiolkovskii formula) 


w= — “2 In(1—BPy), (6.29) 


whereby we may express the total engine operating time 7, in terms of the 
maneuver parameter u, and the engine parameters a,and p. The total 
time of motion T does not affect the functional 7,; it coincides with T, when 
A (0)>0, and is larger than T, when A (0) = 0. The final expression 

for the functional 7, is 


a, 
T= (te ea Fu _ewmy <r, (6.30) 


When finding the maximum payload for the parameters a, and p (which 
will be carried out in § 5), we see that in the optimum case 7, = 7. 
5. Displacement between points of rest in a gravitation-free field. 
238 For flight between two positions of rest, the differential equations and 
boundary conditions (6.5) reduce to the following (cf. (A. 65)): 


i, = 8, t,(0)=0, ¢(7)= min, 
z=u, z(0)=0, 2z(T)=1, (6.31) 
=~ _¢,u(0)=0, a(T)=0 
i— pt, 


(a, p=const, 6(¢)=1 or 0, e(#)=44). 


The equations for the momenta p, and p, are integrable (cf. (6.22) for 
the z component), The optimum thrust direction (parallel or in the opposite. 
direction to the velocity vector) is determined by (6.24), from which the 
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sign of the constants 6, and: t,.may-be found.. According to (6.24),: the’ 
thrust direction cannot be reversed more than once. The boundary condi- 
tions.(6.31) for z.and.u are.such that at.the beginning ofthe motion the 
thrust is directed along the velocity, and at the end it points in the opposite 
direction. It follows that b, > 0, },<0 and that the time ¢, at which py 
vanishes (b, — b,t,= 0): lies within the interval [0,7]. Therefore, (6.22) and 
(6.24) can be rewritten as 


Pz = by, Pu= 6, (¢,—t),e = sgn (t,— t) 
@>0,0<4,< 7), (6.32) 


i.e., in the interval 0<t< ?t, the thrust is directed along the velocity, and 

in the interval t.<t<T in the opposite direction (Figure 6.1). The function A, 
which determines the engine firing and cutoff times (cf. (6.15)), is given 
here by 


ao 
B= py tbalt,— toe - (6.33) 
In order to determine the behavior of the function A, we write its derivative 
as 


4 ay t 
A= — bs qe en (9) (t= #,) (6.34) 


(the expressions for p,and ¢, are taken from the corresponding differential 
equations (6.18) and(6.31)). We thus obtain the inequalities 


A() <0 for 0<t<t, AW)>O0fort,.<t<T (6.35) 


239 (where the point ¢= 4, isa turning point). The initial value A (0) must be 
strictly positive; otherwise, according to (6.35), we shall have either 
A(t) < 0 for 0<t< 7 (strictly coasting flight), or A(t)< Ofor0<t<4,, 
and A(t) >0 for t,,<#< T (one powered flight period with e (1) = —1, 
since t, >1,). Neither of these cases satisfies the boundary conditions (6.31), 
and therefore 


A (0) > 0. (6.36) 
We may conclude from (6.35) and (6.36) that two cases are possible: 
the first is 


Ai) >0 for 0<t<T (6.37) 


(there is no coasting period), and the second one 


A(t)>0 for O<t<t, and &<tc?, 
A(t) <0 fori.<t<t, (6.38) 
O<4<t<e4<7) 


(there is a coasting period in the middle of the trajectory, when t,<t<f, 
(Figure 6.2)). 

In the following, we. shall consider the second case, since it is more 
‘general. The inequality (6.37) is obtained from (6.38) for ¢, = t, = t,. 
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FIGURE 6.1. Time dependence FIGURE 6.2, Behavior of the 
of momentum p, and the corre- function A(t), and correspond- 
sponding optimum thrust direc- ing optimum firing and cutoff 
tion law e (t)(e = 1 parallel to program & (¢)(8= 1 if engine 
the velocity, e = -1 in the oppo- is fired, 8 = 0 if engine is 
site direction), for the problem cut off), for the problem of the 
of the displacement between points displacement between points 
of rest. of rest. 


Note that the times ¢, and ¢, of engine firings and cutoffs are symmetric 
with respect to t= 14,/6.3/. In fact, p, and 4, are constant during the coasting 
period (cf, (6.18), (6.31) for 6= 0), and 


A(t) = Puls) + bult,— tl gee tay for th<t< te. (6.39) 


It is thus seen that the roots of the equation A (¢) = 0 are equidistant from ¢,. 
This analysis suffices for solving the problem without integrating the 
complete system of equations (together with the equations for the momenta). 
We take as unknowns the constant times ¢, and 4, instead of b, and ¢,. The 
optimum control function e (f) and 6 (t) are written as follows /6.1, 6.3/: 


e=+1, 5=1 for 0<t<t, (boosting period) 
$8=0 for ti<t<t, (coasting period) (6.40) 
e=—1,d=1 for t,.<t<P (deceleration period). 


240 Relations (6.40) are substituted in the right-hand sides of the differential 
equations (6.31), which are then integrated by parts allowing for the 
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corresponding boundary conditions 


& T 4 dt - at 
jae+ \ at =2, \ a \ Sasa =, 
t t t 
, 6,41 
atl + (a—t) A + 
oh ® 


T t ¢t 
dt dt I 
+ aja) eae 

or, after calculating these integrals, 

4+T—t=Tf,, In [4 — p(t, + T —ta)] — 2ln (i — pty) = 0, 

(2 t+ 4-27) Int pty) — (6.42) 

—(F-h+h—7) loft —w(n+7—t)} +hth—-T=£1, 

The first two relationships of (6.42) enable ¢, and ¢, to be expressed in 

terms of 7,, T, pt; =p? (14 —Yi—p7,), =T—T, +4. It is seen from 
here that the boosting period is longer than the deceleration period. As 


the propellant flow rate decreases, their difference tends to zero (cf. 
Figure 6.3 for the dependence of #,/7, on yT, ). 


Oats 0s 0G 7 


FIGURE 6.3, Fraction ¢,/T, of the total 
engine-operating time corresponding to 
the boosting period, in the problem of 

the displacement between points of rest. 


Eliminating ¢, and f, from the third relation of (6.42), we obtain the 
required expression 7, (a), ») for the functional of the dynamic part of the 
problem in the implicit form 


#1= (4 —yi—y 7,)—T,.—(T —T,) In Yi—pr,. (6.43) 


§ 3. OPTIMUM INTERPLANETARY FLIGHT WITH 
UNTHROTTLED ENGINES 


Consider the variational problem (6.5) for interplanetary flights. 
Although (6.5) or (6.9) applies to all types of unthrottled engines, the rang: 
of variation of the parameters a, and p, and the flight adopted here corre- 
spond to the group of low thrust engines. First, we present a solution for 


5140 176 


24 


N 


each of the elementary maneuvers forming the interplanetary flight (cf. § 2 
of the Appendix and § 2 of Chapter Five),.and then one forthe entire maneuver 

1, Zero energy build-up. Just as in the similar problem of § 2.4, itis 
assumed that the engine is turned’on throughout the entire trajectory 
(problem (6.9) where ¢, (7) = opt for minimum time), For this case the 
equations of optimum motion (6.19) become (6 = 1, 4. = 2) 


. : va 2 vv 

r=Ur r= wo, (2-2) — p25, 

é P, ot < 

ao a, 2 1 _ % 
= To = 5 eae i Po,= — Prt Pog (6.44) 
Po, + Po, 

. a Po, pd, > 4 

ve=, = ut 2 => + PR (Dogr = 2Po,Ye). 


Pi, +P, 


The equation for the polar angle g in (6.44) has been omitted, since 9 
does not appear on the right-hand sides of the equations of motion, and 
the final value of p(T) for the maneuver considered is not fixed. This 
equation can be integrated separately after the problem has been solved. 
We shall recalculate the boundary conditions for (6.44). Assuming an 
initial circular orbit, we adopt boundary conditions (A. 57) for the kinematic 
parameters. The optimality condition for the final point of the trajectory 
requires the momentum vector (pr, pp,, Po.) to be collinear with the normal 
to the surface E (7) = 0, so that 


Po; (T)! Po, {T) = 4 (T)/v(T), Pv, (F)/pr(T) = vy (7) r? (7). (6.45) 


According to (6.14), the first relation of (6.45) indicates that the thrust 
vector at the end of the motion is parallel to the velocity vector, and the 
second one corresponds to the vanishing of the derivative of the angle y» 
between these vectors (cf. (5.39)). 

The last boundary condition of the problem studied, (6.17), can be 
written in the form (using (6.45) and E (T) = 0) 


/ 2p2_ (T) 
ae DE Veena: Sa .46 
1—pT 2 (T)r (T) ‘ (6.46) 


The problem reduces to integrating the system of sixth-order differential 
equations (6.44) with three initial and four final conditions (A. 57), (6.45), 
(6.46); the redundant boundary condition serves to determine the time T. 
The boundary-value problem obtained is solved numerically by Newton's 
method /6.4, 6.5/ (cf. Chapter Fifteen). The calculations were performed 
for a wide range of the parameters a, and pz. 

In the region of high accelerations a,~1 the numerical solution is close 
to the approximate solution for aS» 1 given in /6.6/. An example of the 
optimum control function of the angle y between the thrust vector and the 
velocity vector at a4,= 0.8, »=.0 is given in Figure 6.4; the solid curve 
corresponds to the numerical solution /6.4/, and the dashed curve to the 
approximate solution /6.6/. The thrust direction monotonically approaches 
the velocity direction. 

For low accelerations ‘athe character of the optimum thrust direction 
program changes in that the thrust vector oscillates slightly about the 
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velocity vector with a period approximately equal to one revolution 
(Figure 6.5); at the final instant the angle y and its derivative 7 vanish 
(cf. (6.45)). 


g 
Number of 
0 ad W@W as a t -ON revolutions 
FIGURE 6.4, Optimum program of FIGURE 6.5. Optimum program +(%) of thrust direction 
variation of angle y(t) between thrust for the zero energy build-up maneuver with low thrust 
and velocity for zero energy build-up (ap = 10-7, » = 0). 


maneuver with high thrust (a9= 0.8, 
w= 0). Solid curve represents the 
numerical solution, and dashed curve, 
the approximate one. 


Figure 6.6 represents the minimum time of zero energy build-up as a 
function of the acceleration a), for the case of constant thrust acceleration 
a(t) = a, and is obtained by taking the limit » = 0 in the formulas for a 
constant-thrust motion. Drawn in logarithmic coordinates, this curve 
consists of two linear segments corresponding to low and high values of 
the acceleration respectively, and of a transition section connecting them. 

243 +‘The following approximate analytic expression for the functional was 
found /6.5/ by processing the numerical results: 


T= T,~ + (1— 0.8209 7a) [1— oe (1 — 0.8209 7a9)] = 
4 4 
= L (1 — 0.8209 7 a5[1 —F, (1 — 0.8209 7a); (6.47) 
this was begun with a formula similar to (13.37). 
Similar expressions were obtained for tangential and transverse* 


thrust directions: 
for tangential thrust 


ee | 4 p 4 
T = 1, ~~ (1— 0.8082 7a) [a—e (14 — 0.8082 Va)! : (6.48) 
for transverse thrust 
P = Ty ~ (1 — 0.7555 7 a) | 1— (1 — 0.7555 ae) |. (6.49) 


Equations (6.47) to (6.49) are correct for low values of a, and » (low 
thrust); for aj<.10-?, p< 0.25 -107? the relative error does not exceed 1%, 


* The complete results of the build-up maneuver of a hyperbolic velocity with constant tangential thrust 


are given in /6,7—6.9/. 
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while for a4,<107?, p< 0.17-10-? it is smaller than 0.5%; the error 
decreases monotonically with decreasing a and p. 

It is seen from a comparison of the functionals (6.47) to (6.49) that 
for zero energy build-up in a central field the tangential and transverse 
thrust directions yield results close 
to the optimum. The relative gain in 
time for a = 10-7, p= 0 is 0.5% in the 
first case, and approximately 2.5% in the 
second case (cf. also /6.10/); the time 
gain decreases with decreasing a, and np. 

Relations (6.47) to (6.49) can also be 
used for deceleration in a central field, 
starting at the point of zero energy E = 0 
and ending on a circular orbit of specified 
radius 7, (the initial values of the coordi- 
nates and velocity components, as well as 
the angular displacement, are not specified 
separately). The parameters a, and p are 


i 7g gt of? a then calculated from the vehicle weight 
G(E,) at E = 0, to yield a, = gk'r? P/G(E,), 
FIGURE 6.6. Minimum time of zero p= gh'hr'h iG (E,) 
Wl . 


energy build-up T =Ty at constant thrust 
acceleration ao9{u= 0, and T and agare 
dimensionless). 


This calculation for the duration of the 
inverse maneuver using the formulas 
obtained for the direct one differs in two 
aspects from the exact calculation (which 
uses transformation (6.21)). Firstly, the values a, and p in (6.21) must be 
calculated using the vehicle weight G (r,) on the final orbit, where a,= 
= gk 472 P/G (ry), |p| = gk“hr'e g/G (7,); and secondly, the inverse maneuver 
must be calculated by (6.21) with negative values of the parameter p’ =—|p’| 
(increasing vehicle weight). 

However, these two errors compensate each other. In an approximate 
calculation the thrust-acceleration program a (t)= a (4 — pt) and the exact 
program a’ (t) = a [1 —p (7 — 4]! are symmetrical with respect to the mid- 
point of the interval [0,7], and therefore the overall effect produced by the 
two programs must be roughly the same (with an accuracy of the order of the 
gravitational losses). These qualitative considerations are corroborated 
by the quantitative comparison made in /6.11/, The accuracy of the cal- 
culation to find the time of the inverse maneuver using formulas (6.47) to 
(6.49) is of the same order as that for the direct maneuver; the accuracy 
increases with decreasing a, and p. 

2. Orbital transfer. The optimum trajectories for transfer between 
the orbits of planets in the central field of the Sun will be calculated using 
the variational formulation (6.9). Equations (6.9) and (6.13) to (6.15) are 
written in polar coordinates; the angle » replaces the time ¢ as independent 
variable so that d/dt = (v,/r) d/dp. The complete system of equations of the 
optimum motion is thus 


dt/dp = r]vq, (0) +0, ¢(g:) = min, 

dt, /dp = (r/vq) 4, #.(0)=0, t.(¢:) = Tus 

dr/dp = 7v,/Vq1 r (0) =i, r (P1) =T1, 

dv, FF _ ad Py 1 

oI, para tO, v,(0Q)=9, vy (pr) = 0, (6.50) 
vy ve 
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—h 


ve (0) =1, ve(@i) =" 


(8=1 for A>0, 6=0 for A<0, 


A= prt an(t— wey? V Pe + PS), 


oP, r__agsB dp, A 1 
“aq ~~ t—ueV Pa + Pi, or jai ma Ger (6,50) 
— Pr — Po ars 

ap, dp, A 
r= — + Po,» oe, Org aE: id es 
dq Bes “= dp ve ve +Pr of 

1 

—», (1477) 
245 (the momentum p,=-—1, since ¢ does not appear on the right-hand sides 


of the equations and we look for the minimum ¢(,); here the condition 
Pt = ~1 replaces (6.17)). 
System 6.50 has a first integral 


A (q) = (rA/ug) 6 — rive + Prrdp!ve + Po, (Ye — 1/r¥9) = Pode = 
= A(0)6(0) —1 =rf'A @,) 6 @,) — ri* = const. (6.51) 


The limiting case 7, =f (the engine is not cut off) occurs at p,(p,)) = 0 
as was established in § 2.1; in the ordinary situation (7, << T), —p,(@)< 0. 

The results of the numerical solution of the boundary-value problem 
(6.50) for Earth— Mars and Mars—Earth orbital transfers are shown in 
Figures 6.7 to 6.9, These results were obtained in /6.12/ by Newton's 
method (optimum angular displacement 
H(@,) = 0, Figure 6.7). 

For the range of parameters considered, 
the optimum trajectory consists of an initial 
powered-flight period (of duration #,), an 
intermediate coasting period (of duration 
T —T,), and a final powered period (of 
duration 7, —t,), just as in the problem 
of the displacement between points of rest, 
(6.40). The optimum time distribution is 
shown in Figure 6.8, where the regions 
enclosed by the lower and upper branches of 
the curves correspond to the coasting time. 
The figure shows that when the flight time T 
is shortened for fixed values of the parameters 
a, and V, the coasting time 7 — 7, decreases, 


FIGURE 6.7. Optimum angular dis- 
placement q, for Earth— Mars orbital 


246 transfer with unthrottled engine (solid 
lines: ag= 104g, V = 100 km/sec, 
20 km/sec) and with ideal power- 
limited engine (dashed line). 


and vanishes at the extreme left-hand point 
of each curve. It is impossible to further 
shorten the flight time for these values of 
a,and V, 
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The resulting relationship Tf, (a,,V, 7) for the dynamic part of the problem 
is shown in Figure 6.9, Similar results were obtained in /6.13/. The 
optimum trajectories of orbital transfers with unthrottled engines may also 
be determined by direct methods /6.14/. Data on the optimum trajectories 
with constant thrust acceleration are given in /6.i5—6.20/. In some of the 
papers (/6.18—6.20/) the integral (4.11) is taken as the functional of the 
problem when the calculations for constant thrust are being made. This 
substitution yields substantial errors when the weight part of the problem 
is being solved. 
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FIGURE 6.8. Distribution of total time T 
between powered and coasting periods for 
orbital transfers: t;, Ty — ¢, are first and 
second powered flight periods, T — Ty is 
coasting period. Solid curves represent 
V= 20 km/sec, dashed curves represent 
V= 100 km/sec, g,= opt. a) Earth— 
Mars, b) Mars—Earth, 


T, days 


FIGURE 6.9. Minimum engine operating 
time T,, as a function of the initial acce- 
leration ag, exhaust velocity V, and total 
time T of orbital transfer, where @i= opt. 
Solid curves represent V= 20 km/sec, 
dashed curves represent V= 100 km/sec. 
a) Earth— Mars, b) Mars—Earth. 


Using the results of §§ 3.1, 3.2 we may calculate the optimum para- 
meters of the one-way flight, Earth satellite —Mars satellite (or Mars 
satellite —Earth satellite). This calculation will now be made for the 
transfer from a 300-km high circular Earth-satellite orbit to a 300-km 
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high circular Mars~satellite orbit. The orbits of the planets will be con- 
sidered circular and coplanar, and the transfer trajectory will be taken as 
planar, 

The solution of the dynamic part of the problem for the acceleration 
period in the Earth's field 7,4, =f (a, V, T), and the deceleration period 
near Mars f,,. =f (a®, V, T_2) is given by (6.47), or, in dimensional form 
by (Figure 6.10) 


Ty 41 [days] = 741 [days] = Punt — 0.084 y a” [1074g] 1) x 


x [1 — 7c (10.084 97 [10-i) | 


Ty,-a [days] = T- [days] ~ cay (1 — 0.109 / af {10-*g}) x 
0 


1 [Lyte — 0100 7 PT). 


The function T7,, = f (a,V,7,) for the interorbital section of the Earth— 
Mars flight has been plotted in Figure 6.9a. 

The sections of initial thrust acceleration a, a, a are joined according 
to the conditions of constant thrust, P, and exhaust velocity, V, making 
use of the equatorial continuity 


al) [107%] 
4 —8:48-10-2a [10-4g] PON days]/V [km/sec] 
QP =a TO STH Ta, TO Sa Ty, TO HT, 4 = 7). 


aS (10-4g] = 


The results of the corresponding calculations are shown in Figures 6.11 
and 6.12. 


Tf days 
v4 


FETHEENS, Noy 


FIGURE 6,10, Minimum acceleration and decelera- 
tion times in fields of Earth (curves 1) and Mars 
(curves 2) for a 300-km high circular orbit. 
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FIGURE 6.11. Minimum engine-operating time Ty, for the 
transfer from the 300-lmn high Earth-satellite orbit to the 
300-km high Mars-satellite orbit as a function of the time 
of motion T, for different values of initial thrust acceleration 
@gand exhaust velocity V. 


a 
"00 200 3Q0- 400 ~—— “500 Ty, days 0 20 300) 40 SUB T%Aays 


FIGURE 6.12. Optimum distribution of total time of motion Tg (solid curves) and total energy-operat- 


ing time Tyg (dashed curves) between acceleration periods in the Earth's field (T+:= Ty,+,), the 
Earth— Mars orbital transfer (73, Tya)s and the deceleration in the field of Mars (T-, = Ty, -:). 
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3. Interplanetary round-trip flight. Consider the Earth —Mars —Earth 
flight with unthrottled engine’/6.11/: Just as‘in § 2 of Chapter Five, the 
planetary orbits are assumied to be coplanar and circular with only the 
influence of the dominant. gravitational center being allowed for in each 
characteristic period; the trajectory sections cannot be joined according 
to the kinematic parameters. It is also assumed that the deceleration in 
the neighborhood of the Earth is achieved by aerodynamic forces, the time 
required for this maneuver as well as the weight expended being neglected 
in the calculations.* The fuel and the time required for deceleration (T_,) 
and acceleration (7,,) in the field of Mars are taken into account, unlike the 
procedure used in § 2 of Chapter Five. The orbits of the Earth and Mars 
satellites are assumed to be circular, and at an altitude of 300km, 

The minimum total flight time has to be determined for specified thrust, 
propellant flow rate, andtotal engine-operating time. Optimum coasting time 
along the Mars-satellite orbit (the parking time 7,) is chosen, and the 
departure date is unspecified. 

The acceleration and deceleration sections of the trajectory in the 
neighborhood of the planets were calculated by (6.47). In these sections 
the engine operates without being cut off. The corresponding dimensional 
values of the time T as a function of a, and V are given in Figure 6.10. 

In the interorbital trajectory sections the boundary-value problem (6.50) 
was solved by the modified Newton method (cf. Chapter Fifteen). 

The dimensionless parameters p' and af for the i-th elementary 
maneuver are determined from mass conservation and the conditions of 
constant thrust P, and propellant flow rate g, as follows: 
po esa ao 
fp) SY 7 ye) ee, (6.52) 

ja 
po — ggt/Go, ag) = gP/Gog”. 


To simplify the notation, the elementary maneuvers are numbered by 
superscripts in consecutive order (the correspondence between the old and 
the new superscripts is: +l «+i=1, lei=2, -2 w#i= 3, +2 o i= 4, 

2 ++i= 5). The characteristic values of the time ¢, the velocity vo, and 
the acceleration g” (dimensional quantities) are taken from Tables 5.1 
and 5.3 (with «© = ¢®, yp = vo), The time is measured from zero in each 
section. 

The complete flight calculation was performed as follows. The para- 
meters a? and p”, and the total flight timeT,.are specified. The time 
of zero energy build-up in the Earth's field is calculated by (6.47), so that 


Par = Tuan = I, (as, pn), (6,53) 
The angle g, and the engine -operating time 7,, for the Earth —Mars flight 
are specified. The boundary-value problem (6.50) is thus solved for the 


flight time in the form 


YQ = h (a0, pe), Pi Pu). (6 54) 


* In the conclusion this is compared with the deceleration in the Earth's field by means of a retroengine, 
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The deceleration and acceleration times T_, and 7,, near Mars are 
calculated by (6.47) to give 


Ta = Ty =f, (a, yp), Tyg = Tye = f, (af, po), (6.55) 


The angle 9, of the Mars—Earth flight is specified. The engine- 
operating time T,, is calculated as the difference 


Pua = Tys— (Tat Tut Tawt T 42), (6.56) 
and by solving the boundary-value problem (6.50) we find the time 
T, = fa (ads B®, Day Ty2)- (6.57) 


The parking time on the Mars-satellite orbit is found from the condition 
(A.60) for the angular displacements of both the Earth and the vehicle at 
the end of the Mars — Earth flight to be equal, 


To= == (91+ 92—01 (714-72) — (@1—0,) (T+ T 42) 208] > 0 (6.58) 


W1 — Wg 


251(, = 0.19968 -10-8 sec", o,= 0.10615 -10-® sec-! are the average angular 
velocities of motion of Earth and Mars, dimensional time [7] is in seconds, 
the angles 9,,9, are in radians, and s = 0,1, 2,... is selected so as to make 
T, the smallest nonnegative number). ; 

Finally, we determine the optimum values of the angles q,,9,, and the 
time 7,, which ensure an absolute minimum of the sum 7,+7.,.+ 7Ta4+T7,+T7 

For each pair of values of a? and y® the calculation begins with an 
unsyecified engine-operating time (6=1). In problem (6.50), the condition 
t. () = 7, is replaced by p, (9, = 0, and the minimum of the total flight time 
is only sought for 9, and 9,. This yields the smallest time of motion 
T, (a, p"’) for the given af? andy”, The calculation is then made for a given 
engine -operating time T,,< T%. 

The results of the calculations are shown in Figures 6.13 to 6.16. 
Examples of the optimum trajectories for orbital transfers are given in 
Figure 6.13, The arrows indicate the direction of the thrust vector, and the 
dashed curves represent the coasting sections of the trajectory. Examples 
a) to c) correspond to the minimum flight-trajectory times without coasting 
periods for the given values of q and V. Forlonger flight times, andthe same 
values of the initial acceleration a, and exhaust velocity V, there are 
coasting periods (see example d)). 

The Earth—Mars and Mars —Earth transfer trajectories are asymmetri- 
cal, This is illustrated in Figure 6.14, which represents the optimum 
angular displacementsg, (a), T,)and@, (a), T,)for transfer in both directions 
without cutting off the engine. The optimum parking time was found to be 
T,= 0. 

The distribution of the total time 7, for motion without cutting off the 
engine is shown in Figure 6.15 (acceleration in the Earth's field 7,,, 
Earth—Mars orbital transfer 7,, deceleration and acceleration near Mars - 
T.,+T7.., Mars —Earth orbital transfer 7,). 

The dependence of the minimum total flight time T, on the parameters 
a,and V is shown in Figure 6.16. The solid curves correspond to the case 
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a,=10°G 
=200 tun/ sec 
Tg =Tua=804 days 


a-5-10 “9 
V=200km/sec 266, 
ZG a days days 


16 days 2=43 days 


a, =10*9 
V=80 km/sec 
i =36S days 
Tug=525 days 


c ‘ : d 
FIGURE 6.13. Optimum trajectories and programs of thrust vector for interorbital sections of Earth—Mars— 
Earth flight (aerodynamic deceleration near the Earth): 
a) ag= 5-104 g, V= 200 km/sec, Tg = Tyg = 217 days, b) a= 10-4 g, V= 200 km/sec, Tex Trg ™ 
= 624 days, c) ao= 10-4 g, V=80 km/sec, To = Tyo = 554 days, d) ag= 1074 g, V= 80 km/sec, To= 
= 565 days, Tya = 525 days. 


Pp rad 


7 300 5300 WO $00 J, days 4777 500 500 = 700 00 7, days 
FIGURE 6,14. Angular displacements of outbound, FIGURE 6.15. Optimum distribution of total time 
., and return, @3, flights between Earth and Mars T gof Earth—Mars—Earth flight between trajectory 
orbits as a function of the total time of motion, Tg, sections; T4,is acceleration near the Earth, T,is 
for fixed values of the initial acceleration a, (engine Earth— Mars orbital transfer, Ts -+ T+s decele- 
never cut off, Tyg2=Tg aerodynamic deceleration ration and acceleration near Mars, T, is Mars— 
near the. Earth). Earth orbital transfer (engine never cut off, Tht 


= Ty, aerodynamic deceleration near the Earth). 
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LG, days 


a a 

50 100° 150 Vike/sec 210% 410 610" alg 
FIGURE 6.16. Minimum possible time Tg of Earth ~ Mars—Earth flight as func- 
tion of initial thrust acceleration ag and exhaust velocity V. Solid curves corre- 
spond to aerodynamic deceleration near the Earth, dashed curves to powered dece- 
leration (engine never cut off, Tyg = Tg). 
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of aerodynamic deceleration during return to Earth, and the dashed curves 
to the case of powered deceleration. The latter were obtained as follows. 
After the optimum trajectory with aerodynamic deceleration had been 
calculated, the additional time 7_, = /, (a, ») necessary for powered 
deceleration was calculated by (6.47). The distribution of the time between 
the other trajectory sections was unaltered and the time found, 7.,, was 
added to the total time of motion and the total engine-operating time. 


54 8 4. OPTIMUM MANEUVERS OF GUIDED SATELLITES 


WITH UNTHROTTLED ENGINES 


The dynamic problem is solved in this section for two maneuvers in the 
neighborhood of a planet, namely, holding the satellite within a given 
spherical layer (§ 3.1), and rotating the plane of a circular orbit {§ 3.2). 
The second maneuver has already been considered for a power-limited 
ideal engine (§ 3 of Chapter Five). 

1. Holding the satellite within a given spherical layer. The satellite 
must remain within a spherical layer of given maximum and minimum radii 
Tmax and 7mm Over a period of s revolutions. We assume that at f = 0 the 
satellite is projected into a circular orbit within this layer (cf. § 3 of the 
Appendix): 1+ max §® (t)< rmx, 1+ min § ())>7min, where max £@ (£), 
min §® (4) give the amplitudes of the radial oscillations during the first 
revolution. Under the action of atmospheric drag, the satellite will 
gradually lose height, and will fall below the lower boundary of the layer 
after n revolutions. The engine must, therefore, be fired before the n-th 
revolution. 

We require a periodic engine operating rule, so that during (m —1) 
revolutions we have coasting motion, and at the m-th revolution (the last 
revolution of the period, 1 <m<_n) the engine is fired. The firing and 
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cutoff times, and the formula for the orientation of the thrust vector are the 
same for all powered revolutions. 

The establishment of a periodic control function for the engine is 
hindered by the monotonic time function G (#) appearing in the equations of 
motion (A. 83), and by long-period oscillating terms appearing in the formula 
for the density op. 

It is possible to establish the required periodic control program @ by 
taking the weight as constant, namely, G(f) = const, neglecting the long- 
period terms in the expression for p(t), and then checking the condition 
for keeping the orbit within the specified layer during some given time. 

If the conditions of orbit conservation are not satisfied, an additional 
powered revolution must be introduced for correction. Another factor 
favoring such an approach is that since the density law assumed in the 
calculations is not exact, the motion in a real atmosphere can be so 
different from the idealized motion that an orbit correction becomes 
necessary; this will also take care of the above-mentioned inaccuracies, 
which are in any case negligible. 

The periodic region of engine operation is possible only if the values 
of the parameters §, &, n recur in every m-th revolution, i.e., 


Em = 0, En = 0, Im = 0. (6,59) 


255 These parameters are responsible for keeping the orbit within the 
specified layer; in particular, they determine the amplitude of the radial 
oscillations of the orbit, max &™ (4)—min §™(#. The sojourn in the 
specified layer imposes no restrictions on the remaining parameters of 
motion (n, 9, 6) and therefore there are no recurring conditions for them, 

The variational problem for the maneuver considered, performed by 
a vehicle with an unthrottled engine, is formulated using integral 
expressions. It is required to establish the optimum laws e, (f), er (t), 6 (¢) 
(@ =+ 1 — e — et) which minimize the integral functional 


1m V8 eae, (6.60) 


0 


where the engine operates during a period of m revolutions (the first m-—-1 
are coasting revolutions, whereas the m-th is powered), while preserving 
the periodic conditions (cf. (A. 74), (6.59)) 


anm anm 


2x (1 — 2), cos t) { pcost dt —ao(2 ( e,5 cost + 
wv 
i‘) 0 


+ v eo sint dt) =0, 


9 
anm acm 


2x (1 — 2), cos i) { psint dt—ay(2 \ e,d sin t dt — (6.61) 


o 0 
anm 


_— y e,b cost dt) = 0, 


G 
2am aan 


x (1 — 2j, cos i) y pdt — ay ( €,6 dt = 0, 
oO 


9 
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Here the parameters x, j., a, and the density p are dimensionless (cf. § 3 
of the Appendix). 

The density p is a known function of the time ¢t, the radius r,, and 
certain angles. It follows that the integrals 


anm 2nm 2nm 
( pdt = 2nmho, { pcost dt = nmay, { psinidt = amv, (6.62) 
ti) Q 


are known if the radius r,, these angles, and the number of revolutions m 
are specified. 

256 On the basis of the differential relation #, = 6 it is possible to write 
the last equality of (6.61) as follows: 


(m) 
th 


{ eg dt, = % (1 — 2), cos é) 2nmAp/ao. (6.63) 


tO) 


The right-hand side of (6.63) is known, while in the left-hand side are 
the control functional #” (in the upper limit of the integral) and the control 
function e (t), This control function 4, (f) must be selected so as to make the 
upper limit 4”) a minimum. Thus, the problem of finding the optimum 
control function e, (t) is separated from the variational problem (6.60), 
(6.61). If the natural limitation |e, (t)|< 1, is taken into account, we 
obtain the optimum control function 


é (t) = 1 (6.64) 
and therefore 
er (t) =0, e (t) = 0. (6.65) 


The minimum value of the functional ¢@ is found from (6.63); it is 
independent of the control function 6 (4), and given by 


eh”) — % (1 — 2j, cos Z) 2mmAg/ao. (6.66) 
Note the restriction on the time gm, where 
1 < Qn (6.67) 


(the engine operating time cannot exceed the time of motion). We thus 
obtain a lower bound for the acceleration a,, so that 


a, > x (1 — 2, cos i) MmAp. (6.68) 
As already indicated, the control function 6 (t) does not influence the 
functional “” (cf. (6.66)). The number of powered periods per revolution, 


and their firing and cutoff times must be selected so as to satisfy the 
three integral conditions (6.61) (the last of which coincides with (6.66)). 
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Allowing for (6.64) and (6.65), and using (6.62) and (6.66), we reduce the 
first two equalities of (6.61) to the form 
ar on 
{ Bcost dt = tO Ar/No, \ sin t dt = 1 vi/ho. (6.69) 
Q 


Qo 


257(The integration is performed along the powered revolution, where 
2n (m — 1)<t < 2nm; since the integrand is independent of m, it is integrable 
over the interval 0 <t< 2x.) 
We assume for simplicity that there are only two powered periods in 
each revolution. Therefore, 


6=1 for t;<t<t, andfort4,<i<t, (6.70) 


In order to satisfy conditions (6.69), we must have 


ae sttits in at 4 cog “ot tej sini u—ts 5 tom a uy F 

bg tt tg Aaa 1 oes (6.71) 
. Tm, 
sin bth is sin —— sin 7 = ah he? 


and furthermore, the total of the duration of the powered periods during each 
revolution is equal to #™, so 


tfp—h ty — ts = 0, (6.72) 


Since we have three equations for the four unknowns 4, fy, ft, t, namely, 
(6.71) and (6.72), one of the unknowns is undetermined. 
If p () =1 then A = 1, and equations (6.71) and (6.72) have the following 
simple solution: both powered sections 
Py have equal cutoff times, and their corre- 
sponding points are shifted through half 


f a revolution; the starting point of the 
first powered section is arbitrary within 
certain limits (Figure 6.17). 

0 LP Ltn at The solution obtained for one operating 

een Ze P rae ; : 

period of the engine is easily generalized 

FIGURE 6.17. Possible optimum pro- to [s/m) periods, * i.e., toa satellite life 

gram of engine firing during a powered not shorter than s revolutions in the 


revolution for an orbit-holding maneuver. Specified layer, where 
= [s/m]t& = [s/m] x (1 — 2jz cos it) 2nmAg/ay. (6.73) 


The optimum functions e,, ¢,, ¢, 6 are conserved in the form (6.64), (6.65), 
and (6.70) to (6.72). 

In formulating the problem it was assumed that the engine operates 
during the m-th revolution only after m-1 coasting revolutions of the 
satellite. In the same way one can study the problem of an engine operating 
throughout several revolutions instead of during only one at the end of the 
period, 


* The symbol [s/m] denotes the integral part of the number s/m. 
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258 2. Rotation of the plane of a circular orbit (cf. § 3 of the Appendix and 
§ 3 of Chapter Five), Problem (6.5) for the given maneuver is written as 
follows (/6.2/, cf. (A. 94) and (5.69)): 


i, =8, t,(0) =0, ¢t,(T) = min, 
4 = oh esin¢— 2), 40) =0, 4 (7) =0, 
2 
Ss (6.74) 


o= 


Tae ER o(0)=90, o(f) =i 


(a, # = const, 5(t) = 1 for 0, e(¢) = +1). 
We shall assume that the change in the vehicle weight due to the con- 
sumption of working fluid is much smaller than the take-off weight of the 


vehicle (u7,<1, T, = t,(7T)). The thrust-acceleration magnitude a (i) = 
= a, (t) (1 — pt,)) in the right-hand side of (6.74) can then be replaced by 


a(t) = a,6 (2). (6.75) 


To simplify the formulas we assume that 7 = 2ns, s = 1, 2,... (the 
maneuvering time is a multiple of the period of revolution along the given 
orbit). The variational problem is thus finally written as 


i = 6, t,(0)=0, 4, (2ns) = min, 
% = apdesin(t—Q;), 4(0)=0, (Ans) =0, (6.76) 
© = ade cos(t—2:), .0(0)=0, w(2ns) =i 

(4 =const, S(é)=1 or 0, e(t)=+1). 


We now form the Hamiltonian and write the momentum equations 


H=—64 padesin (t— 21) + Ppa,0e cos (¢ — 3), | (6.77) 


= const, p, = const. 


The optimum functions e (f) and 6 (4) are represented by the expressions 


&(t)=1 for A>0, 4(t)=0 for A<0 | 
(A = — 1 + ao| p, sin (¢ — Qy) + p,, cos (¢— Q1)!). 


e (t) = sgn [p, sin (é— Q,) + p, cos (t — Q1)], 
| (6.78) 


The parameters p, and p, are calculated from the boundary conditions 
for yx and o, 

If the time of motioa is a multiple of the revolution period (as in the 
example considered), the optimum programs (6.78) are periodic with a 

259 period of 2x. The powered trajectory sections are of equal duration; the 

time between the beginning and end of two adjacent sections differs by x 
(with the possible exception of the first and last sections), and the positive 
and negative directions of the thrust vector alternate. It is thus possible 
to establish an explicit relationship between e and 6 and the angle Q,. 

Assume that we know the optimum control variables e and 6 for 
rotating the orbit plane through an angle i during a time 2ns at a position 
of the nodal line characterized by the angle Q,. 
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The variables e’ and 8’, rotating the orbit plane through the same angle i 
during the same time 2ns, but at an angle Q, different from Q,, are expressed 
as follows in terms of e and 6: 


e()} =e(t+2,—Q), 8 () =8¢4+ Q,— Q). (6.79) 
This is proved as follows. The control variables e, 5, and e’, & are 


characterized by the parameters py, p. and p,, p,, and are determined 
from the conditions 


one ana 

| edsin(¢—1)dt=0, § eBcos(t—Q1)dt =i/a, 

0 0 (6.80) 
ans ana 


{ c’8'sin(¢— Qj) dt =0, J €°6’ cos (t— 91) dt = i/a, 
0 0 
(where e, e’, 6, 6’ are given in (6.78)). 
The two upper relationships in (6.80) are satisfied; it remains to show 
that in this case the two lower equalities hold when equations (6.79) are 
fulfilled. We make the substitution 


"=t+Q,— M1, (6.81) 


as a result of which the integration interval is shifted by 9,— 2, and moves 
beyond the limits of the interval [0, 2ns]. The required equalities are 
obtained by determining the periodic integrand functions in the interval 
[2ns, 2ns + |Q,— Qi] (or I— | Q, — Q,'|, 0] according to the sign of the difference 
QO, — 2). 

We shall now determine the optimum control variables e and 6 for one 
selected value of the angle Qi; let this be the value for which 


6(+0)=1, 6(-=0. (6.82) 
All the powered periods without exception have equal duration, the 


beginning and end of adjacent sections are shifted by x, and the function e (#) 
has different signs for them. We find the following laws for 4 (¢) and e (¢) 


260 (Figure 6.18): 


e=+1, 8=1 for O<t<T,/2s, 
e=—1, 8=1 for n<tCn+T7,/2s, (6.83) 
e=+41, 6=1 for Wn<c<t<2n+T,/ 2s, . 
e=—4, 6=1 for (s—1)n<t<(s—1)n+%,/25, 
where T7,/2s is the engine operating time for one section, 
After calculating the integrals (6.80) we determine the relations 
Qi = T,/4s, t/a, = 4s sin (T,/4s). (6.84) 
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In accordance with (6.79), the following functions for e(# and 6 (#) are 
obtained for an arbitrary angle Q, different from Q,: 
for T,/4s <Q, < T,/4s 


e= +1, pet for Oct<h, 
e=—i, 6=1 for b<<t<ckh+nh, 
e= +1, 6=1 for te + an<cl<ty4 an, 

ae : (6.85) 
e=(—1)™", 6=1 for t+ (m—2)n<t<ty+(m—1)x 

(41 = 91+ T,/ 4s, = Q—T,/4s+0); 
for T,/4s< Q,< xn— TP, /4s 

e=+1, 6=1 for ty<t< te, 
e=—i, 6=i1 for ktact<Cht a, 
e=+4, 6=1 for ty tan<cti<t, + ax, 

: : . (6,86) 


é =(—1)™, 6 ze 1 fon fp +(m— 1)n <t<the+(m—1)n 


(4 = Q1 —T,/ 4s, t, = Q:4 T,/4s). 


Taken together, the two cases (6.85) and (6.86) comprise an interval 
over which Q, varies through an angle x given by 


—T,J/4s <Q, <n — Ty4s. (6.87) 


The extension of this interval (6.87) to 2x is obtained by changing the sign 
of the control function e (é). 
261 After substituting (6.85) and (6.86) in the second integral of (6.80) we 
obtain the following relation between i, 7,, s, and a,: 


T, = 4s arcsin (i/4sa,) (T= 2ns,s=1,2,...). (6.88) 


This is the required expression for the problem functional in terms of 
the maneuver parameters i,s, and the engine parameter a,. Note that, 
just as for the ideal power-limited engine, 
the control functional is independent of 
& the final position of the nodal line, i.e., of the 
angle Q,, on which the middle points of 
the powered sections are situated (cf, 
(6.88) and (5.75), (6.83) and (5.74), 
Figure 6.18 and Figure 5.29). The 
maneuver of rotating the orbit plane 
is also considered in /6.21/, 
In concluding this section, we give 
an approximation formula for the time 


FIGURE 6.18. Optimum program of thrust 


orientation and of engine ignition during required to rotate the plane of a circular 
one revolution for the maneuver of rotat- orbit (through the angle i) with a simul- 
ing the plane of a cixcular orbit. taneous change of radius (from 1 to r,) 
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/6.5/, in the form 


T=T,=4+-[1—exp(— + 1— Zoos + 2)| = 
av. [1—exp(— + 1—Facos F +<)]. (6.89) 


It has been assumed here that the engine operates along the entire tra- 
jectory, and that the radial component of the thrust vector vanishes; the 
two components considered were those parallel to the velocity vector and 
normal to the instantaneous orbit plane (the normal component, changes 
sign on the diameter perpendicular to the nodal line). The absolute values 
of these two components of the thrust vector are considered as slowly 
varying functions of time. 

By this assumption it becomes possible to average the equations of motion 
along the revolution. The optimum program of thrust orientation (from 
revolution to revolution), ensuring the minimum maneuvering time, was 
found for the averaged equations. It was not assumed that the angle of 
inclination i and the radial displacement |r,—1]are small. The relation 
obtained, (6.89), is sufficiently accurate for a wide range of the parameters, 
iand ry. 


262 8 5. PARAMETERS OF A VEHICLE WITH POWER- 
LIMITED UNTHROTTLED ENGINE 


Here we present examples of the solution for the weight part of the 
optimization problem (the problem of maximizing (6.6)) for power-limited 
unthrottled engines; use is made of the expressions for the functional 
T,, (2), ») found in the preceding sections. The values of the payload corre- 
sponding to an ideal power-limited engine (from § 4 of Chapter Five) are 
compared with those obtained here, in order to assess the gain attained 
by thrust control. 

1, Formulas for calculations. If the acceleration process in a power- 
limited engine takes place without losses, the power N is linked with the 
thrust P and the propellant flow rate q (or the exhaust velocity V= P/g) by 
the ideal relation (cf. (4.1) to (4.3)) 


N = P9/2q = "/,PV (6.90) 
(N [kw] = 0.481-107P"{kg]/q [kg/sec] = 0.49-10°P [kg] V[m/sec]). 
The weight of the propulsion system (4.13) can be represented in the 
following form* 
G, = aP4/2q =1/,0PV, G,/G, = (a/2g) ab/p = (@/2g) aV 


(G, [kg] = 0.481-10-%a [ke /kw] P* [kg]/q [kg/sec]= 
= 0.49.10 [kg/kw] P [kg] V [m/sec]). (6.91) 


* Relationships for N and G, for real power-limited engines, and corresponding examples of the solution 


for the weight part of the variational problem, are given in Chapter Seven. 
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Criterion (6.6) for selecting the optimum values of P, g, and V (or 
a), and V) is, in the case considered, 


P2 4 P 
maxG,= max (Go — re _— gq? y)= max( Go — yoPV —Er T.), 


Gy a % )= ( 2 oy a ) 
max 3 = max(1— f° yr, =e 1— 37 ao 7 Th 
{max G, [{kg] = (6.92) 


= max (Go [kg] — 0.481-10-4a {kg /kw] P?'ke]/ g(kg/sec]— 
»@ 
—q{kg/sec] T,[sec]= max (Go [kg] — 
— 049.100 [kg/kw)P {kg]V [m/sec] — 
— 9.81 P[kg] T,[sec]/V[m/sec])}, 


where T, = 7, (gP/Go, gq/G,) or T,, = T, (a), p) is the solution of the dynamic 
part of the problem; the last term in (6.92) represents the initial weight 
of the working fluid 


Guo = BqTy = BPT WV, Gul Go = pl, = af IV 
(Guo [kg] = g[kg/sec]T, [sec] = 9.81 P [kg] 7, [sec]/V[m/sec]). 
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(6.93) 


If the parameter p (or V) does not appear in the expression for the 
functional 7,, as in the problems of §§ 4.1, 4.2 (cf. (6.73) and (6.88), 
the maximum of G,/G, for » (or V) is attained when 


2 2 
1 = ay / V ET. or V= V = Tr, (6.94) 
(g=0.219P Yo/T, or V=0.447-10° YT, Ja). 


(The dimensions of the magnitudes between parentheses here and below 
are the same as in formulas (6.90) to (6.93).) 
With the aid of (6.94) the criterion (6.92) can be represented in the form 


G, _ a 
mar g— max(t—2ay V3 To) (6.95) 
(max G, = max (Go — 0.439P Y aT ,)). 

Note that the value of p (or V) determined by (6.94) corresponds to 
the case in which the initial weight of the working fluid is equal to the 

weight of the engine* 


G G 


Poem V Ele (Cu = Cx = 0.219P Var,). (6.96) 


Taking the payload as the independent variable in (6.96), we obtain the 
optimum ratios between tne weight components (curve 3 in Figure 6.19) 


GyolGs = Gx/G, = ly (1 — Ga/G,), (6.97) 


* This result for the case of a specified engine operating time for fixed thrust magnitude was obtained by 
Stuhlinger /6.22/, Moeckel /6.23/, and Preston- Thomas /6.24/. In /6.25/ the corresponding expression 
was found for optimum weight ratios allowing for relativistic effects caused by high exhaust velocities. 

It is shown there that for values of the parameter (T/a) ~ 1 year: kw/kg the relativistic corrections to terms 
of the order of unity in the formulas for the weight ratios are of the order of ~ 107°, 
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whereas for an ideal power-limited engine we obtained 


Gyo / Go = 1— y G,/Go, 


Gx / Gy = 


Gy /Go— Gn/ Go (6.98) 


(cf. (4.15) to (4.17) and the dashed curves in Figure 6.19). 


0 Ge a4 a6 a8 


FIGURE 6.19. Comparison of optimum weight ratios 
for ideally throttled and unthrottled power-limited 
engines. Dashed curves represent an ideal engine 
(applicable to all maneuvers); solid curves represent 
an unthrottled engine (curve 1 is the velocity build- 
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FIGURE 6.20, Payload comparison for vehicles 
with ideally throttled and unthrottled power- 
limited engines (symbols as in 6.19, except 
curve 3, which correspond here to rotation of 
plane of circular orbit). 


up, curve 2 is displacement between points of rest, 
curve 3 is rotation of plane of circular orbit, holding 
the satellite orbit and other maneuvers, where the 
engine operating time is independent of the propellant 
flow rate). 


264 The ratios (6.98) for an ideal engine are independent of the type of the 
dynamic maneuver. Such an invariance does not exist for an unthrottled 
engine, as can be seen in the example of the maneuvers studied in §§ 2 to 4 
(Figure 6.19). 

The dynamic maneuver in the case of an ideal power-limited engine 
determines the value of the payload by means of the functional J. The 
values of J depend on definite combinations of the maneuver parameters: 

for the velocity build-up maneuver (cf. (5.32)) 


= wT, (6.99) 
for the maneuver of displacement between points of rest (cf. (5.33)) 
J, = 1227-8, (6.100) 


for the maneuver of rotating the plane of a circular orbit (cf. (5.75) in 
dimensional form) 
Jt => Qkr, fT (Tv = Qnak-hy 4! 


(3 =1,2,...) (6.101) 
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It is interesting to note that the payload of vehicles with unthrottled 
power-limited engines for the maneuvers listed are determined by the 
265 Same expressions (6.99) to (6.101), where ® = (a/2g) J (Figure 6.20). 
This will be established below whilst solving the weight part of the problem. 
2. Build-up of a velocity magnitude. The solution of the dynamic 
problem for this maneuver, performed by an unthrottled engine, is given 
by (6.30). We select a and V as engine parameters which will be optimized. 
The criterion (6.92) is then written in the form 


max G,/Gy = max (e-%V — ¥ aV) , &> rit —e-ulV), (6,102) 


a,V 


The lower bound of a, follows from(6.30), Since - a,appears linearly in 
(6,102), the maximum of G, occurs when 


dy = ye (1—e™¥), (6.103) 


i.e., in the optimum case the engine should not be cut off during the 
velocity build-up (cf. (6.30)). 
After optimizing the payload G,/G, with respect to the exhaust velocity V 
266 ¥e obtain the solution of the weight part of the problem in parametric form 
(cf. /6.26, 6.27/, etc.), where 


G,  2—e%)—-& Gn G, G, 
Go eee ae Oe 

ee (6.104) 
G2 2 ir t ea oy oe: 


28 ~ 2e6—1)—-E&° OV 

The optimum weight ratios G, (G,) and Gyo (G,) are shown in Figure 6.19 
(curves 1), the dependence of the maximum payload G, on ®, in Figure 6.20 
(curve 1), and the optimum exhaust velocity in Figure 6.21 as the relation- 
ship —(®,). The limit of the functional ® here is ~ 0.65 ( G, = 0 for ®, = 
= 0.65) instead of ® = 1, as for the ideal engine. Nowhere does the 
optimum exhaust velocity drop below half the increment of the vehicle 
velocity (min V (®,) ~ 0.63 u,). * 

3. Displacement between points of rest. The functional of the dynamic 
problem for an unthrottled engine is determined here by (6.43). Expressing 
the acceleration a, from (6.43), we write the payload (6.92) as a function of 
the working-fluid reserve G,)/G, = 1—pT, and the time ratio 7/7, in the form 


Cn 4 Guo a 2 

GG % T 

< (Gyg/ G9 (T/T) (6.105) 
{2(1— Vi G97 Go) — Gy / Go — Y2 (Cyg/Go) {(T/T,,)—1] ln (1—Gyg/Go)}* : 

Here, just as in § 5.2, the maneuver parameters appearing in the functional 

(6,100) for an ideal engine were grouped together. 


The solution obtained is also correct for the maneuver of rotating the plane of a circular orbit while simul~ 
taneously varying the radius when the engine is not turned off. This follows by comparing formulas (6.89) 
and (6.103), It is necessary to take uy = Wrogy [1—2 Wrolr, cos (Vari) + rofr,)* as the velocity increment 
for such a maneuver, 


197 


267 We represent the weight G,, in the form Gy) = G, (1 — e®) (cf. (6.104)); 
the problem then reduces to finding 


G. et 
sane oe eae ane der iT | sah 


Go £, T/T 12 ~'5q _ kA ry Tv 2} 
‘ fers +74(7,—1)] 


Since the partial derivatives with respect to (7/T,) and — must vanish, 
we obtain the solution of the weight part of the problem in the parametric 
form /6.1, 6.26/ (cf. (6.104)) 


Ge _ E[2— (e+ ey] —3 + be 4 — 30 — Yak? 
Go eee F) — 2] —3 + Ge — 3k — 8? 
- G G G, 
te Ge 
‘ : : (6.107) 
@, = 12PT3— “kt 
‘2g E(k? + eh) 2] —3 + be — 30k 1,8 
Te 2 & 
' niet 4—e5” 
"8-75 aR 


From these formulas we calculate the optimum weight ratios G,) (@,) and 

G, (G,) (curves 2 in Figure 6.19), the dependence of the maximum payload 
G,/G, on the functional ®, (curve 2 in Figure 6.20), and the optimum engine 
operating time 7,/T as a function of ®, (Figure 6.22). The limit of the 
functional © for an unthrottled engine is smaller than for the case of 
velocity build-up (G, = 0 at ®, ~ 0.56; compare curves 1 and 2 in Figure 6.20). 
The optimum engine operating time depends weakly on @, and contributes 
about two-thirds of the total time of motion. 


Jee ee 
teal 
ne 
eae Ree 


04 
C63 
0 a2 & a6 ®, 0 a2 th ®, 
FIGURE 6.21. Optimum exhaust velocity FIGURE 6.22, Optimum engine operat- 
V as function of Dy = (a/2g)u®,T~* for ing time T,,/T as function of ®, = 


= (a/2g)12l*T -* for maneuver of displace- 
ment between points of rest at distance 
Tt apart. : 


build-up maneuver of given velocity 
Magnitude tw. 
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4. Interplanetary Earth—Mars flight. The resulting relationship 
T,s(@,V) for the dynamic part of the problem is shown in Figure 6.11. 
The values of.a, and. V which maximize (6.92) are found numerically for 
each pair of values of 7, and «@ using the data of Figure 6.11. 

269 The optimum values of a, and V are shown in Figures 6.23 and 6,24 as 
a function of the flight time for fixed values of the unit engine weight. 
The corresponding values of the engine operating time are marked in 
Figure 6,25. 


a a 
130 200 250 JOO To, days 0 = 200 200 S00 Ty, days 
FIGURE 6,23, Optimum initial thrust accelera- FIGURE 6.24. Optimum exhaust velocity V for 
tion @o for Earth— Mars flight as function of flight Earth—Mars flight. 


time T gand unit engine weight a. 


50 
1590 200 280 300 T,, days ° 159200 280 300 Tr, aays 
FIGURE 6.25. Optimum engine operating time FIGURE 6.26. Comparison of payload of Earth— 
Tygfor Earth~ Mars flight. Mars vehicles with ideally throttled (dashed 


curves) and unthrottled (solid curves) power- 
limited engines. 
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The maximum payload G,/G, is represented in Figure 6.26 as a function 


of T, and a. 


"940 00 80 


FIGURE 6.27, Example of dependence of 
minimum total weight Gug+G, of working - 
fluid reserve G,jand engine G, on time 
during which satellite remains {n a spherical 
layer. (arepresents unit engine weight, 
Guo=Gx. R= 0.5g is the resistance, engine 
operates every 16-th revolution). 


1000 T, days 


The dashed curves on the same figure correspond to an 


ideal power-limited engine. 

5. Holding the satellite in a specified 
spherical layer. The functional 7, of 
the dynamic part of problem (6.73) for 
the maneuver considered is a function 
of the initial acceleration a, only, and 
is independent of the propellant flow 
rate » or the exhaust velocity V. The 
optimum weight ratios (6.97) will 
therefore be correct here (cf. curve 3 
in Figure 6.19), In (6.73) we pass 
from the parameter x to the resistance* 
F=xG,/g and from the acceleration a, 
to the thrust P=a,G,/g. Since the resist- 
ance F is not directly related to the 
take-off weight, and is determined by 
the vehicle shape, the weight part 
of the problem can be solved independ- 
ently of the take-off weight. 

We shall look for the minimum sum 
of the weights of working fluid and 
engine, i.e., for the minimum of 
expression (6.96). 

After substituting (6.73), the 


solution of the dynamic problem, into (6.96), we obtain 


min (Gyo + Gx) = min V 2gaT FP. 


(6,108) 


It is seen from here that the thrust must be minimized. According to 
(6.68), the acceleration a, has a lower bound, and therefore in the optimum 


case 


P=mR, 


=G,=FV *).gamT. (6.109) 


(The engine is fired at every m-th revolution, and the satellite is held 


in its layer during a time Tf.) 


This means that the engine must function during the entire powered 


revolution 


=Y #2f 
he am 


rT, = Tim; 


(6.110) 


270 the exhaust velocity and the propellant flow rate will be (cf. (6.94)): 


(6.111) 


As an illustration, we have plotted (in Figure 6.27) expression (6.109) 
for the minimum total weight (G,, + G,) as a function of the time 7 of 
sojourn of the satellite within the limits of the spherical layer for different 
values of the unit engine weight a (the resistance F is 0.5g, m= 16), 


* It is assumed here that p= const, j, = 0 (cf. (A.70)). 
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6. Rotating the plane of a circular orbit. The solution of the dynamic 
part of the problem is given by (6.88), for which we again have d7,/op = 0 
(or d7,/aV = 0). It follows that the optimum weight ratios are determined 
by (6.97) (curve 3 on Figure 6.19). Substituting a from (6.88) in (6.95), 
we obtain the payload as a function of the relative engine operating time 
T,/T (in (6.88) T = 2ns, s = 1, 2,...): 


G, x VT,/T 
Ge  Y2sin Chat, 17) ye 
(®= ¥ dkereT*s = T = Ansk*rf*), (6.112) 


The optimum value of 7,/T (obtained by maximizing (6.112)) is given by 
T/T = 0.7420; the payload G,/G,, the engine weight G,/G,, the working-fluid 
weight G,,/G,, the exhaust velocity V, and the initial acceleration a, are 
then equal to 


Ge / Go = 1 — 2.0822 Y O,, Gyo | Go = Gu | Go = 1.0444 VO, | (6 113) 
V = 1.249 Vet /e, Oy = BP [Gy = 0.544k'"'r, iT, 


Curve 3 of Figure 6.20 represents the payload in the form ®, = @/2g) J,. 
We recall that the solution of the dynamic problem (6.88) was obtained 
under the assumption that G (#) is constant, and therefore relations (6.112) 
and (6.113) are correct for ®,<1 only (for ©,~1,(6.113) gives low values 
of the payload). In addition, the maneuvering time 7 was assumed to be 
a multiple of the period of revolution of the satellite (7 = 2nsk-rp, s= 
Se 1 Bods) s 
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Chapter Seven 


REAL POWER-LIMITED ENGINES 


Real power-limited propulsion systems differ mainly in the following 
points from ideal propulsion systems. 

1) In real engines some working fluid and power are lost due to phase 
transitions (ionization, neutralization), inhomogeneity of the jet in the 
nozzle, etc. These losses are characterized by the coefficients yn, and n, 
describing the utilization of the working fluid and power respectively. 
With the aid of these coefficients the expression for the thrust of a real 
engine becomes (cf. (4.1)) 


P =V2n,N 4, (7.1) 


where yn, = \ is the over-all efficiency. The latter depends on the power 
N,, on the flow rate g of propellant supplied to the engine, as well as on 
the geometric parameters and on those of the electric circuit, so that 


Ny = Ny (Ny, qa, Wy coer w)). 


2) The. engine can be controlled by varying the power N,and flow rate q 
of propellant supplied to it, while the geometrical parameters and those 
of the electric circuit w,,...,w; remain constant. 

We shall consider two possible ways of controlling the propulsion 
system. Their use will depend on the form of the function n, (N,, 9). 

The extent to which an engine with constant parameters w,,...,w, can be 
controlled is determined by the values of N,, q inside which n, (N,, 4g) >0. 
Two limiting cases are possible. In the first, the surface m (N,, g)represeuts 
the plane 1, (Ny, gq) = 0 excluding the point Ny, ¢ for which n, >0; this case 
corresponds to an unthrottled engine defined over the range Ni, g". The other 
extreme case is that of an ideally-throttled engine for which n, (N,, g) = const; 
here the control range is unlimited. Actually, for realengines the range is 
either relatively narrow or relatively wide, but it is always limited. The 
function 4, (Wy, g) has either a sharp maximum or a broad one at the point 
Ny, 9’, whose position is determined by the values of the parameters 
Wy, 0 oy We te 

The thrust of a propulsion system with a wide control range can be varied 
not only by altering the power N, and the propellant flow rate g, but also by 
varying the number of operating elements (in the case of a composite engine), 

If the control range of the engine is narrow, the thrust is varied by 
switching over from one rocket (or block of rockets) to another which uses 
different values of Ni, g° obtained by suitably selecting the parameters 
Wy, - - +) Wh 
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In the latter case, smooth control of the propulsion system is impossible 
because both the thrust and propellant flow rate are step functions ofthe time. * 
3) In an ideal engine the weights of the power source and converter, 
and nozzle are functions of the maximum power only (cf. (4.1)); the weight 
G, of the real power source and converter are likewise determined by the 
value of the maximum power 


G = f (Nnax)s (7.2) 


while the nozzle weight G, depends on the type of nozzle being used and the 
limiting values of the independent controls. Thus, the weight of the real 
propulsion system includes at least two components, where 


G, =G,+G,. (7.3) 


4) While the operating time of an ideal power-limited engine is unlimited, 
that of a real engine has an upper bound determined by the working-fluid 
reserve of the engine. 

These properties of real engines are general, so that the actual expres- 
sions for the weight G, and the thrust P depend on the type of nozzle used. 

Note that for real propulsion systems, we may allow for the weight 
3 of the working-fluid tanks in the weight formula. This weight is usually 
taken as a function of the initial werking-fluid weight G, = f (G,,); the linear 
relationship 


Gp=BuGuo (B= const) (7.4) 


is the one most widely used /7.4—7.6/. 


§ 1. ADDITIONAL WEIGHT COMPONENTS 


An ideal spacecraft with an ideal power-limited engine is considered as 
having three weight components: the payload G,, the working-fluid weight 
G,, and the engine weight G,, which is proportional to the maximum power. 
The variational problems are formulated in this section so that additional 
weights, the weight of the tanks G, and the weight of the nozzle G,, may 
be allowed for. These weight components are studied separately, and their 
influence on the optimum controls is investigated. 

1. Allowing for the weight of the tanks. We complete the expression for 
the weight in the original formulation of the variational problem (II. 2) by 
adding the component Gs, the weight of the tanks, in the form (7.4). The 
variational problem (II.5) then becomes 


G, =0, G, (0) + Gu+ Ga(T) = max, 

G.=— a4 +(1+8,)G,(0)=Go G.(T) =, (7.5) 
r=V, r(0)=r, r(T)=r1, 
v= Eat +R, v(0)=vVo, v(7T)=V1. 


G,+6,+6,+G, 


* Restrictions can also be imposed on the control of the thrust-vector direction; thus, a tangential 


direction /7.1, 7.2/, and an invariable or stepwise-variable direction /7.3/ have been considered. 
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If the weight formula does not contain components of the type G,, 
depending on the initial: weight of the working fluid, this variational problem 
can be reduced to the form (II. 8), where the part of the functional is played 
by the final value of the sum of weights given by 


Gs = Ge + Gy 


The new problem has one boundary condition less than the original‘one, 
and is therefore simpler. 

Let problem (7.5) be reduced to a boundary-value problem for ordinary 
differential equations; then, in spite of the presence of the term G,, one 
can make several substitutions to simplify the boundary~-value problem 
in the same way as if the term G, was absent. 

The Mayer problem (7.5) will be reduced to a boundary-value problem 

274 by Pontryagin's method. The Hamiltonian and momentum equations are: 


iz ; hae 
A = p,-O— p.gqt+p,-V+P, (aretara, +8) 
P, = P, = (p,-e) gP (G,+¢, + Gat Gy", 
. OC) - 
P,(T) =— 1, P, = — Ge (Po R): Py = — Py 


(7.6) 


Note that the differential equations for p, and p, are identical, and that 
initially their values satisfy the transversality condition 


The latter follows from the fact that the weights G,,G, are not initially 
specified separately, but are linked through one of the equations (7.5). 

In view of these facts we may find an expression for p, (t) in terms of 
Px(t) and 8, where 


By (t) = By (t) + B,Paos (7.8) 
which is then used to eliminate p,() from the equations and the Hamiltonian 


(7.6). 
We introduce a new phase coordinate G, (4) defined by 


Go=Grt Git BuGyo, (7.9) 
and so replace G, in the differential equations (7.5) and (7.6) and in the 


Hamiltonian (7.6) by G. The system of differential equations and boundary 
conditions, and the Hamiltonian thus obtained have the form 


Go =— 64, Ge (0) = G.—G:,, 
r =v r (0) =To, r (T) =1), 
Pi 
v= are, +R, v(0) =Vo, v(T) =Vi, 
P= (Py) Te p,(T)=—4, (7.10) 
P, =— or (P, R), 
P, = —P, 


(# =— (Pp, + B,P,.) 89 + B,°¥ + py [aete.+ n}). 
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275 After problem (7.10) has been solved, the payload G, is determined in 
terms of G) (0) and G(T) (cf. (7.9)): G, =(1 + By) Go (7) — BGs (0). 

The control variables entering into (7.10) are found from the condition 
that the function H mustattainanabsolute minimum. Todetermine the engine 
control variables it is necessary to know its characteristics, i.e., expres- 
sions like (II. 9) and (II. 10). 

Unlike the initial boundary-value problem, (7.10) does not contain a 
finite condition for the working-fluid weight G,, and neither does it contain 
a differential equation for p,; the new problem is therefore simpler than 
the original one. 


a 7 a4 6 — 


FIGURE 7.1. Influence-of weight of tanks on the optimum 
weight ratios of a vehicle with ideal power-limited engine 
(Pyis unit weight of tanks, ® is functional of dynamic 
maneuver). 


We shall illustrate how the weight of the tanks influences the optimum 
weight ratios of the vehicle for an ideal power-limited engine /7.6/. The 
engine weight will be considered as fixed, The problem is again split into 
a weight part and a dynamic part. By performing calculations similar to 
those of § 1 of Chapter Four we find that, compared with the previous 
optimum ratios (4.15) to (4.17), the optimum weight of the engine increases, 
G. = Vi + B,) ® — ®, and the weight of the working fluid decreases, 

Guo = VOU + B,), sothat the payload naturally dropstoG, =1—2Y(i +p) ®+0 
(Figure 7.1). The range of maneuvers performed (G, > 0) is restricted to 
O<G<t —2VB, (V1+B, — VB). 

276 +2. Allowing for the nozzle weight. We shall assume that the weight 
of the engine G, consists of two components, the weight of the power source 
and converter G,, and the weight of the nozzle G,/7.7/, so that 


G, = G, + G,. (7.11) 1 
The first is a linear function of the maximum power Nya» 


G,=aNmax  (% = const), (7.12) 
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while the second is a function of the maximum power Nnax and the maximum 
thrust Pax, 


Gy =f (Nmez, Pax). (7.13) 
We shall consider the case in which f is a linear function of its arguments, 
G, = a'Nimax + yPmax (’, y = const). (7,14) 


Since the weights G,, G, enter additively into the weight formria (7.11), 
the term a’Nmar in (7.14) can be added to G,, where 


G, + @’Nax = (@ +2’) Nanax (7.15) 


so that the nozzle weight component in (7.14), which is proportional to Ninaxs 
is excluded from consideration. Bearing this in mind, we shall let 


G, = yPmax: (7.16) 


It is assumed that the control characteristic is ideal and given by (4.3); 
in accordance with (7,16), we shall impose an upper bound on the value 
of the thrust: 0< P ())< Pmax. 

The variational problem for delivering a maximum payload using a 
power-limited engine containing two weight components G,, G,is written 
as follows (cf. (II. 6) to (IT. 8) and (4.3)): 

Go=—gP?/2N, G,(0) = Go—G, (0) —G, (0), Gg (Lf) = max, 
r=Y, rQ=r, r(T)=n. 
v= ara4e, + vO)=v. v(T)=v (7.17) 


(G. = aNmax, Gy = ¥Pmax, O< N (t)< Niaz 
O< PO) < Prox, |e(#)| = 1). 


The control functions are e (f), N (t), P(t), G.(), G, (); the last four of them 
277 2re not independent. In order to separate the independent control functions 
we shall make some substitutions (cf. § 2 of Chapter Four). We express 
the power NW and the thrust P as fractions of their maximum value, 


Nmax = G/e, Prax = G,/y, 


and add two differential relations to (7.17) which express the decrease in 
the weights G,, G,: G, = — gq, G, = — ey (0X VK ~0<KG<~), Now G,, G 
are the new phase coordinates, and q,, g, the control functions. We shall 
likewise represent all the weight components as fractions of the initial 
weight G,, but preserve the old designations for the dimensionless thrust, 
power, propellant flow rates q,, g,, and weights. The variational problem 
will then be 


p ag G2P* 

Go =— 38 GN ’ G, (0) + G,(T) = max, 

G, =— g4,. +G6,(0)+ G,(T)=opt, (7,18) 
G,=— 64, +G,(0)=4, G(T) = opt, 
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r=V, r(0) =r, c(T)=n1, 


PG, 
G+6,+0, + R, v(0)=Vo, v(T)=v1 
O<N(E)<1, OS P(t) <1, 0g, ()< 0, 

0<4q, (t)}< oo, |e(t)| =4). 


v= 


=o 


(7,18) 


To solve the variational problem (7.18) by Pontryagin's method, we form 
the Hamiltonia: and write the differential equations of the momenta: 


H =— pf Sr — P80, P6ay+ P,-V +p,-(Lape eat 8): 
P, = 0) gee 
b= ba (7.19) 
P= — 070) ge ey +P, a 
P, = — 3 (P,°B), Py = —P,- 
278 The boundary conditions for the momenta are: 
Po (=P O)=Px (0) Py (P)=pr (7)=0, Pa (T) = —1. (7,20) 


The optimum control variables e(#), N(), P(t), q@(, 97(t) must 
provide an absolute minimum of the function 4. 
We obtain the form of e (#) from this condition, 


e=—p,/p, (p,=|P,|)- (7.21) 


The function 1/N enters linearly into the expression for H, and therefore 
the control variable N (t) takes the boundary values 0 or 1 depending on the 
sign of p(t). We shall show that p, (é) <0 in the entire interval O<t< Tf. 
For p, (t) >0, the optima of N (#) and P (t) would be N (t) =0, P(t) = 1 (ef. 
(7.19)). This corresponds to an infinite flow rate of the working fluid at 
zero exhaust velocity. Such a region is clearly not optimal, and therefore 
the assumption p, (t) > 0 is inaccurate; it follows that p, ()< 0 when0<it<T, 
Then 


N (t) = 1. (7.22) 
The function P (#) varies as follows within the limits of the closed interval 


O<P()<1: 
inside the interval 


ay oe het as 1.2 
P(t) = Pop (Port=— 22-1 gee ae), (7.23) 


at the upper limit 


P()=1 for Por >1, (7.24) 
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at the lower limit 


ag GIP aot g& GP opt 
P(t)=0 at a>0(4 =—p, 3% G, — Poy att ae (7.25) 


Using (7.23) we transform the expression A where 


2 
A= —p, $5 (1 2am), (7.26) 
Since Poy./P > 1 we have A<0 everywhere, and the lower limit (7.25) 
does not enter into the optimum control function P(t), i.e., the flight is 
powered along the entire trajectory. 
We shall now consider the optimum control variables q, (t) and gq, (é). 
If there is no.upper bound to limit the control variables g, and qg,, the 
279 momenta p, and p, are nonpositive everywhere in [0, 7). We shall prove this 
assertion for p,. Let us assume the converse. At some time ¢ = ¢, let 
Py (t,) > 0; then the control variable ¢, takes the optimum value 4q (t,) = co 
(cf. (7.19)), which corresponds to an instantaneous discharge of a finite part 
of the weight G,. The derivative p. remains finite at g, =o, and therefore 
the function p, (f) does not change sign inside a finite time interval in the 
neighborhood of t=#,. Therefore, during a finite time interval, q = 0; 
this indicates the discharge of an infinite weight G,, which is impossible. 
The initial assumption is therefore incorrect and 


pi<0, py )<0 at O<t<T. (7.27) 


If the control functions gq, and g, have upper bounds, and in particular if 
q () = a(t) = 0, deductions (7.27) become inaccurate for the sign of p, (é) 
and p, (#). 

The analysis of the optimum control vafiables gq, (é) and q, (#) yields two 
types of regions: boundary controls q,= 0, q,= Owhen p,< 0, p, <0, 
corresponding to G,= const, G, = const, and singular controlsa, (t) = 0, p, (j= 
= 0 at p, () = 0, p, () = 0, corresponding to the partial minimum of the 
function H with respect to G, and G,. It should be noted that the existence 
of these two regimes is a property common to problems with boundary 
conditions of the type (7.18) imposed on the original control functions (in 
the case considered G, (#) and G, (2). 

Using (7.23), the expressions for p,, py can be represented in the forms 

: g PG, ( Pp 2G, 


P. = Poy 36,(G,+6,+6,) \Po Gg +G,46, 


(7.28) 
= beta (- psi 4 rite) 
Py = Po G@+G, +6, Por | G+G,+G,/° 
The singular regions are obtained 
; P 26, 
at =- => 
for 4, Pot Gp +G, 4G,’ (7.29) 
for at PP = = Betile, + 
y Po Cet Gu Gy” 
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If P = Pox, the second condition of (7.29) is clearly not realized, and 
by <<. 0. Therefore, in the trajectory sections where the weight G, decreases 
(q, > 0), the control function P(t) reaches its limit (P = 1). 

280 In order to fulfill the boundary condition p, (7) = 0 in the case when no 
upper bound restricts the control variable g, (#), it is necessary that the 
trajectory be closed by the section P(t) = 1. In fact, p, (#)is nonpositive 
everywhere in [0, 7] (cf. (7.27)); therefore, in order to attain the upper 
limit p, = 0, the derivative p, must be nonnegative when approaching it 
from the left. In accordance with (7.28), this is so only at P(t) = 1, 

If P (t) = Pop: (t) and G,= 0, (7.29) reduces to (4.19), which determines 
the optimum law of weight decrease for an ideal power-limited engine. 

When q, ()= gq, (t) =0 the weights G, and G, are fixed, and the solution of 
the boundary-value problem (7.18), (7.19), (7.20) yields optimum values of 
the control parameters G, and G,. Examples of such a solution are given 
in Chapter Eight. 

Note that making allowance for a weight component proportional to the 
maximum thrust alters the structure of the optimum thrust control with 
respect to the ideal case; an upper bound of the control function P (#) 
appears. 

The proportionality factor y entering in the equations of the variational 
problem determines an important characteristic of the engine, namely, 
the maximum attainable thrust acceleration. In fact, the thrust accelera- 
tion a is given by (cf. (7.18)) 


= (g/y) PG, (Gs + G, + G,)7, (7.30) 
from which it follows that 
a@ (t) < max = g/y. (7.31) 


At high values of the parameter y (y ~10?—105) which characterize 
power-limited engines, the maximum attainable acceleration is small 
(a~ 1075—10°?g) (cf. /7.8/); this justifies the name given to engines of 
this class: low-acceleration or low-tnrust engines. 


§ 2. SPECIFIED OPERATING TIME OF THE ENGINE 


According to the optimum program, an ideal power-limited engine 
functions during the entire flight time. If this time is incompatible with 
the engine resources (as can be expected in interplanetary flights), the 
condition of specified engine operating time must figure in the variational 
formulation. This problem was already discussed to a certain extent in 
Chapter Six; here we give a general method of solving variational problems 
with fixed time of action of the control function, which is then applied to 
the problem studied /7.9, 7.10/. 

281 1. General method. Consider the Mayer problem as applied to a 
dynamic system: 


a = fi(z;, Ux) (i,j= 0, 1, oa ey NY k= 1, vey r). (7.32) 
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The magnitudes z,, u, are respectively the phase coordinates and the 
control functions. The boundary conditions are specified at ¢ = 0 and at 
t = T, and the values of the phase coordinate z, (7) represent the control 
functional. One of the control functions has a lower bound, given by u, >0. 
The control function u, will be called "switched on" if u,>0, and "switched 
off" if u,= 0. The total time during which the control function u,is switched 
on will be called the time of action of the control 7,. 

By solving the variational problem, we find the time 7, opr < 7 which is the 
optimum time of action of the control function u, Let us specify a time of 
action of the control function u, smaller than the optimum time, T, <Ty opt, 
in addition to the variational problem formulated above. This complicated 
variational formulation can be reduced to the standard Mayer form, by 
making use of the instantaneous time of action of the control ¢, and the 
delta function 6 (4), introduced in Chapter Six; these are linked by the 
differential relation 


i, = 6, (7.33) 


The control function 6(#) is a step function, which takes the value 1 when 
the control is switched on, and the value 0 when it is switched off. Using 
this property of the function 6 (t), we replace the control function u, by u,6; 
this product coincides with u, when the control is switched on, and vanishes 
when it is switched off. 

We write the system of differential equations for the variational problem 
as follows: 


Zi = fy (aj, U8, uy), fy = 6 (7.34) 
G@,j=0,1,....m) #=2,...,7). 


If, together with the above-mentioned boundary conditions for the phase 
coordinates, the boundary cor.ditions are satisfied for the auxiliary 
coordinate ¢,, 


T 
t.(0)=0, ty (7) = 8() dt = Ty <T yop (7.35) 
Q 


and the function 6 (f) together with u, (t),..., ur (f is selected so as to be 
optimal in the sense of the control functional z, (T), the variational problem 
with the additional condition of specified time 7, < T, o,4 will be solved. 
In other words, we shall know the optimum number of times the engine 
is fired and the optimum operating time of the control variable u, for each 
powered section. 

When using Pontryagin's method to solve the problem formulated, we 
form the Hamiltonian as usual and write the momentum equations 


n 
H= 2D pli (2,,u,8,u,) + Pd, Pp=—OH/O2y p, =0. (7.36) 


We represent H in the following form as a function of 6: 


H = Hy + (41— Ho + p,) 4, 


Ayo = ZZ = ’ 0, , 
0 §=0 BP (z, ux) (7.37) 


n 
Ay = Hya— p, = PAG Uys Uy)» 
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To be specific we assume that we are looking for the maximum of the 
control functional z,(T), i.e., the function H must attain an absolute minimum 
for the optimum controls u,, u%;, 6. For the control function 6 the absolute 
minimum of H is attained when the following conditions are fulfilled; 


8=0 at H,—Ay+p,>0,6=1 at H.-H, +m <0. (7.38) 


The difference H, — H, is nonpositive. In fact, it follows from definition 
(7.37) of the functions H, and H,that H, =H, at u,= 0; for other values of u, 
the difference H, — H, must be negative, since otherwise it would have been 
possible to decrease the Hamiltonian H by taking u,= 0, and then we would 
have H,—H,= 0. This determines the sign of p, to give 


Pp > 0. (7.39) 


For p,< 0, the expression H, — H, + p, would nowhere change sign, and 
we would have 6 (#) = 1; in that case ¢.(7) =T7, which clearly contradicts 
boundary condition (7. 38). 

Note that for u,= 0 the optimum value of the step function 6 is zero, since 
Pp. > 0, H,=H,. If p,»= 0, the time 7, obtained coincides with the optimum 
time Ty = Tyopt. 

This method will also be applied to several contro] functions with a 
specified time of action shorter than the optimum time; instead of one 
auxiliary control function 6 we substitute the required number. 

283. 2. Application of the general method to the problem studied, In the 
original equations (II.8) we multiply the propellant flow rate q and the thrust 
P by the function 6 (4), and add to the system the differential equation for the 
instantaneous operating time of the engine 4. We obtain the following formu- 
lation of the variational problem: 


G, = — 298, G,(0) =Go—Gx, G,(T) = max, 

, = =), | 

te 6, t, (0) F t.(T) =f, (7.40) 
r=YV, r (0) =To, r (T) =T, 

v= = e+R, v(0)=w, v(T) =‘1. 


In the case of a power-limited engine without losses, with which we deal 
in this section, the variational problem (7.40) reduces to (cf. (5.2)): 


J= 2%, J(0)=0, J(T)=min, 
t,=6, t,(02)=0, t(T)=7, 
r=y, r(0)=ro, r(T) =", (7.41) 


v=ate+R, v(0))=v, v(T)=v1 
(a(t) >>0, 8()=1 or 0, je(t)| =1). 


In order to find the optimum functions e (¢), a(t), 5(t), we make use of 
Pontryagin's method and write the Hamiltonian and the momentum equations 
as 

H=—a% t) -v+p,:(2de+R), 
eroite — a ) (7.42) 
P=9 pp=— a (P,-R), Pp=—P, (P,<9).. 
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In the optimum region the control functions e (#) and a(é) must satisfy the 
relations 


e=p,/P,, @= 7p, (Pp, =|P,/)- (7.43) 


The optimum times of engine firing (6 = 1) and cutoff (8 = 0) are linked 
/with a reversal of the sign of the expression A: 


6=1 at A>0, 6=0 at A<0(A=%p? + p,). (7.44) 


If 7, is not specified beforehand, p,= 0 and A(t)> Ofor0<t<T; 
therefore, there are no coasting periods in the trajectory. , 

284 3. Maneuvers in a gravity-free field. In the case of motion in a gravity- 
free field* there can be no more than two powered-flight periods. In fact, 
for R = 0 the differential equations of the momenta p, and p, in (7.42) can 
be integrated to yield 


Pr = 2b, po = 2b,t + 2by, (7.45) 
and the magnitude /,p? entering in (7.44) is expressed as 
1/,p? = be? + 2by-bet + B2, (7.46) 


The equation A(t) = 0 is a quadratic equation in ¢ and has at most two 
roots, ¢, (b,, b,) and ¢, (b,, b,), determining the beginning and end of the single 
coasting period, which separates the two periods of powered flight. 

The.optimum program of the thrust-acceleration vector ae in the sections 
of powered flight is a linear function of time. To find the constant vectors 
b, and b,, which depend on the specified initial and final values of the coor- 
dinates (rg, r,) and the velocities (vy, v,), it is necessary to integrate the 
equation of motion in (7.41) along the powered-flight and coasting sections, 
with 

ae=bittbh, 6=1 at O0<t<h, &<ct*<T; 
S=Oat t.<t<t, (7.47) 

We shall first consider the build-up maneuver of a specified velocity 
magnitude u, in a gravity-free field for specified maneuvering time T and 
engine operating time 7,. 

The final -values of the coordinates r (7) in this maneuver are not fixed, 
and we therefore have the following transversality condition: 


Pr (7) = 2b, = 0. (7.48) 


According to (7.44), (7.46) and (7.48), the expression A is independent 
of time, and neither its sign nor its magnitude are determined, This means 
that the location of the coasting section on the trajectory is not determined 
and does not influence the control functional J (T); the latter is given by the 
expression (cf. (5.32)) 


J (1) = wT,. (7,49) 


* Or in a plane-parallel field, 
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Note that the maneuvering time 7 does not enter into expression (7.49). 

Next, we study the maneuver of transfer between two positions of rest 
in a gravity-free field situated at a distance | from each other, for a speci- 

28 fied maneuvering time 7 and engine operating time 7,. After integrating 

the equations of motion along the powered and coasting sections we can 
express the constants b, and b, by means of the maneuver parameters 1/,T 
and the time 7,. Substituting these expressions in the formulas for ¢, and 
t,, we obtain 


t="T. t= T —QT,. (7.50): 


The program for the thrust-acceleration vector ae has the form (cf. 
(5.33)) 


6L 4—2/T 


MO Fe TT, [TP (7.51) 


and the expression for the functional J (7) (cf. (5.33)) is 


42/2 1 
J(t)= 7 T—a—T ITF (7,52) 


Thus, in the case considered the coasting section is located at the 
middle of the trajector:. For specified time of motion 7 and distance 1 
the functional J increases monotonically with decreasing time 7, (Figure 7.2). 
For specified time 7, and distance / the functional J decreases monotonically 
with increasing time T (Figure 7.3). 


Ii. 

ae 

a6 

Q4 

a2 

a 

3 4 
/ 2 ST le 

FIGURE 7.2, Functional J as function of FIGURE 7.3, Functional J as function of 
operating time T,, at specified maneuvering maneuvering time T at specified operating 
time T (J* =12 ?/T*)for transfer between time Ty Ws 12 P/T,) for transfer between 
points of rest in gravity-free field. points of rest in gravity-free field. 


4. Rotating the plane of a circular orbit. A similar study can be carried 
out for the maneuver of rotating the orbital plane. We shall give the final 
results. The following values of the parameters are selected (for a descrip- 

286. . F 
tion of the maneuver cf. Appendix, § 3): 


T=2n, Q) = Vy, (7.53) 
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where the inclination i is arbitrary within reasonable limits (i< 1), and 
the operating time of the engine 7, is the parameter of the problem. 
In the absence of restrictions on the operating time, the optimum 


functions a (2), e (f) and the value of the control functional J (T) are (cf. (5.74), 
(5.75)) 


ae=(i/n)sint at O<t<2n, (7.54) 


I(T) =2/n (T = 2n). 


If the operating time 7, is specified, expressions (7.54) are replaced by 
the following ones: 


a=0 for O<St<Yan— KT, 
isint 
C= Ter eae oe a ee 
a=0 for Yon + tly <t< fon —YaTy, (7,55) 
ae= WET ain TY for %/om—MqTy<t<9/am + Val wr 
a=0 for %om + aT, <Ct< an. 


The functions a(t) are given in Figure 7.4 for 7, = 2x, °/.x, 2; the depend- 
ence of the control functional on the operating time 7, (0< 7, < 2n) is 
illustrated in Figure 7.5. 


FIGURE 7.4. Variation of thrust-acceleration magnitude a(¢) for different 
values of operating time 7, = x, “fem, 2x for rotation of orbital plane 
through angle i during time T = 22. 


Al 


9 Ven tnt Yen Mm 
FIGURE 7.5, Functional J as function 
of operating time Tyat fixed maneuver- 
ing time T = 2x (J*= {*/x) forrotation 
of orbital plane through angle 4. 
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5. Orbital transfer. We shall consider plane motion in a central field 


using cartesian coordinates (cf. Appendix, § 2). 
The variational problem (7.41) for the maneuver of transfer between 


circular orbits is written as follows /7.10/: 


J = 0%, J(0.=0, J(T) = min, 
t, = 6, t.(0)=0, tu(T)=Ty 

z=u, z()=1, 2z(T)= 1 cosq,, 

y=, y()=0, y(T)=nsing,, (7.56) 
i= bee ae, w=, u(t) = —A"singy 


v(0)=4, v(T)=rzcosqy 


; y 
v= abe, — (x3 + yay" ’ 
(a{t)>0, 8(t)=4 or 0, &(t)+ 2 (t) =1). 
The Hamiltonian and the momentum equations (7.42) in this case have 
the form 
H=— a+ p,d + pu + pyv + Py, {abe, — x (22+ yy") + 

+ p, [ade, — y (2? + zy 

; : P, [ade, — y (2? + y*)"] (1.87) 
Pp, = 9, Pi=—Py Pp =—Py 


a Py 8 (Py + yy) a Py __ 5y (Py? + Poy) 
Pe era aye Pv yay eae 


Expressions for the optimum programs for a, e,, e,, 6 are obtained from 
the condition that H has a maximum. These are 


€,= Pyle +P)", e,=P,(re+ Py, a= bY +P 
6=1 at A>0, 6=0 at A<0 pene pa 


Thus, the variational problem has been reduced to the boundary-value 
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(7.58) 


problem 
t, = 6, t.(0)=0, 4(T)=T,, 
r=u, z(0)=1, z(T) =r,cosq,, 
y=v, y(0)=0, y(7)=nsing, 


u = Y/op,o—z (at + y)"*, u(0) =0, 
v= Yop,s—y(z?+y%)", v (0) =4, 
(6=1 at A>O, 


u (T) = rl sin Puy 


v(f) =ri'"cos P1 (7 59) 


6=0 at A<0, A ="/a(p2 + p?) + P,), 


p,=9, Pyp=—Py Pp=—Py 
- Py 3z (pz + Py) 
Ps eee 

Po 3y (Pz + Poy) 


Pu apy ty 


The functions z (4), -y (2), u(), v(t), pp (d,-- 


-» Pu (8), Po (t) are determined 


after solving the boundary-value problem, and it becomes possible to 


calculate the control functional 


T 
i 


J(T) = (erat => 


0 
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T 


( (p2 + p) bdt. 


o 


(7.60) 


Problem (7.59) contains the four parameters 7,9,,7,,T,. If the parameter 


T, takes a number of values, it is convenient to calculate p, and not 7,, 


In 


this case the necessity of satisfying the condition ¢, (7) = T, in the boundary- 
value problem (7.59) disappears; the equation for ¢, can be integrated after 


28 where 


T 
7, = 8(t)dt. 
0 


determining the functions 2 (#),..., 6(#) and the control functional (7.60), 


(7.61) 


The boundary-value problem (7.59) was solved by successively selecting 


the missing initial values p,.(0), p, (0), pu (0) and p, (0). 


The calculations were 


conducted for transfer from circular orbits of unit radius to circular orbits 


5 2g 


FIGURE 7.6. Functional J* as function of time 
of motion for transfer between circular orbits 
(o= 1, m= 1.52, Ty =P =O). 


of radius r,= 1.52 (Earth—Mars). 
In most cases the average angular 
velocity during the transfer was taken 
as equal to the angular velocity of 
motion along the initial orbit, i.e., 
9,/T= 1. The results are shown in 
Figure 7.6 to 7.8. 

Figure 7.6 represents the functional 
J* = J (1, =T) as a function of the 
time of motion T where there are no 
coasting periods in the trajectory 
(1. =T= 9, Figure 7.7 shows a 
family of curves J (T,, T)/J* (T) with 
different values of the parameter Tf 
(9, = fas before). For 0.5<T < 4,5, 
0.8 <17,/T < 1.0 the relative variation 
of the functional, namely the magnitude 
(J/J*) -1, depends weakly on the time 


of flight 7; for T,/T = 0.5 the relative variation of the functional for different 
T is of the order of 12—13%, which agrees well with the results for a 


gravity-free field (cf, Figure 7.2). 


Within the range of parameters studied 


(0.5 <T< 4.5; 0.4 <T,/T < 1) there is one coasting section inthe trajectory. 
Figure 7.8 shows the optimum programs of the thrust-acceleration magnitude 
a(t) for T = 4,5 and different values of T,. 


FIGURE 7.7. Functional J as function of operat- 
ing time ratio T,/T for fixed time of motion T 

and transfer between circular orbits (J * = J Ty= TT), 
To= 1, T1 = 1.52, Qi =T). 


pice 
Senn) 


fy, /T 2055 
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Va 


FIGURE 7.8, Form of thrust accele- 
ration a (t) for different values of 

T,, /T for transfer between circular 
orbits(T = 9,= 4.5, ro=1, 71 = 1.52). 
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In concluding this paragraph we note the following two points. 

1) The motion in a central field can be studied in either cartesian or 
polar coordinates. The latter have the advantage that integrals of the type v 
and A (see § 1 of Chapter Five) are fairly easily separated from systems 
of differential equations for the extremals, as in (7.59), thus reducing the 

290 differential order of the system. During the coasting section of a trajectory 
the equations of motion and the momentum equations can be integrated, and 
their solution is obtained in closedform. By means of integration we obtain 
analytic relations between the parameters at the beginning and end of the 
coasting period. In this section, cartesian coordinates are preferred 
because the numerical method of solution developed is more easily applic- 
able to equations written in these coordinates, 

2) There exists also another method for obtaining the optimum relations 
between parameters.at the beginning and end of a coasting period, which 
does not necessitate the introduction of the step function 6(). This method 
is based on representing the variational problem as the Lagrange problem 
(5.1) or (5.3). 

If there are two powered periods during the trajectory, the total func- 
tional is equal to the sum of the functionals corresponding to the first and: 
second periods. The initial values of the coordinates and velocities for 
the first functional and the final values for the second functional are speci- 
fied; the coordinates and velocities at the beginning and end of the coasting 
period are linked via integral relations which hold for coasting motion in 
a central field. The missing parameters are selected using the condition 
that the first variation of the sum of the functionals vanishes. Asa result 
we obtain the optimum relations between the parameters at the beginning 
and end of the coasting period mentioned in the first note, including the 
optimum location of this section on the trajectory. Unlike the method 
which uses the function 6 (#), this method is incapable of indicating the 
optimum number of coasting periods, 


291§ 3. OPTIMUM STAGED THRUST PROGRAM 


When using engines with a narrow control range, the thrust and pro- 
pellant flow rate of the propulsion system are varied by switching the 
propellant discharge and the power from one nozzle to another. The 
resulting thrust and flow rate functions are staged, and are characterized 
by the number of levels (stages), their height, and the time of switching 
from one level to the next (the staging points). The number of levels is 
equal to the number of differently tuned engines; the addition of a new level 
leads to an increase in the weight of the system due to the extra engine 
required. 

The solution of the variational problem for the delivery of maximum 
payload in a given case determines the optimum number of levels (differently- 
tuned engines), the optimum height of the levels, and the staging points. 

In this section we start by describing the general method of solving the 
variational problem of a staged approximation for the optimum control 
with a given number of levels /7.11/. By this method, we determine the 
optimum thrust and thrust-acceleration staging programs for a number 
of maneuvers. It is assumed that the thrust acceleration is obtained without 
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losses; therefore the thrust, the propellant flow rate, and the power in 

the equations of the variational problem are linked by the ideal relation (4.1). 
1. General method. Let the dynamic system be described by the 

following differential equations: 


z= hh (zj, Ux, t) (i,j = 0, 1, vey Ry k= 1, a) r). (7.62) 


Here z; are phase coordinates, u, are control functions (position of the 
controls), and the problem functional is z (7). 

The solution of Mayer's variational problem (7.62) for the extremum 
of the functional 2 (t) yields the optimum controls wu; opt (t), . - «1 Uropi(t). Con- 
sider the situation when the program for one of the control functions, for 
instance u,, has to have s stages, unlike up: (f), which is continuous 
together with its first derivative. The heights of the levels and the staging 
points of the step function u, (#) must be selected so that u, (t) is the best 
approximation (in the sense of the control functional z, (7) to the optimum 
control function wrope (£). 

We introduce step functions 6, (é), . . ., 5.(t) taking the values 0 or 1, and 
parameters n,,...,,; these define respectively the staging points and the 

292 height of the stages. The step function u, (t), which takes s values, can be 
represented in terms of 6,,..., 6.4, %,...,7 in the following way:* 


u, (f) = ((.. . (18, + 2) 5, +... + tee) O-2 1 Me) 5.4 + ™ = U, (x, 4), (7.63) 


where the s values of the control function u, (t) (the heights of the levels) 
are then given by 


uf? = i, uf) = Nyy +... u? =m + My Sie | + Ts. (7.64) 
We shall determine the time of action of the parameters n,,..., 1. 


The parameter zx, is switched on during the entire process(0<i< T), the 
parameter a,., is switched on at 6,, (4) = 1,..., the parameter xn, is switched 
on when 6, (¢) 6; (2)... 6, (4) = 1 and the parameter x,is switched on when 

6, ()...61(4 = 1. The instantaneous operating times of the parameters 
tu,--+,&, are linked with the functions 6 (#) by the following differential 
relations: 


fus=1, fsa Osareee far = Orde... So (7.65) 


Equation (7.63) can also be written in the form 
uy (wt, 8) = 748,8,.. . 6, 9d, , +26)... 8,8, +... +2,8,,5,, + 7d +H, 
Note that the notation. 
uy (a, 5) = 748, + stgdg +... HH My-1d,-2 + Mey 


which at first seems the most natural one, is unsuitable, since the number of values that such a function 
can take exceeds s (except in the case ¢ = 2); at s >3 and 1, 1; it is equal to 


Crlt+er8+ ...4 Cl +1 att (e—it...+@—-sppiasat..5 


at s=33 it takes four values. 
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The total operating times are given by the integrals 


T T 
Tys=Ty Tyna =\Sradt..., Tyr = J Orde dade. (7.66) 
0 o 
The selection of the parameters x,,..., x, and the staging points of the 
step functions 6,,..., 5,-. will be subjected to the condition that the functional 


293 7 (T) is an extremum. To that end Pontryagin's method is used; we form 
the Hamiltonian H and write the differential equations of momentum as 


n 
° oH 
H = Pty , 6 ’ 1 t ’ =o 
p2 Pah, (25s Uy (7s 8) Uys Py az, (7.677) 


(i,7=0,1,...,n3 k= 2,...,7). 


The optimum controls u,,...,u, are determined by the standard method. 
To determine the programs 6, (#),..., 6. (4 it is necessary to calculate the 
function H for the following sets of values of these controls at each instant: 


MM, A, at 8g Aaa, A,, 
6,1, =0, §4=1, 6.4 = 1, $.1= 1, 


6 =0, 6..=1, a=, 
. ves (7.68) 


&=1. &=14, 
6, = 0, 6; = 1. 


The largest of the s values of H calculated (or the smallest one, depend- 
ing on the character of the extremum of z, (T)) indicates the optimum set of 
values of the step functions at time ¢. 

The optimum values of the parameters n,,...,,can be determined by 
the following method. If the parameters x,,...,, are regarded as new phase 
coordinates, we add to system (7.62) the trivial differential equations 


m= 0,..., 7) = 0. (7.69) 


This does not alter the Hamiltonian; however, we must also add s differ- 
ential equations to the momentum equations (7.67) of the form 


aH 0H : oH 
P= — oe = — Gu, Ot 8.4, Po = — Gay ba. + - Seay ee ss (7.70) 
oH oH ; 
Poi = — Gu, 8 Po Bar? 
The initial and final values of the phase coordinates n,,...,2, are not fixed, 
and therefore the momenta p,,...,p, vanish at t= Oandt¢=T. This gives 


the following integral relations for the optimum values of the parameters 
294 sigs + oy He 


T T 
oH oH 
=—61...6..dt=0, \ —2&...d4d¢=0,... 
\ 3m j ba " (7.71) 
0H 8. 
\ gr d-1dt=0, \ on ut=0 
0 0 


219 


With the aid of (7.65) and (7.66) these are reduced to the standard form 


(7.72) 


To conclude this section, we note the following points. 

1) It can happen that the representation of the control function uy, (x, 6) 
in terms of the parameters n,,...,%,-, and the step functions 6,,..., 5,4 
is not unique. We shall establish this fact for s = 2. 

Assume that the optimum two-step control function 


uy (t) = 7,6, (t) + my (7.73) 


has been determined, i.e., that the function 6, (t) and the parameters zx, and 
m, have been selected. Now, replace the function 6, by 6, = 1 — 6,and find 
parameters x, and x, which, together with 6,, form the control function u,(t) 
given by 


ua(t) = 7148; (t) + m2, (7.74) 


such that u(t) = 4, (4). At 6,= Owe have u,=27,, 6, =1and u,=7, +m; at 
8, = 1 we have u,=17, +7, 6;~0 and 4=%2;. Therefore, in order that the 
identity u(f) = u,(t) should hold, the following conditions must be fulfilled: 


Ry = my + me, ty tay = My OF Mm = —My, Me = A, + My. (7.75) 


In this way, we obtain a second representation of the control function 
u, (x, 5), which does not coincide with the first one, but gives the same 
function u, (f), and therefore the same value of the control functional. 
295 2) Let the control function be limited to the interval0 < u, (t) < 1; we then 
obtain the following limits for the parameters m,.. ., 1%: 


minus (x, 6)>0, maxui(n, 8)<14. (7.76) 
™ 


™ 


These limits can be built into the optimum step control function y, (é). 
Thus, a three-step control function u, (x, 6) including both the lower (u, = 0) 
and upper (u, = 1) limits can be written as 


uy = ((1 — 7) 6, + a) 83; (7.77) 


here 0 <a, < 1 (it being assumed that the optimum control function Uropt (¢) 
can also take intermediate values). If we are given the total time during 
which the lower limit u, vanishes, the variational problem contains an 
additional differential equation t,, = 6, and an additional boundary condition 
tus (T) = Tyg (according to the method described in the preceding section). 

3) One can indicate a numerical approach when solving the problem of 
a step approximation of the control, which avoids the use of delta functions 
such as (7.63). 
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Take the required s levels of the control functions u, as uf, vw, 2... uw) 
and solve the problem by méans of Pontryagin's method. ‘The ‘staging points 
are determined from the condition that the Hamiltonian be an extremum, 
and the optimum heights of the levels are found from the condition that the 
control functional be an extremum too. This procedure requires the use of 
numerical methods, 

The delta function method yields analytical relations for selecting the 
optimum heights of the level. 

4) An example of a step approximation to the optimum control function 
was considered in Chapter Four. An optimum step program was established 
there without making use of the proposed method, because the variational 
problem possesses the property that the control G, (G.) is a non-decreasing 
function of its argument, so that each level of the step control function can 
be occupied only once. This property enables one to reduce the variational 
problem via a step control function G, (G,) to a problem involving a maximum. 

Another example of determining the optimum step program can be found 
in /7.12/, This is considered in the following subsection as an illustration 
of the general method. In the paper mentioned the solution was found using 
a special form of the optimum continuous control function, 

296 2. Examples of a step approximation to the thrust-acceleration program. 
In this subsection we give a method of solving variational problem (4.11) 
under the condition that the control function a (¢) is selected from the class 
of step functions a (x, 6) with a specified number of levels. Two maneuvers 
are considered, namely, transfer in a gravity-free field between two 
positions of rest at a distance J apart during a time interval 7, and rotating 
the plane of a circular orbit through an angle i during one revolution (T = 2n) 
for 2,= — a/2. 

The variational problem (4.11) with a= a(n, 5) is written as follows for the 
first maneuver considered: , 


J=@, J(0)=0, J(T) =min, 
r=u, z(0) =0, z(T)=1, (7.78) 
u = ae, u(0)=0, u(T)=0 
(a(t) = a(x, 8), e(t) = +1). 
If no restrictions are imposed on the control funciion a(t), the optimum 


functions a(t) and e(#), and the minimum value of the control functional J (7) 
are given by (5.33) (curve oo on Figure 7.9). 


FIGURE 7,9, Step approximation to control 
function a (t)for transfer: between points of 
rest in gravity-free field. 
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We give below a number of optimum step programs a (t) for problem (7.78); 
the procedure will be explained in detail in the last example. 
1) For a(x, 5) =x, the optimum functions governing a (é) and e() are 
(Figure 7.9, curve 1) 
a(t)= 41/7, e(t)=1 at O<t<'/T, 
a(t)=4l/T?, e(t)=—1 at %AT<t<T, (7.79) 
J(T) = 1612 / T%, 
2) For a(x, 6) = 1,5, the optimum functions governing a(t) and e(t) are 
(Figure 7.9, curve 2) 
a(t)=4.51/T2, e(t)=1 at O<t< pT, 
a(t) — 0 at VT <t <S 2h, 
a(t)=4.51/T?2, e(t)=—1 at %T<t<T, 
J (T) = 13.51) T?, 


(7.80) 


297. 3) For a(x, 6) =7,6,+ 7, the optimum functions governing a (t) and e¢ (t) 
are (Figure 7.9, curve 3) 


a(t)=4.81/T%, et)=1 at O<t< yl, 
a(t)=1.61/T%, e(t)=1 at WT<t< pl, 
a(t)=1.61/7?, e(@f)=—1 at Tec T, t (7.81) 
a(t)=4.81/T?, e(t)=—1 at "™T<i<?, 
J (TP) = 12.822 /T?. 


4) For a(x, 6) = (x,6, + x,) 6, the optimum functions governing a (t) and e (t) 
are (Figure 7.9, curve 4) 


a(t)=51/T*, e(t)=1 at O0<i<c's,f, 
a(t)=2.51/T*, e(f)=1 at ¥,T<t<%,f, 
a(t) =0 at AT<t< AP, (7.82) 
a(t)=2.51/T?, e(f)=—1 at %T<t<4,T, 
a(t)=51/T?, e(t)=—1 at ‘AT <t<T?, 
J (fT) = 12.527) 7, 


In the second and fourth examples, levels with a given (zero) height are 
‘included in the control function; for regions in which the control functions 
have specified values only their optimum positions need to be determined. 

We shall explain how to determine the optimum three-step control 
function a (x, 6) with zero lower level (the fourth example). 

The differential equations for the phase coordinates, the boundary con- 
ditions, the Hamiltonian, the differential equations of momentum, and the 
equations for selecting the optimum parameters x, and x, are (cf. (7.78), 
(7.67), (7.71)) 


J = m381dq 4+ 20y728,8. + 028,, J(0)=0, J(7)= min, 


r=u, 2(0)=0, z(T)=1, 
; (7.83) 
i= (70181 + Ita) bee, u(0) = 0, u (T) = 0, 
= — (mibib2 + 2rr726162 + 128s) + pu + P, (7161 + m2) Sze, 
P= 0, Py =~ Bx 


2/902... 


T: T T 
m | 6,5, at ao ma 8,65 dt = + Pe6192 dt, cae 
0 a (7.83) 


ti} 
T T T 
my { dydt +m dat =" peda dt. 
0 Q 0 


298 The solution of the differential equation for p, can be written as (cf. (6.32)) 
Pu = 6; (t, — 2). (7.84) 


The optimum control functions e (¢), 8, (¢), 6, (t) are subjected to the con- 
ditions 
e(t)=sgn p(t) (ep, =|, |): 
di(t)=4 at Ar>0, (ft) =0 at A<O 
(Aa = M1 (—~ m1 — 2m, +] p,|)), (7.85) 
&s(t)=1 at A,>0, &(t)=0 at A4,<0 
(Ae = %2(— ma + | P, |) + 41A1). 


The parameter x, can only be positive, since e(f)> 0. The parameter x, 
can be either positive or negative; in the latter case |n,|<x,, since a(t) > 0, 
Consider initially the case a, >0. Let |p,|—x,—2n,>0; then A, >0 when 
n, > 0 (cf, (7,85)) and 6, = 1, The expression |p,}—x, is then clearly positive; 
therefore A, >0 (cf. (7.85)) and 6,= 1. Let |pul—x, <0; then A, <0, and 
therefore 6, = 0. Moreover, A,< 0 and 6,= 0. 

These considerations lead to the following conclusions, If 6,= 1, then 
6,= 1, and if 6,= 0, then 6,= 0; i.e., the region in which 6,= 0 lies inside 
that in which 6,= 0, and the region where 6,= 1 is not larger than that 
where 6,= 1. The layout of the regions is shown in Figure 7.10, where 
41, #3, #3, £4; are the roots of equations 


Ai (t) = — m1 — Ame + | by] (¢, — ty) = 0, 

As (t2) = | 1] (¢, — ta) — ts = 0, (7.86) 
Ai (ti) = — m1 — 2g + [by | (tf —t,) = 0, 

Az (ta) = | 81 | (#3 —t,) — m= 0. 


From (7.86) it follows in particular that 


itt =, t+ 4 = 2t,. (7.87) 


1fel 


c £E  & Ze ft 
FIGURE 7,10. Layout of levels of control func- 
tion a (2) for transfer between points of rest in 
gtavity-free field. 
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The optimum programs e (é), 6, (é), 6, (4) can be written in the following form 


with the aid of the parameters 4, , ¢,, 2, t{ (cf. (7.85)): 


éi(t)=1, 62(t)=1, e(f)=1 at O0<t<¢y, 
éi(t)=0, O2(f)=1, e(f)=4 at i<t<t, 
di(t)=0, 82 (t)=0 at EcrecEk, (7.88) 
&i(t)=0, d&(t)=1, e(f)=—1 at H<ct<zi, 
6i(f)=41, O2(t)—=41, e(f)=—1 at Woe. 


After integrating the equations of motion and satisfying the boundary 
conditions we obtain 


2%.=7, mt (T —t) +a (7 —t) = h (7.89) 


The parameters x, and 2,are expressed as follows in terms of [},|, f, ta 
(cf. the last two equalities of (7.83)): 


my = V4 |bi|ta, My = V4]by | (7 — te — ti). (7.90) 
From (7.86) and (7.90) we obtain 
“= VT, t& = 4,7, (7.91) 
and from the second relation of (7.89) we find 
[b, | = 251/72, (7,92) 


so that (cf. (7.90)) 
nm, = 2.57%,  m_ = 2.51/T?. (7.93) 


The form of the optimum control functions is given in the fourth example, 

If we consider the parameter n,as negative, the optimum law 6, (f) and 
the parameters x,and nm, are different when compared to the case considered 
(6,= Oat O<St<Y,f and /f%7<r<T, 6= lat Vrce<yf and ¥T<ti< 4,7, 
6, indeterminate at 7,7 <<t< 9,7; ", = —2.5; n,= 5); the optimum laws a(t) and 
e(t) and the magnitude J (fT) remain unchanged (cf. the first note in the 
preceding subsection). 

We shall consider the maneuver of rotating the plane of a circular 
satellite orbit. If no restrictions are imposed on the control function a (t), 
the optimum programs for a(t), e(t) and the minimum values of J (7) will 
be given by (5.74) and (5.75) (curve oo in Figure 7.11). 

If the control function a (t) is selected from the class of step functions, 
the optimum programs for a (é), e(t) and the magnitude J (7) will have the 
following forms. 

1) When a(n, 6) = x, (curve 1 in Figure 7,11) 


a(t)=0.25i, e(t)=—1 at 0<ct< 3.14, 
a(t)=0.25i, e(t)=1 at 344<—6<6.28, (7.94) 
J (7) = 0.393 i. 
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FIGURE 7.11. Step approximation of control function a (¢) for rotation of 
plane of circular orbit through angle ¢ during time T = 2n. 


al 


2) When a (x, 6) = 2,8, (curve 2 in Figure 7.11) 


a(t)=0 at 0<t< 0.404, 

a(t) = 0.2731, e(t)=—1 at 0404<t< 2.74, 

a(t)=0 at -2.74.<0t< 3.54, (7.95) 
a(t) = 0.273%, e(t)=1 at 3.542 << 5.88, 

a(t)=0 at = 5.88<1< 6.28, 


J (T) = 0.34522, 
3) When a(x, 6) = 2,6, +=, (curve 3 in Figure 7.11) 


a(t) = 0.1062, e(t)=—1 at 0<t< 0.664, 
a(t)=0.280i, e(t)=—1 at 0.664<1<2.48, 
a(t)=0.106i, e(t)=—1 at 2484314, 
a(t)=0.408i, e(t)=1 at 344<-4<3.80, (7.96) 
a(t)=0.280f, e(f)=1 at 3.80<t<5.62, 
a(t)=0.106i, e(f)=1 at = 5.62<1< 6.28, 
J(T) = 0.333% 


301 4) When a(n, 5) = (x,5, + 2,) 6, (curve 4 in Figure 7.11) 


a(t)=0 at 0<t< 0.238, 
a(t)=0.154i, e(f)=—1 at 0.238<t<0.750, 
a(t)=0.294i, e(t)=—1 at 0.750<t< 2.39, 
a(t)=0.154i, e(t)=—1 at 2.39<%<2.90, 
a(t)=0 at = 2.90<t< 3.38, 
a(t) =OA54i, e(t)=4 at 3.38 << t << 3.89, 
a(t)=0.291i, e(t)=4 at 3.89<t<5.53, 
a(t)=O0.454i, e(t)=1 at = 5.53<t<6.04, 
a(t) =0 at 6.04 <t< 6.28, 
J (T) = 0.32622, 


(7.97) 
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The examples show that the value of the control fuuctional J (T) decreases 
monotonically with an increasing number of levels s, approaching the ideal 
value as s — oc. 

In conclusion we make a number of observations concerning the applica- 
tion of the results, It was indicated at the beginning of this section that an 
engine with a narrow control range is characterized by a staged variation 
of the thrust and propellant flow rate. The assumption is made here that we 
have a step thrust-acceleration program. Such a transition is possible when 
the working-fluid consumption during a maneuver is small andthe program of 
the dimensionless thrust and thrust acceleration do not differ much from 
each other. 

The problem as stated at the beginning of the section also differs in that 
when a new level of thrust acceleration or thrust is added, the additional 
weight necessary for achieving this level is not accounted for. This differ- 
ence can be justified if the additional weight is independent of the variables 
appearing in the variational proklem. 

We shall formulate in the following subsections a variational problem 
which does not have these restrictions, and shall give examples of its solu- 
tion for the maneuver of orbital transfer. 

3. The problem of approximating the thrust program while allowing 
for the engine weight. We shall denote the increment in the engine weight 
resulting from the addition of a new i-th level of thrust and flow rate by G', 
If it is independent of the characteristics of the engine in general and the 
level in particular, the procedure for determining the optimum step control 
function, can be split into two stages. The problem is first solved fora 
fixed number of thrust levels and given flow rate (here the weight character- 
istics of the levels are unnecessary), Then the optimum number of levels 
is selected for a given weight (cf. the preceding subsection). 

In the general case G{? is a function of the characteristics of the engine 
and the level. If the variation of the thrust and flow rate is performed by 
switching over from one engine with a limited performance to another one 
(this method is considered here), the extra weight can be taken as equal to 
the weight of the engine creating the new level, so that 
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GO = GO, (7.98) 


It will be assumed that the weight of the engine depends only on the 
maximum thrust it can provide; then 


6 8 
GP =P, A= YoP=ar yr (7.99) 
i=1 


i=1 


(all engines are considered to be of the same type, so that the parameter y 
is the same for any number i of them). 

The variational problem of delivering a maximum payload for a staged 
variation of the thrust and flow rate is (cf. (7.17)) 


G, = — gaP/2G,, G.(0)=1—G,—G,, G,(T) = max, 

r=Vv, r(0)=To, r(T) =r, 

: gPe (7.100) 
GEG Ne v(T)=v1 


(P(t) = P(x, 6), G,=const, G,=const, |e(t)| = 1). 
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It has been assumed in (7.100) that the vehicle weight consists of the pay- 
load G, = G(T), the working fluid G6, = G, — G,, the weight ofthe power source G,, 
and the engine weights G, (the weight of the s levels of thrust and flow rate 
G, = yZP;); the process of accelerating the engine is considered to be free of 
losses; the quantities G,, G.,G,,G, are dimensionless as is the thrust P (all 
these are expressed as fractions of the takeoff weight G,); the weight of the 
power source G, is the control parameter. 

The step function P (x, 5), has s levels and can therefore be expressed as 
follows in terms of the delta functions 6, (¢),...,6:, () and the parameters 
Myr. oa Mes 


P (x, 8) = ((. . . (8, + 5) bp+ 2... + res) 6e2 + Mey) Ona t+ Me (7,101) 
303 The parameters n; determine the height of the thrust levels P;, where 


PL =X +agt... +2, Pe=mt+agt...4+%,,..., 


P= Tay 


(7.102) 


and the functions 6,(¢) define the staging points. 
The total weight of the engines creating the levels, G,, determined by 
(7.99), is, by (7.102), 


G=r7 Dd im. (7.103) 


i=1 


In the variational problem (7.100), it is necessary to find the optimum 
number of levels s, the optimum control functions e (é), 5, (),. . ., ds4 (é) and 
the optimum control parameters G,,x,,...,%,, in addition to the expressions 
already found for P (x, 6) and G, in the forms (7.101), (7.103). 

We note the following points with regard to the variational problem as 
formulated, 

1) The number of levels s is a natural number (s = 1, 2, 3,...), and 
therefore the determination of the optimum value of s requires the exami- 
nation of a number of values of s and their corresponding solutions of the 
problem. For y = 0 (and hence G,= 0), the optimum number s is infinite. 

2) If the lowest thrust level is the zero level (i.e., if engine cutoff is 
allowed), then P, = x,= 0 and the problem of optimizing a given level consists 
of determining the optimum time during which this level is used. 

3) In (7.100) the weight of the power source G, is the control parameter, 
i.e., it is determined from the condition that a given maneuver is carried 
out and a maximum payload delivered. 

If the maneuver is elementary but is part of a complex maneuver, the 
optimum value G, for the first maneuver is not the optimum for the whole 
maneuver. Therefore, when solving the variational problem for one 
elementary maneuver we must consider the parameter x =a/G,= G/N as 
a structural parameter, and not a control parameter, since its optimum 
value is determined from the final result. In such a case we alter the 
variational formulation (7.100), introducing a new symbol for the sum of 
the weights 


Gy =Gat+ G=Grt+G,+6,, (7.104) 
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and consider the final value of the weight as the control functional G, (7) = 


304 G, + G,; the notation in (7.100) is then transformed into 


Gy=—YexgP?, Gy (0) =1—G, G,y(T) = max, 
r=V, 1 (0) =r, r(T)=t1y 
-__ ge = = 
vega teh vO)=vn v(7T)=v1 (7,105) 


(eure ), Gar > im joi =1} 


ist 


4) In systems (7.100) and (7.105) we have allowed for the fact that the 
optimum power control is the limiting control. Therefore in what follows, 
instead of speaking ahout step programs of thrust and flow rate, we shall 
speak only about the step program of the thrust, bearing in mind that the 
flow rate program at N (t) = 1 is expressed in terms of P(t) and the para- 
meter x. 

4. Staged thrust program with an optimum number of levels for an 
orbital transfer. The unthrottled engine has the simplest staged thrust 
program; it has two levels, one of which is the zero level. We ask the 
following question: for which maneuvers can the addition of new thrust 
levels to these two basic levels give a gain in payload, taking into account 
the increase in engine weight ? 

To answer this question, we shall compare the optimum thrust program 
of an ideal engine with the thrust program of the unthrottled engine. 

It was mentioned in Chapter Five that when accelerating out of a circular 
orbit to acquire a parabolic velocity the ideal program for the thrust- 
acceleration magnitude represents an almost constant function of time. 

If the working-fluid consumption is small (this corresponds to large accele- 
ration times), then the function governing the weight expended during con- 
stant acceleration is close to that during eonstant thrust. Therefore ata 
low acceleration the use of several thrust levels instead of only one will 
apparently not yield any extra payload. This is due to the extra weights 
. required to achieve these levels, 

A similar result follows from analyzing the build-up maneuver ofa 
specified velocity magnitude in a gravity-free field; the latter is a model 
.of a slow-acceleration maneuver in a central field. A staged thrust program 
is also inefficient for holding a satellite within a specified spherical layer. 

For orbital transfer in a central field (e. g., transfer between two 
positions of rest in a gravity-free field), as well as for rotating the plane 
of a satellite orbit, the ideal thrust formulas differ substantially from the 

uncontrolled ones. The optimum staged programs can contain several 
levels (not just one), in addition to the zero level. 

The last two maneuvers (flight in a gravity-free field and rotation of the 
orbital plane) have so far been studied under two simplifying assumptions. 
The variational problem (7.105) will now be solved for the maneuver of 
transfer between two circular orbits without using these assumptiors. 
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The problem is expressed as follows (cf. (7.105), °(7.56)): 


Gy = — linP?, G,(0)=1—G,, Gy (7) = max, 
f=, z(0)=1, z(T) =r cos Pi, 
y =v, y (0) =0, y(T) =r sin Q,, 
Pe, = ine) 
aere Gy+ Gy (e+yyr? u(0)= Q, u(T)= —r; "sin qi, (7,106) 
— hPey y = _ oot 
"GG ety’ eOek v (7) = 7)" cos A 


6 
(P (t) = P(t, 8), €2 (t) + &(t) = 1,6, = rain) 

Here r,, 9, 7,%,s are the parameters of the problem; the coefficients 1, 
and l, appear after transforming to the dimensionless magnitudes ¢, 2, y, u,v. 
The first coefficient, /,, is equal to the ratio of the acceleration of gravity 
on the Earth's surface (g) to the acceleration of gravity on the original orbit, 
and the second coefficient, 1,, is equaltothe product of 1/,¢ by the period of 
revolution along the original orbit divided by 2x. If the average circular 
orbit of the Earth is taken as the original orbit, then 


1, = 0.167 -10*, 1, = 0.2448 10° kw/kg. (7.107) 


We shall reduce the variational problem (7.106) to a boundary-value 
problem for ordinary differential equations; the Hamiltonian and the momen- 


2S tum derivatives are given by 
Pe, iz 
A=— PylanP? + PY + Py + PB, (a ¥4, = (@+ =n) + 
Pe, y 
+e lah ota) (7.108) 
Py aes iP (Gy + G,)? (Pye, + Pf, ’ Py (7) =—14, 
P, = Py (2? + yy" —32(pyt + Py) (2+ y) P= — es 


—"f 


BP, = P, (a? + y*) " — 3y (pz + py) (2? + yy, Py = — Py 


The formulas for the optimum control functions e, and e, coincide with 


(7.58). The optimum delta control functions 6,,..., 5.4 are found using the 
method in subsection 1 (cf. (7.68)). 
In order to determine the optimum values of the parameters 7, .. ., 7%, 


in the boundary conditions of (7.106), we shall use the same method as in 
subsection 1, namely, we add to the original system (7.106) trivial equations 
similar to (7.69), and write differential equations for the new momenta 

Py ++-,)P,; these have the form (cf. (7.70)) 


. oH : 6H 
Pi = — pp’ --- Se P2 = — pp ba--- bear... 
‘ oH : on 
Py = — op Seas P= — OF (7.109) 


V Pat Pe 


6H 
( oP = Ly G46, + 2lnp,P ): 
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The final values of py, -... Ds vanish as in subsection 1; at the initial 
instant the momenta satisfy the transversality conditions 


P1(0)= rp, (0), p2(0) = 2vp, (0), --. seas rd (7.110) 


p(T) =9, Pa (T) =0, oes p.(T) = 0. 


Thus, the variational problem has been reduced to the boundary -value 
problem (7.109), (7.108), (7.110). The latter was solved numerically by 
consecutively selecting the missing initial values p, (0), p, (0), pu(0), pu (0), py (0) 
and the parameters 7,.. .,%. 

The object of the calculations was to determine the optimum number of 
levels s in terms of the structural parameters 7 and x. The following 
values were used for the final radius r,, the angular range of flight 9,, and 
the time T:. 


ry = 1.52, 9, = 1.57, T = 1.57. (7.111) 
The structural parameters y and x were selected from the values 
1 = 0; 25; 50; 100; 200; 400kg/kg, x = 5; 12.5; 25kg/kw. (7.112) 
The number of thrust stages s was selected from 
s=1, 2,3, 4, (7.113) 


where the zero thrust level was always included. Figure 7.12 shows the 
characteristic form of the function P(t) for y = 25 kg/kg, x= 25kg/kw, s=4. 

It is interesting to note that for certain values of s,x,7>0 the trajectory 
has no coasting section in the optimum case. This can be explained as 
follows. Coasting sections reduce the engine operating time and increase 
the average thrust level, thus decreasing the required working-fluid reserve 
G,), and increasing the total weight @, needed for all the stages. It could 
happen that as a result the weight G, (7) decreases; the inclusion ofa coasting 
section in the trajectory is then inefficient. Such a situation does not arise 
for 7 = 0 (weightless engine). 

Figure 7.13 shows four curves representing G,(T) as a function of the 
parameter 7 for different values of s, the number of stages, with x= 25 kg/kw. 
The optimum value of s for each given value of 7 is determined from the 
envelope (drawn as a thick line). The symbol s+ 0 represents cases with 
engine cutoff; the dots on the lines of constant s separate those cases with 
and without cutoff. 

The influence of the parameter x on the maximum value of G, (T)is seen 
in Figure 7.14, which contains the envelopes of the three families x = 5, 
12.5, 25 kg/kw. The dots on the curves represent those points at which 
the number of stages changes; thus the dot marked s = 2 corresponds to 
that point at which the optimum number of stages equals 2 (up to the right 
of the dot marked s= 1). 
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FIGURE 7,12. Stages in the variation of thrust 
P (t)for transfer between circular orbits (r9>= 1, 
T1= 1,52, Op = T = 1.57, G/N = X= 25 kg/kw, 
GO /Py= = 25 kg/ kg). 


FIGURE 7.13, Weight Gy(T) = G, + Gyas function of unit 
weight of engines y with different number s of thrust stages 
for transfer between circular orbits (rg =1, r,= 1.52, O,= 
= T= 1.57, x = 25 kg/kw), 


FIGURE 7.14, Weight Gy (T) = Gy + Gas function of unit 
weight of engines y with different values of parameter 

%* = G,/Nand optimum number s of thrust stages for transfer 
between circular orbits (r9>= 1, ry = 1.52, @y= fT =1.57). 
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309§ 4. REAL CONTROL AND WEIGHT CHARACTERISTICS 


The control and weight characteristics (II.9), (II. 10) of power-limited 
propulsion systems depend on the type of engine used; each specific type 
determines the expressions for the weight G, and thrust P. The thrust P 
can be represented either explicitly as a function of the power WN,, the 
rate of propellant flow g, and the parameters w,,...,wi, i.e., 


P=P(Ny,q )s (7,114) 
or in a parametric form with the aid of one general parameter u, where 
P=P (Ny, u,w), = (Ny, u, W), (7,115) 
or finally with the aid of two general parameters u, and u,, where 
P =P (v4, Ug, W), 9 = G (Uy, Ua, W), Ny = Ny (uy, Ua, W). (7.116) 


The situation is similar as regards the function G,, which depends on the 
limiting values of N, and q (or N, and u, or u, and u,). 

This section gives the control and weight characteristics of a power- 
limited electrostatic engine, and describes the corresponding procedure 
of selecting the optimum control programs and the optimum parameters, 

In /7.13—7.19, 7.25/, the question of allowing for the real control 
characteristics of power-limited engines in optimization problems is 
considered. 

1, Characteristics of an electrostatic engine. The processes taking 
place in an electrostatic engine with surface ionization were described in 
§ 4 of Chapter Two (/7.20—7.24/ etc.). 

The parametric expressions for the thrust P and the flow rate gq of this 
type of engine are written in accordance with Child—Langmuir's power law 
(the 3/2 law''), derived for a one-dimensional monochromatic beam under 
conditions of unlimited ion supply 


Yy 3 
P= FU, q= ga (=) FU": (7.117) 


the distance between the emitter and the accelerating electrode is d, Fis 
the cross-sectional area of the beam, m and e are the mass and charge of 
the ion respectively, and &% is the attracting potential. 
The power N, creating the thrust consists of the jet power together with 
31 gthat radiated from the incandescent surface of the emitter (main source of 
‘losses), so that 


e \tls 5 
Ny = gag (=) 0" 4 $1, (7.118) 


where L represents constant radiational losses per unit area. 
When selecting the potential % and the distance d one must take into 
account their limiting values 


Ud<Emx, ¢ > dom (7.119) 
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If the first inequality is not satisfied (the average electric field strength 
E in the accelerating gap exceeds Ema), breakdown will occur; the second 
inequality represents a geometrical restriction. 

Figures 7.15 and 7.16 represent the thrust P and the propellant flow rate 
q as functions of the area ¥ for different values of the power N, (the geo- 
metric parameter d is constant at 0.3cm, Ema = 30,000 v/em, ZL=11w/cm? 
/7.22/); the extreme left-hand points of the curves correspond to the situa- 
tion &@/d = Emax. The function P (Ny, 9) is plotted in Figure 7.17, where, for 
comparison, curves representing the thrust of an ideal engine are represen- 
ted by dotted lines. The double-valuedness of the thrust function in 
Figure 7.17 (upper branch is the broken line, lower branch is the dash-dot 
line) is discussed in the next subsection. 

The weight of this type of engine can be assumed proportional to the 
maximum area of the beam cross-section, so that 


G, = TF max. (7.120) 


Equation (7.120), together with expression (7.2) for the weight of the 
power source and converter, determine the weight of an engine of the 
given type. 

The thrust, flow rate, and power of an electrostatic engine with surface 
ionization vary when either the potential @ or the area ¥ are varied (the 
latter is altered by changing the number of elementary engines which are in 
operation). Conditions (7.119), as well as (cf, (7.2), (7.120)) 


Ny () <Nimax = Gla, F () < F max = G/ 73 (7,121) 


must be fulfilled during the control process, 

2, Optimum control programs of real engines. The variational problem 
for the delivery of a maximum payload is described in a general form 
(without specifying the forms of P and G,) by the following system of 

312 differential equations and boundary conditions (cf. (II.8)): 


Gs =— 8%: G, (0) = G)— G, — G,, G, (T) = max, 
r =v, r(0}=rp, r(T) =", 
+R, v(0)=Vo, v(T) =v1 (7,122) 
(P(t) = P(Ny, 9g, w), [e@|=41, G =a, 
Gy = G, (Nar: Umax’ w)). 


In order to find the condition for selecting the optimum controls, we 
write the Hamiltonian and the momentum differential equations for the 
problem as expressed in (7.122): 

H = — pofq + P,-¥ + (P,-€) BP (Go + G, + Gy) + p,-R, 
P, = (P,€) €P (Ga-+ Gy + Gy), p,(T)=—4, (7,123) 


. a 
P, = — 3 (P,°R), P, = —P, 
The optimum program of the control vector e (t) is determined by (7.21); 


the controls through which the thrust P (cf. (7.114)), or the thrust P and 
the flow rate q (cf. (7,115)) are expressed, will be optima if they yield an 
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FIGURE 7.15. Thrust P of electrostatic engine as function of 
area ¥ and power Ny; extreme left-hand points of curve corre~ 
spond to regime of maximum electric field E. 
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FIGURE 7,16. Flow rate q of electrostatic engine as function of area 
# and power N,; extreme left-hand points of curve correspond to 
regime of maximum electric field E. 
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FIGURE 7.17, Thrust P of electrostatic engine as function 
of propellant flow rate q and power N,; extreme left-hand 
points of curve correspond to regime of maximum E. 
Broken curves represent results for an ideal engine. 
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«solute minimum of the function # or that part of it depending on P and q, 
i.e., 


min(—(p,q+p,P/G)} (p,=|p,], G=G.+G,44G,). (7.124) 


We shall use (7.124) to determine the optimum power-variation program 
for an electrostatic engine. Consider the thrust P as a function of the 
power N, and the flow rate gq in the form (7.114). If the thrust P depends 
on the power WN, for any q such that the thrust increases with increasing 
power, i.e., 6P/AN,>0, the optimum value of the control N, will be, 
according to (7.124), 


N, (t) = Nuax = Gy]. (7.125) 


Figure 7.17 (the broken curves) indicates that this conclusion is correct 
for the type of engine considered. We recall that the same is true for 
ideal power-limited engines as well. 

We shall now examine the optimum control programs of an electrostatic 
engine. The propellant flow rate q, the thrust P, and the power WN, of the 
electrostatic engine with surface ionization are determined by the area F 
and the potential % (cf. (7.117) and (7.118)). The structure of the optimum 
control functions q(t) and P (t) will now be established with the aid of 
criterion (7.124). 

In place of ¥, % we introduce the dimensionless controls a, e defined by 


6 (t) = F(t) / Fax = 1/F ()/G, et) =U(t)/Emexd; (7,126) 


here 


O0<cW <i, O0<e@) <1. (7.127) 


The flow rate and the thrust (7.117) are expressed in terms of o and e by 


s 9 EB : t Us _s 
Pa=cG,oe, 9 = c2G,08"" (« = a » es waz, (a2) Se (7,128) 


The optimum condition for the power (7.125) determines the relation 
between o and e. If (7.125) and (7.126) are substituted into (7.118), we 
obtain = 


ry he 5 
Gy, /G, =6 (co8 " + C4) (cs = a (=) imext a= ae (7.129) 


From (7,128) we express e in terms of o and substitute the expression 
thus obtained into (7.117) for the thrust and the flow rate. The bounds on e 
are transferred too, where 


P=4G,6 (aes 2)" q = C2Gyo (ss- ay", (7.130) 


G, 
Grae, S°OS* 


Outside this range o (#) can take the value o= 0. This corresponds to 
engine cutoff for which P=q=0, 
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The relationships (7.130) are plotted in Figure 7.15 with (P, ¥) coordinates 
with a parameter N,, and in Figure (7.16) in (g, ¥) coordinates with the same 
parameter; the functions P (¥) and g(¥) have maxima (as ¥ —0 the functions 
P,q—-0, andas ¥ —N,/L the functions P,g —0). It follows that the function 
P (g)and the inverse function q (P) are double-valued (cf. Figure 7.17), so 
that the same value of the thrust is achieved for two values of the flow rate, 
and correspondingly for two values of the area. The second situation 
(smaller flow rate and smaller area fora given value of the thrust) is 
always more expedient than the first one; therefore, the optimum regimes 
are not realized at those parts of the curves in Figure 7.17 lying to the 
right of the maxima. These parts (and those corresponding to them in 
Figures 7.15 and 7.16) are represented by the dash-dot lines. 

When the expressions for the thrust and the flow rate (7.130) are sub- 
stituted into the expression for H, we obtain the following condition for 
determining the optimum law ¢ (t): 


% G, ca ‘Ie 6 G, rn ts 
min {— ¢6,|ap,o(<a's— “2 | +e, -¢ (aga) }}- 181) 


where G,/G.(c, + &) <o(@)<loro@= 0. 

The optimum control function o (¢) consists of separate variable sections, 
so that o = oop (f) is determined from the conaition for a minimum of expres- 
sion (7.131) without restrictions on o, the intervals of the limiting control 
function o = 1 for oop (t) > 1, the intervals of the limiting control function 
o = GG, (eg + cg) at dopt (t) < G/G, (ce; + c) and also the intervals of engine 
cut off o = 0 in the case when expression (7.131) is positive at o = G,/G, (ce, + ¢). 

3. Optimum parameters of unthrottlable real engines. In this paragraph 
we show how to determine the optimum parameters of unthrottled real 
electrostatic engines. Two dynamic maneuvers are considered, namely, 
rotating the orbital plane of a satellite, and holding the satellite in a speci- 
fied spherical layer (drag compensation). 

The solution of the dynamic part of the variational problem for both 
maneuvers is given in Chapter Six. The result, 7, (gP/G,, gq/G,), has the 
following form for the first maneuver (cf. (6.88)): 
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= yt in ({ 260% 7.132 
Ty, =ro'k 4s arcsin aera) ( ) 


The calculations were conducted for rotating the plane of the circular 
orbit of a 24-hour Earth satellite where the expression iG,k/4grs was taken 
equal to 1000 g, and the number of revolutions s is 10 to 100. For these 
values, (7.132) reduces to 

T,[sec]= 5.5 404s arcsin (10/sP [g]). (7,133) 


The second maneuver (drag compensation) is characterized by the 
function 1, (gP/G,, gq/G,) (cf. (6.73)) and has the form 


Ty = Yacap v'STIP. (7.134) 


236 


315 It will be assumed that the engine operates at every sixteenth revolution. 
The drag '/,¢,9°5 will be taken equal to 0.5g; (7.134) then reduces to 


T,=O05T/P{g] (Ty. <T/48, P > 8g). (7.135) 


For the propulsion system under consideration, one must determine the 
optimum area ¥ and the field strength E; as to the electrode gap d, it is 
possible to prove that for an optimum 


d = dain (7.136) 


316 The calculations were based on the values of the parameters dpm, L, 
Enax, e, m indicated in subsection 1, In the first problem (rotation of 
the orbital plane) the unit weight of the power source and converter, a, 
was taken as 20 kg/kw, and in the second problem (drag compensation) 
as 50 kg/kw; the calculations were performed for 7, = 0.1 kg/cm?, 


FIGURE 7.18. Weight Gug+ G,+ Gy expended for rotating 
satellite orbit plane, as function of maneuvering time T; 
curve y = 0 corresponds to weightless engine with ideal 
acceleration, 


"0b a ‘WOT. deys 


FIGURE 7,19, Weight G9+Gy+ G, expended for hol- 
ding satellite in specified spherical layer, as function of 
maneuvering time T; curve y = 0 corresponds to weight~ 
less engine with ideal acceleration. 
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The numerical results for an electrostatic engine for these two maneuvers 
are presentedin Figures 7.18 and 7.19, These figures show the total weight 
expended for performing the maneuver G,, + G,+ Gy as a function of the 
maneuvering time 7. Figure 7.18 corresponds to the maneuver of rotating 
the orbital plane, and Figure 7.19 to the maneuver of holding the satellite 
within a given layer. Curves corresponding to a power-limited unthrottled 
engine without losses have been plotted for comparison and are designated 
by the symbol 7 = 0. 
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Chapter Eight 


ENGINES WITH LIMITED EXHAUST VELOCITY. 
OPTIMUM COMBINATION OF ENGINES WITH 
LIMITED EXHAUST VELOCITY AND LIMITED POWER 


All thermal rocket engines belong to the category of engines with limited 
exhaust velocity. This velocity is limited due to the maximum temperature 
which the combustion chamber walls or the heat exchanger can withstand 
(cf. Part I). Engines in this category are characterized by a relatively low 
weight 7, per unit thrust (7, ~1072). They are capable of delivering high 
thrusts and are, therefore, called high-thrust engines. 

In view of the low unit weight y,, the engine weight G, is usually neglected 
in optimization problems involving engines with limited exhaust velocities. 
Such an approximation is, however, inaccurate when a high thrust accelera- 
tion is required (i.e., when the condition G,/G, = yu (¢@)mex/gG,< 1 is not 
satisfied). 

The low unit weight of engines with limited exhaust velocities is an 
advantage, but a drawback is that their exhaust velocities are substantially 
lower than tnose whose power is limited. The question arises as to which 
engines are to be preferred, the limited exhaust velocity type (high-thrust 
engines) or the power-limited type (low-thrust engines). An attempt at 
answering this question initiated the investigations into low-thrust engines 
(cf. for instance /8.1—8.6/ etc.}. It is, however, more correct toformulate 
this question differently, namely, to determine the regions for which each 
type of propulsion system is best suited, and the efficiency when using 
different types of engines in the same vehicle, 

We shall define the space of the maneuver parameters, the parameters 
of the engine with limited exhaust velocity, and the parameters of the 
power-limited engine for each maneuver. That region of space in which 
the use of a given type of engine is advantageous will be called the region 
of application for the given engine. The space is divided into regions of 
application for the limited-exhaust velocity engine, the power-limited 
engine, and an intermediate region for the simultaneous use of both engines. 

In this chapter we describe the characteristics and optimum work regimes 
of engines with limited exhaust velocities; the optimum conditions of com- 
bining engines with limited exhaust velocity and limited power are established; 
a criterion for finding the regions of application of power-limited engines is 
given. The boundaries of these regions are determined for a number of 
maneuvers. 
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§ 1. CHARACTERISTICS AND OPTIMUM 
OPERATING REGIMES FOR ENGINES WITH 
LIMITED EXHAUST VELOCITIES 


1, Characteristics of engines with limited exhaust velocities, An ideal 
engine with limited exhaust velocity is represented by the following expres- 
sions for the thrust P, the propellant flow rate g, and the weight G, (cf. 

(II. 9), (If. 10), for u, = P,u,=V): 


P=P, ¢g=PW,G,=0(0< P(t) < 0,0<V (t) < Vinay), (8.1) 


i.e., the ideal engine is weightless, the exhaust velocity has an upper bound, 
and the thrust has no upper bound. This implies the existence of impulses 
operating during infinitesimal time intervals over which the thrust and the 
flow rate are infinite, while the amount of working fluid discharged remains 
finite. 

The weight of a real engine with limited exhaust velocity is either a 
function of the maximum thrust (liquid propellant engines), for which we 
have, in place of (8.1), 


P= P, qg=PIV”7 G, = 1Pmax(0 < P ()\X Prax: 9 < V (t) < Vinax), (8.2) 


or it is a function of the initial weight of the working fluid (solid propellant 
engines), for which 


P=P, g= PIV, G.= 1Gy0 (0 < P(t) < 00, 9<V (f) < Vina) (8.3) 


(the values of the unit weights 7 are given in Chapter Two and the subscript 
of 7 is dropped). The thrust in real engines of the type (8.3) is not bounded 
and, as in the ideal case, the existence of impulses is allowed. 

2. Characteristic features of the optimum operating regimes for an 
ideal engine with limited exhaust velocity. We write the variational problem 
319 for ideal engines with limited exhaust velocities in the form (II. 8) 


“ 


G, = — gP/V, G,(0) =G), G,(T) = max, 

T=V¥, rOQ=rm, r(7)=r1, (8.4) 
v=gPe/G,+R, v()=vw, v(T)=v1 

(O<P(th<o00, O<V(t)<Vmax, [e(t)| = 1). 


The weight formula consists of only two components, the payload G, 
and the working-fluid weight G, (G, + G, = G = G), where the engine weight 
G, vanishes (according to the definition of an ideal engine with limited 
exhaust velocity). 

Substituting the thrust acceleration a = gP/G = gP/G, into equations (8.4) 
in place of the thrust P, and expressing the weight components G,, G, as 
fractions of the takeoff weight G,, we obtain (using the same symbols for 
the dimensionless weight components as for the dimensional ones) 


Ga=—aG,/V, Ge(0)=1, G(T) = max, 
r =v, rQ)=r, r(T)=1r, 
v=ae+RA, vO)=w, v(T)=v1 
(0 <alt) <0, O<V (t) < Vimar, le (f)| = 1). 


(8.5) 
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The Hamiltonian H and the momentum equations are now given by 


H = — p,aG,/V + p,-v+P,-(ae +R), 


: a 
Py= Pos P,=— se (P,B)s (8.6) 
P,=—P, (p,(7) =—1). 


The function p, (t) is negative everywhere within the interval O<t< f, 
since the equation for p, is linear homogeneous, and at ¢t = 7 the function p, 
is negative. 

The factor multiplying 1/V in the expression for H can either bé positive 
(allowing for the sign before the whole term) or vanish at a(t)= 0, and 
therefore along the powered sections of the trajectory (a (#) +0) the optimum 
control function V (t)(which minimizes the Hamiltonian #) is 


V(t) = Vanax- (8.7) 
The optimum control vector e(é) is 


e()=—p,/p, (p,=|P,))- (8.8) 


320 The optimum control function a(t) can consist of three components 
composed of the two boundary ones 


a(t)=0 at A<0 G, 8.9 
.a(f)=@Qnax—> oo =0at A>0 (a=n,+2,4¢) } 2) 


and one singular 


a(t) = dop(t) << 00 at A() =O. (8.10) 


The duration ti of the powered sections with @—> oo must be zero, other- 
wise the integrals 
ty 


\ a(t) dt (8.11) 


would not be finite (infinite fuel consumption); it follows that the expression 
A cannot be positive during a finite time interval. 

The expression p,G./V in the Hamiltonian (8.6) is time-independent and 
negative; this first property is checked by differentiating and substituting 
for the derivatives p, and G, from (8.5) and (8.6), while the second is deter- 
mined by the sign of p,. 

By the methods used in Chapter Four, we conclude that the variational 
problem (8.5) for the maximum of G, (T) is equivalent to that for the minimum 
of the characteristic velocity J, where 


I=a, I(0)=0, I(T) =wmin, 
r=v, 1(0)=ro, r(T)="1, (8.12) 
v=ae+R, vO)=vw, vV(T)=M1 

(2()>0 |e()|= 1). 
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The control functional (8.5), for which the payload G, (T) =G,, is linked 
with the characteristic velocity J (7) by the relation 


G.=e¥ (W=I(T) Vaux, I(T) =f eat): (8.13) 


Thus, for an ideal engine with limited exhaust velocity the general 
variational problem (8.4) is reduced to the dynamic one (8,12). Comparing 
(8.13) and (4.16), it is possible to establish region 2 (see Figure 8,1) in 
the plane of the functionals ¥, ® throughout which the payload for a power- 
limited engine is larger than that for an engine with limited exhaust velocity. 
In region 1 the payload for an engine with limited exhaust velocity is larger 
than that for a power-limited engine. 

321 Note that Mayer's problem (8.12) can be replaced by a Lagrange problem 
in the same way as was done for an ideal power-limited engine: 


T 
f=\Vtr—a oll RO, plat (8.14) 


0 
(r (0) =r, r (0) = Vo, r(T) =11, 1 (T) = vi). 

The application of the classical method of variational analysis (making 
the first variation vanish) does not give, however, in this case a full solution 
of the variational problem; the extrema 
of the integral functional (8.14) only 
correspond to the single component 
(8.10). 

The variational problem (8.12) of 
minimizing the characteristic velocity / 
(corresponding to the problem of 
maximum payload for an ideal engine 
with limited exhaust velocity) was 
solved for a wide class of maneuvers 
in papers listed in the introduction, 
/1.1—1.49/. We investigate below 


NY how the real characteristics of an 
N engine with limited exhaust velocity 
8 ¥ 


GG 


\ 


a 4 4 6 


affect the parameters of optimum 
motion, 
FIGURE 8.1. Boundary of regions in which ideal 3. Allowing for the engine weight. 
engines with limited exhaust velocity (1) and Consider a real engine with limited 
Ainiihed: Pontes (2) abe, Weds Wife) plane exhaust velocity and characteristic 
functionals of dynamic problem (W for engine 1, : : 
@iorenyine’s): (8.2) for which the thrust is bounded 

and the engine weight is proportional 

to the maximum thrust. We represent 
the thrust P as a fraction of the maximum thrust Phx, and all weights as 
fractions of the takeoff weight of the vehicle, where the same symbols are 
used for these dimensionless variables as for the corresponding dimensional 
ones. The problem of delivering a maximum payload is written as follows 
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(cf, (8.4)): 


Gs = — P/V, Go(0) + ra0/g=1, Gy(T) = max, 

r=vy, r(0)=ro, r(T)=n, 

eee ios = 8.15 
v= G+iwlet ® v(0))=v, v(T)=v1 ( ) 


O<PE)<1, OSV (1) <Vimax, [e(t)| = 1, 
Oy = BP max / Gy = const). 


322 It is necessary here to determine the optimum programs V (t), P (é), e (t) 
and to select the optimum value of the parameter a, which maximizes the 
payload G, = G, (T) (the unit engine weight y is specified), As for unthrottled 
engines (Chapter Six), one can here separate the dynamic part, which is 
independent of the structural parameter ». 

We proceed in (8.15) from the weight G, to the total weight G (#) = G, (t) + 
+ yao/g; for the functional we take the terminal value 


G(T) = G, + yag/g. (8.16) 


For fixed values of a, the maxima of the functional (8.16) and that in (8.15) 
coincide, and problem (8.15) reduces to the standard problem of rocket 
dynamics, namely, to maximize the terminal weight for bounded thrust and 
exhaust velocity: 


G=aP/V, G(0)=1, G(T) = max, 

r=V, r()=r, e(T)=11, (8.17) 
v=aPe/G+R, vO)=v%, v(T)=v1 

O<Pt)<1, O<V O)<Vimax, je (t){ = 4). 


The solution of (8.17) determines the dependence of the functional on 
the parameter a,, G(T) = G,(a)). With such a relationship, the optimum 
value of the parameter a, can be determined from the condition of maximum 
payload G, (cf. (8.16)) 


max G, = max [G1 (a) — 7@0/g]. (8.18) 


The dynamic problem (8.17) has been thoroughly studied by numerous 
authors /8.7—8.54/. Their results can therefore be used to solve the 
complete problem (8.15). 

Consider now an engine with limited exhaust velocity and characteristic 
(8.3) for which the thrust is unbounded, and the engine weight is proportional 
to the initial working-fluid reserve. Since no restrictions are imposed on 
the thrust, the variational problem can be written in the form (II. 5), (7.5) 
using the thrust acceleration (cf. (8.5)): 


G, = 0, G. (0) + Gx (7) = max, 

. G. G G, (0 

Gy — EEE 4+ NG = 1, G(T) =O, 

(8.19) 
r=vy, r(Q)=rp, r(T)—TM, 

v=ae+R, v (0) =vo, vV(T) =¥1 


O<a()< oo, OSV (t) <V max, |e (8) | = 1). 
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323 As in problem (8.5), it is possible to prove the optimality of the control 
V (t) =Vmax. Having integrated the second equation of (8.19) with V(t) = Vinx 
and allowing for the boundary conditions, we can express the problem 
functional G, in terms of the characteristic velocity I(cf. (8.13)) in the form 


Ga=(Ltrjewmex—y (T= (0) dt), (8.20) 
Qa 


The payload G, is once more a decreasing function of the characteristic 
velocity 7, and therefore problem (8.19) reduces to the dynamic problem 
(8,12) for an ideal engine with limited exhaust velocity. 

If, in addition to the characteristic (8.3), we impose a limited thrust 
(0< P(t) <Pmax, where Pma, is the structural parameter), the problem of 
maximum payload reduces to (8.17). For G, = yG,. the payload is equal to 


G.=G,-G=A+y)G—y (8.21) 


i.e., the optimum condition for G, is equivalent to the condition of maximum 
terminal weight G,. 

In order to obtain a quantitative idea of the influence of the engine weight, 
we consider the analogous problem of the vertical climb of a rocket ina 
vacuum under constant gravitational acceleration (g = const) /8.45—8.54/. 
The initial altitude and initial velocity are zero (y, = vy = 0), and at the end 
a specified value of the total energy F, = '/,v? + gy, is required for maximum 
payload. The engine characteristic is taken in the form (8.2). 

We introduce the dimensionless variables 


ict G28 Pea Bos Getter pee, 
Vinax Go v3 Vinax Prax 
aon (8.22) 
v= 4 - — Pmax 
= 7 1 a= Co 


and replace the second equation of (8.15) by an equation describing the 
variation of the energy. The variational problem (8.15) is written as 


G.=—a4,P/V, Go(0)+ va, = 1, Go(T) = max, 


bap5 £(0)=0, E(T)=E,, 
oe (8.23) 
ie ea v(0) =0, v(T) = opt 


(O< P(t) <1, O<V(@)<1, a, = const, T = opt). 


324 The thrust is here directed along the velocity; the bars above the dimen- 

sionless variables are omitted. 
Note that the control parameter a, (the ratio of the maximum thrust to 

the takeoff weight) must be larger than unity at takeoff; its upper bound 
(1 <a, < 1/y) is imposed by the limiting situation G, = yPmx = G. The 
optimum value of this control parameter can be selected by the standard 
procedure of adding the formal equation ¢,= 0 to system (8.23). The 
optimum control functions V(t) and P(‘), which maximize the payload, are 
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determined from the condition for an absolute minimum of the Hamiltonian 
Ha=—p 2 we a) aa 
Po = (Pev + Py)dy P (Go + 1a0)"*, Pe = 0, 
Po = — PooP (Go + Yan)-* (P, (T) = —1). 


(8.24) 


The function H vanishes identically on the optimum trajectory, since it 
does not explicitly contain the variable t, and since the final time 7 is not 
fixed. At t= 7 we must have V(7) = 1 in order that H should be a minimum. 

Since v(T)is unspecified, we require p, (7) = 0. In addition, v(T)> 0, 
P(t) >0, since otherwise E(f)= 0 and the trajectory could be brought to 
anendatt< fT, It therefore follows from the condition for H (T) = a,P (T) X 
X [pev (Tf) (Ge + ya)? + 1] = 0 and from the second equation of (8.24) that the 
momentum p, has a constant negative value p, = const < 0. 

From (8.23) and (8,24) one may determine the momentum p, 


Bo = — pa (4 +0); Pv = Poor — Pet —-Pels (8.25) 


where, from the conditions att =T, 


Poo = PelT + v (T/L <0. (8,26) 


Note that p, is a non-decreasing function of t, and vanishes at the end 
of the interval. 

At t= 0, H (0) = Duy (a,P (0) — 1) — a,P(0) x p, (O)/V (0:) = 0; from the takeoff 
condition we have «@,P >1; it follows that 


POCO, VQ=1.. (8.27) 


From (8.25) and the last equation of (8.24) we obtain 


Pa = (Doo — Pet) GyP (Gy + yay). (8,28) 


Relations (8.26) to (8.28) and the boundary condition p, (T) = -1 imply that 
Po varies monotonically with ¢, so that p, (f)<(0 everywhere. Hence, the 
optimum control function V(t), which minimizes the Hamiltonian H, every- 
where attains its limit 


V@=1 O<t<7). (8.29) 
The optimum control function P(t) depends on the sign of A, i.e., 


P(t)=4 at A(t)h<0 — Pva— Pet 8,30 
P(t)=0 at A(t)>0 (a= Gat a0 Ps): | veo 


We cannot have a singular control (for A= 0), since the derivative of A 
is different from zero everywhere: 


A = — pe(Ga+ ya) + 0. 
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The regiori where P(t) = 0 (for A> 0) is likewise not realized within the 

interval 0<ti< fT, since this leads, according to (8.24), to the condition 

P» (t) = 0, which is fulfilled only at the end of the interval (p, (T) = 0). 
Therefore, the optimum control function P (#) in the problem considered 

similarly attains its limit everywhere, so that 


P(t)=1 (8.31) 
O<ti<7). 


With these optimum control functions (8.29), (8.31), i.e., V()= 1, PQW)=1, 
system (8.23) is integrated to yield 


In (Gu + 0) = (Ga + Ya0Gn — Gn) (Gu + 10 — 745) (8.32) 
Ey ="fpln® (Gq + 140) + 4 [4 — Gy — ran + In (Gu + Ya)1- 

These results are illustrated in Figures 8.2 to 8.4. Figure 8.2 shows a 
typical example of the maximum energy £, as a function of the initial 
acceleration a, for fixed values of G, 
and y (the formulation is the inverse 
of G, = max for £,, y = const). When 
the engine weight is neglected (y = 0) 
the maximum energy £, is attained with 
an engine exerting infinite thrust (opt — 00). 
When the engine weight is allowed for, 
however, even if its value is as low as 
y = 0.01 —0.02 (the values of »y are taken 
from Figure 2.11), the maximum is 
displaced into the region of finite initial 
accelerations (aon: = 2.5—4), and its 
magnitude is reduced considerably. 

The dependence of the optimum value 
of the initial acceleration a, on the unit 
FIGURE 8.2, Maximum energy Ei/Vinay aS engine weight y for different values 
function of initial acceleration a/8 for fixed of the payload G, is shown in Figure 8.3. 
api ae a a vivert.calclimb mie values of G, affect weakly the opti- 

gee mum value of a,; all the curves 4g, (y) 

for 0.1 < G < 0.5 lie within a narrow 

band (the shaded region in Figure 8.3). Figure 8.4 represents the payload 
as a function of the energy £, for fixed values of the unit weight y. 

As a second example we consider the similar problem of the displace - 
ment between two points of rest at a distance | apart during time 7. The 
solution of the dynamic part of the variational problem equivalent to (8.17) 
for this maneuver is described in § 2 of Chapter Six (cf. (6.43)). Recalling 
that 1—pZ. = G, and p = a,/Vmax we solve (6.43) for a,/g: ~ 


a ‘Vmax /8T) 


1 Un.) +n VG Ct VEY + A — Gi) Im YG. ASa3) 


This function a, (G,) is the inverse function of G, (a,), the dimensional 
expressions (Vmmex/gT) and (l/TVmax) being the parameters of the problem. 
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Substituting (8.33) into (8.18), we obtain the payload G, as a function of the 
terminal weight G,, where ~~ 


oe (Vinax eT) = ; no 
Gnu = G, C1 TV nq) +n VG re! V G,) + (1 G,) In V G). (8.34) 


Here G,is the independent variable in terms of which the maximum of 
G, is sought. The corresponding value of a, is determined by (8.33). The 
results of this procedure are shown in Figures 8.5 and 8.6, and represent, 
respectively, the maximum payload G, as a function of (l/TVmax) for fixed 
values of (yWmex/gf), and the optimum acceleration (a,/g) as a function of 
(U/TVmax) for (Vmax/gT) = 0.5 and y = 0.01, 0.02. 


25 a 


0004 =G08 =e = 0 7 O 02 04 (6 Q8 TT EWprg 
FIGURE 8.3. Region of optimum values FIGURE 8.4, Influence of unit engine weight 
of acceleration ao/g for payload values in on maximum payload G,(as function of 
range 0.1< G, <0.5; vertical climb of terminal energy E,/V2 i vertical climb of 
rocket. rocket. 
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a 
0 a2 & 26 MBiyry 42 a4 a6 ag WV naz 
FIGURE 8.5. Payload G,,as function of FIGURE 8.6. Optimum acceleration ao/g as func- 
parameter (!/TVmayx) for fixed values of tion of parameter(!/TVpnax)for Vinay /8T= 0.5 and 
GVmax/8T); displacement between two values of unit engine weight y; displacement 
points of rest. between points of rest. 


The effects of the engine weight and drag will now be compared for the 
problem of the vertical climb of a rocket treated above. This comparison 
is performed for identical maneuver parameters. Figure 8.7 shows the 
terminal value of the energy £, as a function of the acceleration a, for a 
payload G, = 6.5. Curves a) represent motion in a vacuum allowing for 
the engine weight /8.45/, and curves b) represent motion in the atmosphere 
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with a weightless engine /8.49/. The quantity Kp is the dimensionless drag 
coefficient given by Kp = c.9,54g/2G,, p and 4 are the parameters of the expo- 
nential law connecting the atmospheric density with the altitude, given by 

p = e, exp(— y/A), and S is the midship area of the rocket. 


FIGURE 8.7. Influence of unit engine weight y and drag coefficient K pon terminal energy 
EVE ay! vertical climb of rocket (G, =0.5, a)Kp= 0, b) y = 0). 


Kur'yanov studied the variational problem of vertical climb with simul- 
taneous allowance for the engine weight and aerodynamic drag. 


§ 2. OPTIMUM CONDITIONS FOR COMBINING 
ENGINES OF LIMITED EXHAUST VELOCITIES 
AND LIMITED POWER. 


The optimum conditions for combining unthrottled and ideal engines are 
derived in this section. 

1. General conditions for optimum combination. Let the spacecraft 
be equipped with two engines, an engine with limited exhaust velocity 1, 
and a power-limited engine 2. We introduce the symbols P,, P, to represent 
the thrusts, e,,e, are the unit vectors of thrust orientation, q,, q, are the 
mass flow rates, Gy, G, are the working-fluid weights, and Gu, Gz represent 
the weight of the engines. 

The operating regimes of engines 1 and 2 will be said to be in parallel 
if the engines can operate simultaneously, and in series if only one of the 
engines can operate at any given point of the trajectory. * To determine the 
optimum instant of switchover in the second case, we use the step function 
6 (i), which takes the value 1 over that part of the trajectory where engine 1 
operates, and the value 0 over that part where engine 2 operates. 


* The following cases are possible for a parallel regime (the plus sign corresponds to an operating engine, 


the minus sign to a cut-off engine); +1, ~2; ~1, +2; +1, +2; -1, -2. The series regime lacks the third 
possibility. The concept of a series regime was introduced to cover situations in which technical reasons 
prevent the simultaneous operation of both engines. 
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The total mass flow rate g and the resulting thrust vector P areas follows: 
for the parallel regime 


Q=Nu +a, P=Pe, t+ Pre, (8.35) 
for the series regime 
q=@5+ (1-6), P= P,e6 + Pie, (1 — 5). (8.36) 
329 A special symbol is introduced to represent the sum of the three weights: 
Ga = Gat Gyr + Gyo (Go (0) = Gy — Gat 0) — Ga (0), Ga(T) = G), (8.37) 
and we formulate the variational problem of delivering the maximum 


payload using two engines as follows: 
in a parallel regime: 


Gg = — 8(91 + Ya); G,(0) = Go — G4(0) — Guo (0), G(T) = 
= max. 
r= Vv, r(O) = fro. r(T)= "4. 
Vm gg tt +R. ¥(0) = vs v(P)= 1 (8.38) 


(O< Pi(t), Pot), qu(t)s g2(f)< 005 Gas Gea 0, Jer (t)] = 
= |er(t)|= 1). 


in a series regime: 


Go=—elgd+q(1—8)l, G5 (0) = Go— Gar (0) — Guz (0). 
G,(T) = max, 
T=V, rO=r,, r(P)=nri, 
v= otter oe +R, VOW, v(T)= v1 
(O< Plt), Pet), qi(t)s g2(t)< 00, Ga, Geo <0,8(t)=1 or 0, 
jex(t)| = [eo (t)| = 1). 


(8.39) 


Note the following points: 

1) In order to complete the variational formulations (8.38) and (8.39), 
we must express the thrusts P, and P,, and the flow rates g, and g, as 
functions of the independent controls of the propulsion systems, and also 
determine the weight of the engines G,,, G,, as functions of the limiting values 
of these controls (cf, the introduction to Part I). 

2) The control functions G,, (t), Gy, (t) can vary continuously along the 
trajectory, subject to the optimum requirements and limitations in (8,38) 
and (8.39). Alternatively, they can remain fixed during the motion (then 
G,, and G,, are the control parameters). If one of the engines is cut off 
before the end of the motion, it can either be left on the vehicle after it 
ceases to function or be discarded; in the latter case its weight component 
is eliminated from the equations after it has been discarded (cf, the examples 
in /8.55/, and also the general optimum discarding conditions in /8.56/). 

It is assumed below that the weights G,, and G,, are fixed along the trajectory. 
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3) To determine the optimum control vectors e, and e, we write the 
Hamiltonians and the momentum differential equations in the forms: 
for problem (8.38) 


H=— pelts) + Po (@ gage +R) +Pr-¥, 


Pa= Po 8 TQ G a + Po = — Pes (8.40) 
be = —Z (mR), p(T) =—1, 
and for problem (8.39) 
ro —nateb anion [abt ea® 
. Presb + Prea(t— 6); a (8.41) 


Po= Pu (GF Ga + Gul ' Po = — Pre 
: a 
Pr = — 3 (Pu-R), p(T) = —1. 


The vector controls e, (/) and e, (t) minimize the functions H in (8.40) 
and (8.41) when 


€, =e, = — Pro/Po (Py =|Po|)- (8.42) 


In problem (8.38), conditions (8.42) mean that the directions of the thrust 
vectors of engines 1 and 2 coincide in the parallel regime. In view of (8.42), 
it can be assumed that in problems (8.38) and (8.39), 


=e, =e. (8.43) 


2. Optimum conditions for combining unthrottled engines. We assume 
the following characteristics of the unthrottled engines with limited exhaust 
velocities and limited power: 


P,=Py or 0, g1=Prio/Vio OF 0, Guy = 11P ins (8.44) 
P, = Prag or 0, a= Py / 2Non or 0, Gra = aNoo + TeP 20s 


where aNa = Gia, YaP oo = Gy, are the weights of the power source and the 
engine of 2; it is understood in what follows that V, =Vy. 

The variational problem of delivering a maximum payload employing 
engines with characteristics (8.44) is written as follows: 

for the parallel regime (cf. (8.38)) 
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3 
Giseus ( Gym at) ,  G,(0)=G— G(T) =max, 
mM 21a Gv — Guy —G6r— Gr, 
r=V, r (0) =r, r(T)=n1, (8.45) 
. Gyy% 1% + Gate / % = = 
YSOq FU, Cat Gat v(0) = Vo, vV(T)=%1 


(™1(t), m2(f)=4 or 0, [e(t)]}=41, Gar, Gra Gyo = const); 
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for the series regime (cf. (8.39)) 


: G G8 me (1 — 
é,= —e( sare eee), G,(0) = Go(T) = max, 
Tala = G)— Ga — , 
— Goa — Gras (8.46) 
T=V, r(0) = Yo, r(7T)=n, 


Gamb/ 1 + Gym (1— 8/2 
Gy t Guy + Gye t Gye 
(m1(t), ™a(£), O(t)= 1 or O, fe(t)}=—41, Gia, Gu, Gra = const). 


v=g e+R, v(0)=vo, v(7) =v 


In equations (8.45) and (8.46) we have introduced the dimensionless thrust 
m, and 2, where 


Hy = YiP/Gay, Me = PoP a/Gr. (8.47) 


According to the definition of the unthrottled engines, P,= 0 or P, = G,,/¥,, 
P= Oor P, = Gy/y,; it follows that either n,=2,= Oor xn, = 1,= 1. To solve 
the variational problem (8.45) the optimum control functions e (2), 1, (t), m2 (¢), 
and the parameters G,,, G,,, Gj, must be determined; in problem (8.46) the 
control variable 6 (#) is added to those listed. 

We apply Pontryagin's method to problems (8.45) and (8.46); the necessary 
Hamiltonians and differential equations for the momentum have the form 
(8.40), (8.41), provided expressions (8,44) are introduced in place of the 
thrusts, flow rates, and engine weights. The optimum control functions 


332 e (t), 7,(t), x, (4), and 6 (#) for the series regime are 
e(t)= — Po! Po (Po = | Pol)» 
min (5A HSS (ne elf +8). 
mom [bE BSE (wene“e[Bee eel). | OMe 


{ at D<o 
ae ={5 - or (D = Ayn, — Agra). 


Note that the expression 2y,G,,/«G,, in (8.48) represents the exhaust 
velocity V, of engine 2. In accordance with the optimum conditions (8.48), 
for V,>V, in the parallel regime the operating interval of engine 2 overlaps 
that of engine 1. In fact, for A,< 0 we must have A,< 0, and for A, >0 we 
must have A, > 0, 

This means that if engine | is operating, engine 2 must also be operating, 
and if engine 2 is cut off, engine 1 must also be cut off. Thus, in the 
parallel regime, the engine whose exhaust velocity is higher operates for 
a longer time. 

As an illustration, we shall solve problem (8.46) (unthrottled engines 
connected in series) for the maneuver of velocity build-up in a gravity-free 
field. The equations of the variational problem, the boundary conditions, 
the Hamiltonian, and the momentum differential equations have the form 
(cf. (8.46), (8.41)) 


Go =—-g ( Gam6 aa eet ) ' 


Wi 245 Gyg ( ) 
Gp 6/11 + Gyg% (A — 8)/72 8.49 
Gz (0) = Gy — Gy, — Gg — Gya, Po = PulSf e+ om +a. + GF f 


Po(T) = —14, 
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G78 / 11 + Gyqe (1 — 8) / 12 


SEO dg heg OO ae a 
q=— ay oat (4 —8) 4 GMb / 11 + Gym (1 — 6)/ 72 . 
=~ Pe \ a + one Pull G46, $6,404, 


333 The optimum laws e (tf) = +1, 4 (é), =, (4), ™(t) =1 or 0 are expressed by 
(8.48). The case considered yields the following results: ¢ (t) =+1 for 
0<t<T; on the trajectory there exists a single switchover point of the 
step function 6 (); if V,>V,, then 5 (0)= 1; for 6= 1 the control function x, 
equals 1 and for 6 = 0, x, equals 1. 

The fact that the function e¢ (t) does not alter its sign follows from the 
condition p, = const (cf. (8.49)); obviously, for u,>0 we must have e(f)=+1 
and p, <0 (cf.: (8.48)). 

The last fact (x,= 1 for 6= 1, and x,= 1 for 6= 0) follows by examining 
the Hamiltonian (it remains constant along the trajectory), Write H in the 
following form (for the meaning of the symbols cf. (8.48)): 


HH = (Ayn, — A,x,) 6 + Aan, = ¢ = const. (8.50) 


If 6= 1, then A,xn, =c, and if 6= 0, then A,x,=c, where the constant c is 
negative. For c= 0, we would have had the following: x,= 0 for 6= 1, and 

= 0 for 5= 0. i.e., the two engines would have been cut off along the 
whole trajectory. The case c>0 is excluded, since A\x,< Oand A.n,<0. 
It follows that for 6 = 1 the control function x,= 1, and for 6= 0, 2,= 1, 
Since x, and n, and the control function 6 enter into all the equations in the 
combinations 2,6, x, (1 — 6), we could have put a, (4) =1, m(t)=1. 

The optimum formula for the step control function 6 (¢) is given in (8.48). 
The derivative of the function D (#) given there too is 


: Pub’ Gi Gyo (Vy ‘ 
Di) =a, (r— 1) 5 (3-51) 


for V,<V, the derivative D (t) >0 (since p,< 0), and the function D (t) can 
change its sign from negative to positive. Therefore, if the trajectory has 
a section over which 6 (é)= 1, it is located at the beginning, 6 (0)= 1. 

This analysis proves the assertions made above about the optimum 
formulas for e (t), 6 (¢), 1, (é), me (é). 

Introduce the symbol #, to represent the instant of switchover of the 
function 6 (f), and integrate the equations of motion and flow rate along 
the two intervals 


6=1 at O<t<t,6=0 att<ct< (8.52) 


As a result we obtain expressions for the payload G, and the velocity u, 
in terms of control parameters (,, Gx,, Gia:Giq), the structural parameters 
334 : 
(V1, Yu» Ya, %) and the time T in the forms 


G, = Go — Ga — Gra — Gy — 8t,Ga | Viti _ ge (T —€,) Gia / 2riGva, 


= __BheG a \ 24 yy gC, ga(T —t) G2, tou) (8.53) 
m= —Valn(1— Fe) | (1 = ed (1— trae) | 
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Given the values of the structural parameters V,,a, ?;, ?2, and of the 
velocity u,, we determine the optimum values ¢,, Gx,, Gra, Gy.,and the maximum 
payload as functions of the maneuvering time 7. Figure 8.8 shows the 
function G, (fT), where the symbol 1 indicates the curve corresponding to 
the maneuver performed by engine 1 alone (¢, = 7), the symbol 2 corresponds 
to that of engine 2 alone, and the symbol 1+2 to that of both engines simul- 
taneously. Figures 8.9 and 8.10 show the optimum control parameters of 
engine 2, V,/V,, G,./G,, as functions of 7. The values of the structural para- 
meters and the velocity u, assumed in the calculations are 


V, = 410° m/sec, », = 0.02 kg/kg, y. = 10 kg/kg, 
a = 10 kg/kw, u, = 11.2-40°m/sec. (8.54) 


We note that the optimum value of the exhaust velocity V, for large 
values of the time 7 exceeds 2V,, while for small values it is smaller than 2V,. 


! 2 3 4 g T-10° sec 


FIGURE 8.8, Relative payloadG,/Goas function of build-up 
time T of given velocity magnitude. The symbol 1 represents 
maneuver performed by single engine of limited exhaust velo- 
city, symbol 2 is maneuver performed by single power-limited 
unthrottled engine, 1+2 is maneuver performed simultaneously 
by two unthrottled engines; 2 (y,=0)is maneuver performed by 
a single ideal power-limited engine, 1+2 (y1==y.=0) is ma- 
neuver performed by two ideal engines simultaneously (Vi= 
4000 m/sec, ¥,= 0,02, y¥,= 1000, a= 10 kg/kw, w= 

= 1120 m/sec). 


FIGURE 8.9, Optimum relative exhaust velocity V2/V1 
as function of maneuvering time T (symbols and para- 
meter values as in Figure 8.8). 
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0 / 2 3 4 5 TI? sec 


FIGURE 8.10. Optimum relative weight of power source 
G,/Go as function of maneuvering time (symbols and para- 
meter values as in Figure 8,8). 


3. Optimum conditions for combining ideal engines. It is convenient to 
formulate the variational problem for the optimum combination of ideal 
engines with limited exhaust velocity 1 and limited power 2 in terms of 
the thrust accelerations 


a, = gP,/G, a,=gPJG (a), a, > 0). (8.55) 


The flow-rate equations, written in terms of the accelerations a, and a,, 
have the following form: 
for the parallel regime (system (8.38)) 


G, = — 09 _ ae (8.56) 


and for the series regime (system (8.39)) 


; 2g 
Ge = — 33 ta). (8.57) 


336 In equations (8.56) and (8.57) the quantity N represents the dimensionless 
power (0< N (t) <1); the weight G consists of four components, namely, 
the payload G,, the working-fluid weights Gy, Gue (Gn + Gur + Gu = G), and 
the weight of the power-limited engine G,. Thus, G = G, + G, where the 
weight of the engine G, is considered as proportional to the maximum power, 
i.e., G, =aNmax (cf. Chapter Four). 
Introduce the following symbols (cf. (8.13), (4.10)): 


for (8.56) 
K(t) =exp(— 1p ear) , L®= —[ehten 2 (at) al" (8.58) 
and for (8.57) 
K(t)= on(—1 Feat), Lt) = ~[\3- Os (— (96 aa)" (8.59) 


Using these symbols, we can write the solutions of equations (8.56) and 
(8.57) in the common form: 


G () = G, (0) + G, = GK? ()/(1 + GL? (0/6). (8.60) 
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The value cf the relative payload G,/G, is expressed as follows in terms of 
K,=K (ft), L, =L(f): , 


G,/G, = KA + 13G,/G,) — G./G,. (8.61) 


The maximum of the relative payload G,/G, for the control parameter 
G,/G, can be determined without solving the dynamic part of the variational 
problem (as in the case of a single ideal power-limited engine). The 
payload has.a maximum if (cf. (4,15)) 

G,/G, = —K,L, — Li (8.62) 
then (cf, (4.16), (8.13)) 
G,/G, = (K, + Ly). (8.63) 


Using (4.16), (8,13) and (8.63) one can represent these regions in which 
ideal engines are preferred in the functional space ®, ¥, K + L (Figure 8.11). 
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FIGURE 8.11. Surface dividing regions using ideal 
engines with limited exhaust velocity (1), limited 
power (2), and combination of engines (1 +2) in 
functional space ¥, ®, K + Lof dynamic problems 
(W for engine 1, @ for engine 2, K+L for combi- 
nation of engines 1+2). 


337. The variational problem of delivering the maximum payload has been 


reduced to the Lagrange problem with the following additional differential 
constraints: 


for the parallel regime 


max (Ki + Li) = 
T To t he 
= max {exp (—z)n) —[ae) ar = (— Vat) ae)" ’ (8.64) 
r=yY, r(O)=ro, r(T)=n1, 


v=(a+a)e+R, v(0)=v, vV(T)=v5 
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for the series regime - 


max (K,+ 11) = 
= max {exp (— A (90 at) _ e\ = exp(— (38 at) ar] 
2 P Vi 78 N 2 VY; . (8.65) 
=v. r(0)=r, r(T)=r, 


r=v, 
V=[a10+a,(4—dJe+R, v(0)=ve, v(T) =v. 
Systems (8.64) and (8.65) can be expressed as Mayer's problem: 
system (8.64) becomes 

K =—,Kas/Vi, K(0)=1, K(T)+ 

L= (a/4g)K%a3/LN, L(0)=0, +L(T)=max, 

R=y, r (0) =4o, r(T)=r, (8.66) 

v= (a+ aje+R, vi(0=v, v(T) = 

(4i(t), a(t) >0, O<Vi(t)< Vin, OS M(t) 14, Je(t)| =4); 


system (8.65) becomes 


K = —1),Ka,8/V1, K (0) =1, K(T)+ 
L = (a/4g) K*a3(1—8)/LN, L()=0, +L(T) =mex, 
r =V, r (0) =Ffo F (T) =F 


° (8.67) 
v=[a6+a(i1—Sle+R, vO=vw, v(T)=% 
(a1 (t), a(t) >0, 8) =1 or 0, 0K) <Vn, OS NK, 
, Je(t)| = 4). 
The Hamiltonians and the momentum differential equations take the form: 
for problem (8.66) 


Ka a Kas 
H=— Pr 3y- + Prag ayy + Pe¥ + Po: (a1 + a2) 0 + R), 


. Ka? . Kq3 
Pr= Pexp. — Piss ry P= Pita (8.68) 


P= —Z(0,-R), Po=— Py, Px(T) = p, (T) = — 1; 
for problem (8.67) 


Kad q K%a3 (1 — 8) 
H=— pe p+ tig — py 
+Pr-¥ + Por{laad + a5 (1 —d)] 0 +8}, 
. Kati(i—d) . K%g2 (1 — 8) 
Pe= Pee — PE — Ey P= Piz TaN : 


(8.69) 


. a> F 
Pr = — 3; (Po-R), Po=—Prr Px (T)= p(T) =—14. 


339 The differential equations for p, and p,, from systems (8.68) and (8.69), 


are integrated in closed form and the same expressions obtained in both 
cases, namely, 


Px = (L? — K,L, — L)/KL,, pp = — LIL, (8.70) 


The optimum formulas e (2), a, (é); N (é), V, (t) for problems (8.66) and (8.67) 
are 
© (t) = — Polpo, a3 (ft) = —2gp, L,/aK, 


N (f) =1,V1() = Vy. (8.71) 
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The control function a, () enters linearly into the ‘equations of the varia- 
tional problems and the Hamiltonians; thereforé the ‘optimum function 2, (2 
consists, in general, of three parts, i.e., two limiting parts (a, = 0, 4, = 
= Qymax= 00), and the singular part (a, = ayopt) (cf. (8.9), (8.10)). 

Engine 1 is cut off (a, = 0) for (the subscript 0 of V, is omitted in what 
follows) 


A, = —px K/2V,— pe > 0, (8.72) 


or (cf. (8.70)) 
A, = (L2 + KL, —L42V,L, — p, > 0. (8.73). 
With the expression for the exhaust velocity of a power-limited engine, 
Vy (t) = 2gG,/aGa, = (LK, + 13 — L/L,p, (8.74) 
(obtained using (8.60), (8.62), (8.71)), we may express A, in the form 


Ay = Do Vf, — 1). (8.75) 


If the inequality 
Vi) <2, (8.76) 


is satisfied along the whole trajectory, engine 1 will not operate at all and 
will therefore be superfluous when performing the given maneuver; this 
result was obtained in /8.56/. Condition (8.76) was obtained under the 
assumption that the weight of the power source G, is optimum according to 
(8.62), This condition is, however, also true for a nonoptimum arbitrary 
weight G, (from /8.56/). 

The optimum form of the step function 6 (¢) figuring in problem (8.67) 
has the form 


6=Oat D>0,6=1at D<O(D = Aja, — gp? jak. (8,77) 


340 If a,= 0, then 6= 0. In fact, for vanishing a, the second term remaining 
in the expression for Dis always positive; therefore for a series regime 
engine 1 will not be fired if inequality (8.76) is satisfied everywhere. 

If @:max = 00 (as in our example), conditions (8.76) and (8.77) coincide, 
and there is no difference between the parallel and series regions, 

Inequality (8.76) helps to determine the boundary separating the region 
in which the single engine 2 is used from that region in which both engines 
are used, in the (a,V,) plane of the ideal-engine parameters 1 and 2 for the 
given dynamic maneuver. For this, it is sufficient to know the solution of 
the variational problem of performing the given maneuver with the single 
engine 2, Examples of determining this boundary are given in the next 
section. 

In conclusion we discuss the optimum combination of the ideal engines 1 
and 2 to build up a specified velocity magnitude in a gravity-free field. 
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The equations of the variational problem, the boundary conditions, the 
Hamiltonian, and the expressions for the momenta have the form (cf.. (8.66), 
(8.68), (8.70), (8.71)) 


=—Ka,/2Vi, K(0)=41, p,(T)=—1, 
Py = (2 — Kil, — 1) [ KL, 
E= (a/4g) K*03/L, L(0)=0, p(T) =—4, 


p=—Ll/ ly (8.78) 
u = (a, + a) e, u(0)=0, u(f) =u, 
Pu = const <0, 


HH = — p,Ka,/2V, + p, (0 /4g) K2a2 {D+ py(ai + 2) ¢. 


The optimum control functions e (2), a, (é), a(t) must satisfy 
; | 
e (t) = 1; a, (0) = 00, a, (tf) =0(0< t <7); ay (t) = const. (8.79) 


We shall now discuss the optimum variables a, (t) and a,(. The optimum 
expression for e (t) coincides with that obtained in subsection 2 above. The 
expression A, (cf. (8.73)) can be positive everywhere throughout the interval 
Q<t<T, or, in the extreme case it can vanish at isolated points of the 
interval, When p,= const the derivative A>0, and therefore ¢ = 0 is the 
only point at which A, = 0 and condition (8.73) (cutoff of engine 1) is not 
fulfilled, Furthermore, since K (T) = const for 0<t<T, we obtain a,= 
= const from (8.71). 

341 The differential equations (8.78) are integrated, and yield 


K, = exp(— Au /2V)), Ly = —K, ¥(a] 2g) a7, u,=Au+a7 

+ (8.80) 

(Au = lim {a1 (t)dt, a—>00 at t-+0), 
T4009 


If a, is eliminated from the second and third equations of (8.80), we 
obtain the following expression for the control functional: 


Ki + 1, = exp (— Aw/ 2V;) (1 — Ye / 2g) (ui — Au)? / 7). (8.81) 


The quantity Au represents the velocity increment produced by the 
acceleration a, (0<Au<u,). The value of Au maximizing (8.81) is 


Au =u, + 2Vi— Y2eT/a at — uy, <2V,— Y2eT fa<0, 


Au=0 at 2V, ~ V2eT fax —u, (8.82) 
Au=w at 2V,— PoeT fa >0. 


The first formula of (8.82) corresponds to the simultaneous use of both 
engines (1+2), the second one to using engine 2 alone, and the last repre- 
sents using engine 1 alone. 

Figure 8.8 shows curves of the relative payload G,/G, corresponding to 
the three cases (8.82). The following values were taken for the parameters 
(cf. (8.54)): 


V,= 4410 m/sec, a= 10kg/kw, wu, = 11.2-10° m/sec, (8.83) 
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These curves (unlike the corresponding curves for the unthrottled engines) 
are designated by the index y, = y, = 0. 

The minimum exhaust velocity of engine 2 along the trajectory and the 
minimum weight of the power source were plotted in Figures 8.9, 8.10 as 
a function of the maneuvering time (curves 7, = 7,= 0). In view of (8.74), 
the minimum exhaust velocity V, is attained in this case at the initial point 

of the trajectory. During the interval 
of time T in which the two engines 
operate simultaneously the initial 
EG exhaust velocity is independent of 
the maneuvering time, V, (0) = 2V,, 
as follows from the condition of 
firing engine 1. 
ye | The results of this analysis for 
A the problem of building up a specified 
a4 t velocity magnitude can also be repre- 
sented in the following form /8.55/. 


g 
% 
Vos 
SN 


SI 


™. 


a 
Es 
net 


APE tty, It follows from (8.63), (8.81) and 
WZ Z7 CZ Yj (8.82) that the relative payload G,/G, 
ane 7] Ld ZZ Vey is a function of two combinations 


of parameters, (u,/V,) and (gT/2aV}). 
This functional relationship is shown 
in Figure 8.12, Curves 1 correspond 
to a single engine with limited exhaust 


FIGURE 8.12. Relative payloadG,,/Gpas func- 
tion of combinations of engines and maneuver 
parameters (gT/2av,") and «,/V, (for build-up of 
specified velocity magnitude in gravity-free 


field; ideal engines: curve 1 is for engine of velocity, curves 2 to a single power- 
limited exhaust velocity, curve 2 for engine limited engine, curves 1+2 to the 

of limited power, curve 1 +2 for combination combination of the two engines; the 

of engines 1 and 2; shading represents region region in which both engines are 


of simultaneous: use ‘of both engines). simultaneously used has been shaded. 


The following additional maneuvers 
are treated in /8.55/: displacement between two positions of rest ina 
gravity-free field, and build-up of parabolic and hyperbolic velocities ina 
central field. The analysis is based on a direct comparison between the 
payloads achieved by combining sections of motion in different ways using 
engines of the first and second types. Some results concerning the combi- 
nation of engines with limited exhaust velocity and limited power are found 
in /8.57/. 

The following conclusions can be drawn by analyzing the results obtained. 
Power-limited engines are most efficient for those maneuvers in which slow 
thrust accelerations are required. When the acceleration is increased 
(which corresponds, for instance, to a reduction in the time of motion) the 
payload delivered decreases (cf. Figure 8.8), tending to zero at the limit. 
Throughout this interval of time, an additional engine with limited exhaust 
velocity increases the payload, The part played by this engine increases 
with decreasing maneuvering time until a limit is attained. Below this 
limit, the power-limited engine becomes superfluous, and the maneuver 
is performed by the engine with limited exhaust velocity alone. When the 
two engines are used simultaneously, the greatest gain is obtained for 
those maneuvers in which the payloads delivered individually by each 
engine are close to one another. 

This reasoning applies equally to ideal and unthrottled engines, 
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343g 3, REGIONS OF APPLICATION OF POWER- 
LIMITED ENGINES 


Assume that the variational problem corresponding to a single ideal 
power-limited engine has been solved for a given dynamic maneuver 
(Chapters Four and Five); this means that the optimum thrust acceleration 
a, (t) and the function J (t) have been determined. The variation of the 


exhaust velocity V, (#) along the trajectory is calculated by the following 
formulas (cf. (5.102)): 


Ve (t) = 2gN/G (t) a(t), E(t) = Go (4 + Gol (t)/2BN,)*. (8.84) 
The parameter G,/N, in (8.84) can either be specified beforehand, 
GIN, = %, (8.85) 


or determined to be a minimum if the structural parameter @ is specified: 


Go] No =a lV (a/ 2g) J (7) — (@/ 2g) J (T)}. (8.86) 
Either the expression (cf. (8.76) 
Vis zminVs(t, x) (8.87) 
or 
Vi=tmin V(t, a) (8.88) 


for the minimum value of V, on the trajectory, determines the exhaust 
velocity of engine 1 below which it is advantageous to use engine 2 alone 

for performinga given maneuver. In this way we may calculate those 
curves in the @,V,;) or («,V,) planes which separate the region where engine 2 
is applied from the region where engines 1+2 are applied. These indicate 
the ultimate possibilities of a single power-limited engine. The boundary 
between regions 1+2 and 1 is no less interesting as it determines the 
optimum use of the single engine with limited exhaust velocity. The absence 
in this second case of as simple a criterion as inequality (8.76) makes it 
impossible to find this boundary without completely solving the variational 
problem of engine combinations. 

In the present section these boundaries are calculated for an ideal power- 
limited engine by (8:87) and (8.88) for three maneuvers: build-up of a para- 
bolic velocity from a circular orbit, transfer between two circular orbits, 
and interplanetary flight. The optimum function a, (¢) and functional J (t), 
which are required for the calculations, are taken from Chapter Five. 

344 1, Build-up of parabolic velocity. The spacecraft is trajected into a 
circular orbit and must then develop a parabolic velocity with the aid of 
two engines. 

The traditional scheme of performing this maneuver assumes the use 
of a single power-limited engine. The optimum program of the thrust 
acceleration vector for the ideal engine is as follows (cf. Chapter Five): 
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its magnitude is almost constant, while its direction lies between the 
transversal and tangent to the trajectory; these almost coincide throughout 
the entire time of motion. 

Since the thrust-acceleration magnitude is almost constant, the velocity 
V, has a minimum at the initial point of the trajectory. It follows that 
condition (8.76) can be violated at ¢ = 0, and an additional engine with 
limited exhaust velocity can be fired at the beginning of the trajectory. 
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h, km/sec 


26 a, kg/kw 
FIGURE 8.13. Regions for using ideal power- FIGURE 8.14, Payloads G_/G, for ideal engines 
limited engine 2 for maneuver of building up with limited exhaust velocity 1 and limited 
parabolic velocity in Earth's field: a)(@, Vv) power 2 in build-up maneuver of parabolic 
plane (unit weight of engine 2, exhaust velo- velocity in Earth's field as function of corre- 
city of engine 1); b) (x, Vi) plane(x = G/N sponding structural parameters Vand a: 
parameter of engine 2, maneuver parameter a) T = 6.8 days, b) T= 29.2 days (cf. Figure 
is time of motion T). 8.13). 


The limiting relationships a(V,) and x(V,) are represented in Figure 8.13. 
In those regions where parameters a and V, (or x,V,) lie below the curves it 
is more efficient to use a single power-limited engine (shaded regions). 
The initial data are now given for an altitude of the initial circular orbit 
above the Earth's surface of 300 km. First example: T = 6.8 days, J (r= 
= 80.8 m?/sec?, a,= 0.895 cm/sec?; second example: 7 = 29,2 days, 
J (T) = 17.95 m?/sec3, a, = 0.269 cm/sec?, The corresponding relationships 
between the relative payloads and the structural parameters of the engines 
have been plotted on Figure 8.14 (characteristic velocity I= 3.167-103m/sec, 
and for the values of the functional J cf, above). 
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2. Transfer between circular orbits, This maneuver is characterized 
by the following optimum function a, (t) (cf. Chapter 5): the function a, (2) 
decreases at first, and then increases, so that the maximum values of a, 
are attained at the beginning and end of the trajectory. Correspondingly, 
the exhaust velocity V, increases at first, and then decreases either up 
to the terminal point, or till some point near the terminal one, where 
the function V, (é)/has a local minimum. Thus, the firing of engine 1 can 
take place either at the beginning or towards the end of the trajectory, 
depending on where condition (8.76) is first violated. 


ee 
2 0 B 2B ee, kg/kw 


2 4 6 8  ¥km/sec 
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2 Q 8 26 akg/kw 
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2 0 BRB 2 a kg/kw 
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FIGURE 8.15. Boundaries of regions for using FIGURE 8.16. PayloadsGy/Gofor ideal engines 
ideal power-limited engine for maneuver of with limited exhaust velocity 1 and limited 
transfer between circular coplanar orbits of power 2 in transfer maneuver between orbits 
Earth and Mars: a) (a,V,) plane; b) (*,V.) of Earth and Mars as functions of corresponding 
plane; maneuver parameters are angular dis- structural parameters Vy anda: a) @,= 2.97, 
placement 9, and time of motion T. T = 113 days; b) 9,:= 2.36, T= 148 days; 


C) @.= 2.73, T= 215 days (cf. Figure 8.15). 


Figure 8.15 shows the boundaries of the regions in which the power- 
limited engine is used (the regions in which the engine is used lie below 
the curves) in the (a,V,) and (x,V,) planes. The following values were 
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employed for the maneuver parameters (both dimensionless and dimensional 
values are given for the time Tf and the functional J, corresponding to the 
transfer from mean orbit of the Earth to mean orbit of Mars): 
a) mo 1, y= 1.52, 1 = 1.97, 
T = 1.94 143days, J(T) = 1.053-» 187.m?/sec3, 
b)ro=1, m= 1.52, gy: = 2.36, 
T = 2.55» 148 days, J (7) = 0.403-—> 71.4m2?/sec?, 
C) ro=i, ry 1.52. o = 2.73, 
T =3.70-» 245 days, J(T) = 0.0416 —> 7.38 m?/sec?, 


The relative payloads for engines with limited exhaust velocity and 
limited power are plotted in Figure 8.16 as a function cf the structural 
parameters of the engines for fixed maneuver parameters (8.89). The 
characteristic velocity values are: a) J = 13-103 m/sec, b) I= 9-103 m/sec, 
c) J= 6.5-103 m/sec according to the data of /8.58/; for the functional J 
cf.. (8.89). 

347 3. Round-trip interplanetary flight. This maneuver is represented as a 
combination of the two elementary maneuvers considered above (cf. 
Chapter Five). Depending on the parameters of the elementary maneuvers, 
the minimum exhaust velocity V; is attained either at the beginning of one 
of the sections of motion in the neighborhood of the planets, or at the 
beginning or end of one of the heliocentric sections. According to the 
condition for an optimum combination of the elementary maneuvers forming 
the round-tripinterplanetary flight (§ 3 of Chapter Five), the thrust accele- 
rations in the accelerating and decelerating sections have the same magni- 
tude. Therefore, the beginning of the acceleration near the destination 
planet and the beginning of the deceleration near the takeoff planet are 
excluded from the sections to be discussed. 


(8.89) 
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FIGURE 8.17. Region for using ideal power-limited engine 2 for maneuver of Interplanetary flight 
Earth—Mars—Earth: a) (a,V,) plane; b) (%,V;) plane; maneuver parameters are total time /'g= 
644 days, time of sojourn in neighborhood of Mars T,,= 48 days. 


For the Earth —Mars— Earth flight the optimum thrust acceleration in 
the neighborhood of Mars is usually lower than in the neighborhood of the 
Earth, and therefore only the following sections remain to be compared: 
the beginning of the acceleration in the Earth's field and the beginning and 
end of the Earth — Mars —Earth orbital transfers (here the early 
use of an additional impulse provided by an engine with a limited exhaust 
velocity can be advantageous). 
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348 As an example, consider the Earth—Mars— Earth flight with the following 
parameters: total time 7,= 644 days, time of sojourn in the neighborhood 
of Mars 7. = 48 days. Relationships 
a(t), J (i), and V (i) for a= 5 and 10kg/kw 
are shown for this flight in Figure 5.32. 
The minimum exhaust velocity is attained 
as follows: for a < 5 kg/kw at the begin- 
ning of the Mars— Earth orbital transfer 
(a, = 0.215 cm/sec?), and for a >5kg/kw 
at the beginning of the acceleration in 
the Earth's field (a,= 0.165 cm/sec?), 
The region in which a power-limited 


oF 7 er EW wlice engine should be used is determined by 
ee aaa criterion (8.76), and shown in Figure 
2 0 B 2G, ke /kew 8.17, The relative payloads for 
FIGURE 8.18, PayloadsG,/Gpfor ideal engines engines with limited exhaust velocities 
with limited exhaust velocity 1 and limited and limited power are plotted in 
power 2 in maneuver of interplanetary flight Figure 8.18 as functions of the structural 


Earth— Mars—Earth; T g= 644 days, Tw= 


= 48 days (cf. Figure 8.11). parameters of the engines (characteris- 


tic velocity J, = 22,2 -108 m/sec accord- 
ing to the data of /8.58/, and the func- 
tional J, = 63.6 m?/sec’ according to Table 5.7). 

4, Notes. 1) Criterion (8.76) was obtained for an ideal power-limited 
engine. Applied to real engines, it gives an inaccurate answer; the example 
with unthrottled engines (cf. Figure 8.8 of § 2) corroborates this fact. 
Therefore, for real engines, (8.76) gives only a tentative determination 
of the boundary of the region in which the ideal power-limited engine should 
be used. : 

2) The analysis of the examples of maneuvers in a central field and 
for similar maneuvers in a gravity-free field leads to the conclusion that 
the necessity of an additional engine with limited exhaust velocity appears 
earlier when the dynamic maneuver is more "strained" (i,e., when the 
single power-limited engine delivers a smaller payload). 

3) From the results presented in Figure 8.13 to 8.18 one can form an 
opinion concerning the advisability of using power-limited engines singly 
or in combination with an engine with limited exhaust velocity, at the 
different stages of interplanetary flight. 
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Chapter Nine 


PROPULSION SYSTEMS WITH ENERGY AND MASS 
ACCUMULATION. ENGINES WHOSE THRUST AND 
POWER ARE FUNCTIONS OF THE COORDINATES 

AND TIME 


349 This chapter treats optimization problems of the parameters and 

control functions for the following types of propulsion systems: 

1) Power-limited engines with accumulation of thermal or electric 
energy (§§ 1 and 2), 

2) Engines with limited power or limited exhaust velocity which accumu- 
late atmospheric gas tc be used as working fluid (§ 3). 

3) Solar sail (the maximum thrust depends on the distance from the Sun 
and the sail orientation (§ 4)). 

4) Isotopic sail (the maximum thrust depends on the time (§ 5)). 

5) Engines with solar power source (the maximum power depends on 
the distance from the Sun (§ 6)). 

6) Engines with isotopic power source (the maximum power depends 
on the time (§ 7))}. 


§ 1. POWER-LIMITED ENGINES WITH ENERGY 
ACCUMULATION: THE IDEAL CASE 


If the solution of the dynamic part of the optimization problem 
(Chapters Five and Six) is analyzed, we may conclude that the application 
of a thrust is more advantageous in some sections of the trajectory than 
in others. For orbital transfers in a central field and displacements 
between points of rest in a gravity-free field these applications are best 
in the neighborhoods of the initial and terminal points of a trajectory. 
When rotating the plane of a circular orbit in a central field, a thrust 
should be applied over that section represented by the final position of 
the nodal line. In the case of an ideal power-limited engine the thrust 
acceleration level in these sections is, according to the optimum program, 
much higher than that over the rest of the trajectory; in the case of 
unthrottled engines the powered sections are located there, while for the 
remaining sections the thrust is cut off. 

In the power-limited engines studied above, the energy produced by 
the generator is fed directly to the engine. Therefore throughout those 
sections during which the optimum thrust is small or vanishes, the 
power generator is not used. It has been shown that the efficiency of the 
power source can be increased by storing the energy produced along the 


: 
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sections of zero (or almost zero) thrust, and using it for the powered 
sections /9.1—9.3/. To that end one can use thermal /9.1/ or electric 
/9.2/ accumulators (cf. § 2 of 
Chapter Two). The gain in payload 
achieved with such accumulators 
has been assessed tentatively in 
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/9.1, 9.2/. 
Energy accumulators are also 
FIGURE 9.1. Block diagram of power -limited necessary in satellites with solar 
powerplant with energy accumulator; N ypis the powerplants if their trajectory 
power source, E,is the energy accumulator, P passes through shaded zones. 
af che eopine. 1. Control and weight character- 


istics, The power-limited power- 
plant with energy accumulation consists of the power source N,, the energy 
accumulator £, and the engine P (Figure 9.1) /9.3/. The power produced 
by the power source (0<N, <N,,) can be directed into the accumulator 
( N,>0 ) or into the engine (N,>0), so that N,+N,=N,. The energy 
accumulator can transmit to the enginea power N,=N,—E (Nz >0,0<E<E,), 
so that the engine receives a total power N, =N,+N, which is used for 
creating the thrust, where 


=q@, N,=YVgqvV? (O0<P<P,). (9.1) 


Here g is the mass flow rate of the working fluid and V the exhaust velocity. 
The acceleration of the working fluid is considered to be ideal. The thrust 
has an upper bound in the general case, except for an ideal engine where P, 
(the maximum thrust) can be infinite. For an unthrottled engine P = P, 
or 0, assuming no losses in the engine. 

Eliminating N, = N,—N, and replacing N,—Ni=N., we can represent 
the power balance equation for this system in the form 


E = -N,, Ny +N.= /,qV? (9.2) 
O<E<E&, Ne>—N, O<N, <N,,). 


The negative values of the power N. correspond to the charging phase 
and are bounded by the value of the power N, produced by the source. The 
positive values of N, correspond to the discharge phase. 

The weight of the power-limited engine with energy accumulator 
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G, =G,+6,4+ G, (9.3) 


consists of the following components: weight of the power source (taken 
proportional to the maximum power of the source Ny) 


G, = aN, (9.4) 


weight of the energy accumulator (taken proportional to the maximum 
accumulated energy &,) 


G, = PE, (9 . 5) 
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weight of the engine (taken proportional to the maximum thrust P,) 
G, = Po (9.6) 


(for an ideal engine G, = 0). 

2, Formulation of the variational problem; structure of the optimum 
control function, The maximum payload problem for a power-limited 
propulsion system with an energy accumulator is formulated as follows. 

The payload G,, the unit weights a, f, y of the power source, the accumulator, 
and the engine are specified; the boundary conditions and the maneuvering 
time Tf are given too. The optimum operating regimes of the power source, 
the energy accumulator, the engine, as well as the optimum weight para- 
meters (9.4) to (9.6) must be found so that the payload G, is a maximum /9.3/, 

The full system of differential equations, boundary conditions, bounds 
of the control functions, and phase coordinates of this variational problem 
are written as follows in Mayer's formulation (similarly to (II. 8)): 


: ky P2 

Go — aay (0) +Ge=4, Ga(7) = max, 
E=—kN.N., E(0)=4, E(T)=0, 

r=V, r (0) =r, r(T) =n, 

: Pi 

vebape +k v(0)=Vo, v(T) = (9.7) 


(O<P()<1, OX M(t) <1, NO) >—1, 

_ le@) =1, 0€ F(t) <t, 
ky= Pa _ 28 fas ee hy = #e _ Ur), 
2N G0 27°C,” £y aG,’ Go ¥ 

352 Here the first equation is the continuity equation for the working fluid, 

(G, (t) = G, + G, (t) is the total weight of the payload G, and the working-fluid 
reserve G,), the second one is the equation governing the accumulator 
energy, and the third and fourth equations are vectorial equations for the 
motion of the vehicle center of mass in an inertial reference frame. 

The initial weights G, and G, correspond to the specified takeoff weight &, 
(all weights are represented as fractions of G,). At the end of the motion 
the weight G,(T) coincides by definition with G, and must be a maximum. 

The boundary conditions for the energy E (as a fraction of £,), the radius 
vector r, and the velocity vector v change according to the type of maneuver. 
The control functions P,N,,N,, e are dimensionless, The thrust P and 
the power of the source N, are represented as fractions of their maximum 
values P,and N,. The power N,is given as a fraction of the instantaneous 

power of the source; eis a unit vector.in the thrust direction. 

The control parameters G,, G,, G, are the weights of the power source, 
the energy accumulator, and the engine (fractions of G,), and enter the 
right-hand sides of equations (9.7) and also the initial condition governing 
a specified takeoff weight. The selection of the optimum values of these 
parameters can be reduced to the standard procedure of adding the formal 
equations 


G, = 0, G, = 0, G,=0 (9.8) 
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and boundary conditions 


Gz (0) + G, (0) + G, (0) + G, (0) = 4, (9.9) 
G, (T) = opt, G, (T) = opt, G, (T) = opt 


to system (9.7) (the first condition replaces G, (0) +G,. = 1). Asa result the 
control parameters G,, G,, G,are transformed into phase coordinates, whose 
initial values are linked by the transversality condition, and whose final 
values vary. 

The optimum control functions e (£), P (), N. (t), Ny (t) are determined by 
Pontryagin's method of requiring the Hamiltonian H to be an absolute 
minimum, where 


hy P? kaP 
H= — Po WEE Wy — PebeViNe + (oe) a4G, + (Py:R) + (P,-V) 


aH __ aH . af (9.10) 


eee aa OH . 
(Po= — 5G: Pe = — 5F Po=— HF 


r=— z 


or 


One must distinguish between trajectory sections of two types, i.e., those 
lying within the region 0 <E <1, and those lying on the boundaries EF = 0 
or E=1. Avoiding the details in determining the minimum of H, we give 
the solutions for the optimum controls, 

353 The thrust direction e and the power of the source WN, have the same 
time-dependence on the inner and boundary sections of the trajectory: 


e=—Pp,/Py, N=1 (Pv =| Po|)s (9.11) 


i.e., the thrust vector is in the opposite direction to the vector p,, and the 
source power has a maximum (as for power-limited propulsion systems 
without accumulation — cf. Chapter Four above). 

The power WN, (controlling the accumulator energy) and the magnitude 
of the thrust P obey the following: 

within region 0<E<i 


vee, P=1 at pido 
N,=—1, P=0 at pcg (9.12) 
(91 = 4pepe(Ge+ Gi)" 7) 
on the boundaries EF = 0 and F=1 
N.=0, P=1 at pt >, 
N.=0, Paap tay at pi<@s re 


i] 
(0 = 478 (40+ 6.) =) 


where p, and p, are everywhere negative. 

Thus, within the region 0 <E< 1 the accumulator energy is either dis- 
charged at an optimally varying rate (discharge regime), for which the 
thrust is a maximum (cf. the first relation of (9.12)), or it is stored ata 
maximum rate (charging regime), for which the thrust is zero (cf, the 
second relation of (9.12)). On the boundaries E = 0 and E= 1 the energy 
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accumulator discharge naturally vanishes, and the thrust varies as if the 
accumulator is absent; it is either a maximum (first relation of (9.13)), 
or optimally controlled (second relation of (9,13)). 

To establish how the optima (9.12), (9.13) alternate, we require the 
behavior of the momenta pz, Pe, Pp» = |p»| and the phase coordinate G,. 
The momenta p,, p,, p- and the phase coordinates are everywhere continuous, 
while p, has a first-order discontinuity when moving from the boundaries 
E = 0 and £ = 1, in accordance with the jump condition /9.4/ (the form 
of the function H and the momentum differential equations (9.10) are 
preserved). 


From equations (9.10) and (9.7), allowing for (9.11), we have 
. k . . ky P? 
P= GEER CLO BHO, Go — FT <0. ey) 


It can be shown that p, and p, are everywhere negative, and that the functions 
g: and q, in conditions (9.12), (9.13) are positive. With the aid of (9.14) we 
conclude that these functions are nondecreasing: 


M>0, @>0 at p> 
1 = 90, 2 =0 at m<oO 
1 >0, g>0 at pe>qi 
p=0, ge >0 at P< oe. 


The behavior of p, is determined mainly by the type of maneuver. The 
following examples are characterized by the nonmonotonic behavior of p?(f), 
with a minimum within the interval [0,7]. 


a a 


zt Zz 
FIGURE 9,2, Optimum variation FIGURE 9.3. Optimum variation 
with time of relative energy stored with time of relative energy of 
in accumulator E and thrust P, accumulator E and thrust P, when 
when function E does not reach function & reaches boundaries E= 
boundary. =1,£=0, 


If the energy E remains within the boundaries FE = 0 and #= 1 throughout 
the motion, E(t) and P(t) will have the form shown in Figure'9,2. In the 
general case, sections of motion along the boundaries EF = 0 and E= 1 
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respectively can appear between the transition points from the discharge 

regime to the charging regime and vice versa (Figure 9.3). The instant 

at which the boundary is left is not determined by the maximum principle, 
355 and must.be found either with the aid of one of the optimality principles, 

or by varying the length of the boundary section (subsection 3). 

Finally a propulsion system could exist with energy accumulation. but 
no power source. Such a system will be efficient for sufficiently low 
values of f, the unit weight of the energy accumulator (9.5), where 


BT/a <4. (9.15) 


In fact, a power source of weight G,, which produces an energy 
E* = (G./a) Tat B7/a = 1 during time 7, can be replaced by an energy accumu- 
lator of capacity E*, initially fully charged, with the same weight G. = BE" = 
= GAT/a=G,. At fPr/a<1 we have G.<G,, and therefore the use of a 
power source would be inefficient. 

For a propulsion system with an energy accumulator but no power 
source, the equations (9.7) reduce to (G, = 0) 


Ga=— hig G.(0)+G.=1, Go(T) = max, 

E=—kN,, E(0)=1, E(T)=0, 

r=y, r(0)=r, r(T)=m, 

v= hago +8 v(0)=vo, v(T)=v1 (2.18) 


O<P(t)<1, Me) > le@j=1, 
eTP2 = gBTG? 1 gPy 8G, 
ki= oRG. — DG.” n= hy Js 
Here N,is represented as a fraction of £,/f, unlike (9.7); there is no limita- 
tion on the phase coordinate E (this limitation is fulfilled automatically if 
the boundary conditions for EF when N,> 0 are fulfilled). 
The optimum variations of the control functions are (cf. (9.11), (9.12)) 


e€=— Py/ Pr, 
kip, 
N, » P=1 at . , 
Tape ote (9.17) 
N,=9, P=0 at pi<cm 
kyk, 
(m = 4D ,Ps (Ge + Gx)" al ° 
3 


3. Ideally throttlable propulsion system is characterized by the absence 
of an upper bound for the thrust (P> 0) and by vanishing engine weight 
4566 = 0). An investigation of this case enables us to establish an upper 
~“ limit for the system, and to partially separate the general variational 

problem into weight and dynamic parts. 
The absence of an upper bound for the thrust makes it possible to pass 
from the thrust P to the thrust acceleration a2 in equations (9.7) 


a = k,P (Go + G7. (9.18) 
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The first equation of (9.7) can then be integrated by quadratures and solved 
for the problem functional (as was carried out above for the power-limited 
propulsion system without an energy accumulator): 


T 
Gm(+ asec) ~&(t+ 4): (9.19) 


The relative weight of the power source G, enters the other equations 

of the variational problem (9.7) only in terms of the ratio G/G,, Therefore, 
even before we solve the full problem, we can find the optimum value G,/G, 
which maximizes G,, by fixing the value of the integral and the ratio G, 

in (9.19) as follows 


Gy opt = oh (VY O,—®,) 


(9.20) 
T 
_ Ge _ a a’dt 
(E= gs M=A+8) BNE Np) i 
here 
Gs max = (1— VY ®,)?, G.= G,+G, = V®, — ®,. (9.21) 


The last relations (Figure 9.4) for the maximum payload G, and the 
optimum total weight of the propulsion system G coincide with solutions (4.15) 
in § 1 of Chapter Four, where ®, from (4.14) replaces ®, and the weight 
of the propulsion system consists of the weight of the power source only 
so that G, = G,, 


ae 
as 
whe | 
{ ~. 
0 as o, 


FIGURE 9.4. Maximum relative payload Gy, 
and optimum weight of propulsion system 
with energy accumulator G, as function of 
problem functional Dg. 


357 Note that in the problem with energy accumulation as well the optimum 


full weight of the propulsion system does not exceed 25% of the takeoff 
weight G,. 

The payload (9.21) decreases monotonically with increasing ®,, andthere- 
fore the second part of the problem reduces to finding the minimum of the 
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functional (the parameter a is specified) given by 
Tr 


=A+O wrens  (O= E4)- (9.22) 


0 


The efficiency of an energy accumulator will be denoted by the ratio of the 
functional (9.22) to the usual functional 


T 
J =S adr; (9.23) 
0 


if0<J/J <1, it is efficient to use an accumulator, 
The equations of the variational problem for the minimum of J, are 


; 1 - A 
J,= Ney J,(0)=0, J,.(f) =min, 


b=—S8N.N, EQ)=1, E(t) =0, 


(9.24) 
r=v, rQ)=r, (fT) =r 
v=ae+R, vO)=w, v(T)=v1 
(2(t)>0, OC NH <1, NO) >—1, lel =1, OME) <1). 
The optimum control functions are (cf. (9.11) to (9.13)) 
— Po = — Po(i+Ne) 
ee Meats vote : 
fe 24 BU+E 6 
N, oo at p>4 ae Pes <kF<i1 (De >> 9), (9.25) 


N=—1 at p<sPCth,, 0<eK<1, 
N, =0 at E=0 and E=1, 


i.e., the discharge regime turns out to be impulsive. 

The optimum time for the phase coordinate E to move away from the 
boundaries E = 0 (beginning to charge the energy accumulator) and E = 1 
(beginning to discharge it), will be selected by the optimum conditions /9.5/, 

358 since the maximum principle /9.4/ does not determine the specific values 
of the constant p. for the different stages of motion (cf. (9.25)). The 
sufficient optimum condition /9.6/ necessitates maximizing the function R 


with respect to the coordinates and the control functions; the part R* which 
depends on the coordinate £ has the form 


R* = cpypE (0 < ¢ = const). 


The optimum values of £ turn out to be 
E=1 at PoPo > 0, (9 26) 
E=0 at PoPo< 0. 


The transition of E from the boundary value 1 to the boundary value 0 
(discharge of the energy accumulator) can be carried out instantaneously 
(Z ~ —N. = — o, cf. (9.25)). According to (9.26), this transition occurs 
as soon as the product p,p, changes its sign from plus to minus. Since 
Po = |Po| > 0 such a change of sign is only possible at maximum a, (é). 
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The inverse transition of E from the boundary E = 0 to the boundary 
E = 1 (charging the accumulator) must be carried out (see (9.26)) near 
those values of ¢ for which the product 
P2P» Changes sign from minus to plus. 
These are the points which yield minimum 
Pv (t) However, charging, unlike dis- 
charging, cannot be realized instan-_ . 
taneously, since in this case (cf. (9.25)) 
E=B/ot< 1, Therefore, relations (9.28) 
cannot be fulfilled exactly in some 
neighborhood of the point ¢, (Figure 9.5). 
The extent of this neighborhood depends 
on the ratio of the source power, which 
is fully applied to charging the accumu- 
lator (Ne = —1, N, = 1)to its capacity. 
The value of the constant p,, which, 
with relation (9.25), determines the time 
t at which charging begins, must be as 
near as possible to the value p, corre- 
sponding to instantaneous charging (p.s 
in Figure 9.5), but such that relation (9.26) 
is fulfilled beyond the ends of the charging 
interval. The value of pe, in Figure 9.5 
satisfies the conditions indicated above, 
while p,, is unapplicable even though it 
does not differ as much as p,, from the 
ideal value p.3. This is so because if we 
charged up to p., (the dashed lines on 
Figure 9.5) we would have a situation 
in which the limit FE = 1 is not attained. Since the value of p, can vary 
only when the coordinate £ reaches the boundary or moves away from it, 
it remains constant immediately after the end of charging (at time 0, 
there occurs an impulsive discharge of the accumulator according to 
(9.25)). Thus, charging up to p,, leads to the breakdown of relations (9.26), 
since pp, >0 for t >9,, and E = 0 for the same values of t. Instead of 
the optimum value p., we can directly calculate the values 1% and 6,, the 
optimum times of the charging interval, using the following relations: 


FIGURE 9.5. Determination of optimum 
time for displacing function E away from 
the boundaries. 


( Edt= F@—w=1, Po(%1) = Py (@r). (9.277) 


1 


The first relation is the condition for the transition of # from the boundary 
value 0 to the boundary value 1; the second relation indicates the maximum 
possible difference between the selected value p,, and the ideal value p,,. 
Relation (9.25), which determines the optimum value of the thrust 
acceleration, enables one to give a simple physical interpretation of the 
results obtained. The use of the energy stored in the accumulator is an 
optimum for values of the acceleration near the maximum value. This 
in turn leads to an increase in the acceleration. Thus, the accumulator 
energy is discharged when it can have a maximum effect in bringing about 
the kinematic conditions of the maneuver. .The process of charging, which 
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causes the engine to be cut off (a= 0), occurs near the minimum values of 
a(t) Here, this process has its least effect in retarding the development of 
the required kinematic conditions. 

The following relation is obtained with which to determine the optimum 
value of the parameter £ (cf. (9.25)): 


s(n) (9.20 


Qo 


+ 
= 


As long as the values of & in (9.28) satisfy the condition —§ > 0, the 
system with energy accumulation is superior to the system without it. 
The quantity (f7/a)° represents the value of the dimensionless combination 
of the unit weights of the accumulator and power source corresponding to 
a zero value of the optimum £. The use of an energy accumulator of unit 
weight Bp’ combined with an ideally-throttlable propulsion system whose 
power source has unit weight a’, is efficient when the following inequality 
holds: 


ee (EY. (9.29) 


To determine the value of (B7/a)°, relation (9.28) is written for fi/e: 


eSig) Gaanaty (2.30) 


$=2( 


Otay 


The integrals on the right-hand side of (9.30) can be calculated using the 
function p, (é) /9.5/. 

If we study the limiting case of a propulsion system without power source, 
relations (9.21) remain valid, and we need only write 


T 
= _ BFC ade 
G=0, =F Se 
Q 
(the power N,is represented as a fraction of E/T). 
The equations of the variational problem (9.24) are the same as those 


at the end of the preceding subsection; the functional becomes 


4, Maneuvers of displacement between points of rest and rotating 
the plane of a circular orbit. These two maneuvers are examples of the 
solution of the general problem, for which the equations of the variational 
problem can be integrated fully /9.3/. 

For the displacement between points of rest (4 = v, = 0), at a distance / 
apart (r) = 0, 7, = 1) over a period of time f, the momentum p, is a linear 
function of the time, i.e., p2= (b,— b,)?. Without an energy accumulator 
the function (9.23) is here equal to (5.33). 


Jy =n 42 ©, =625. (9.31) 
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las in Subsection 2, the optimum programs E(t), NA), and a(t) are determined 
from (9.25) for known p?(t) and shown in Figure 9.6, where t, = V/; (TF &@/BT). 
Integrating equations (9.24) by parts, and satisfying the boundary conditions, 
we obtain the functional (9.22) 


42m 14g _ a 
L=aTqeee (=a et) 


The minimum of this expression at [T,= Yr is attained when 


Br 3—2%) 


a 1-28 (9.32) 


and equals 


TIF, = DID, = (A + 20), 


(9.33) 


re a: ae a ca 


FIGURE 9.6. Optimum control of relative 
energy of accumulator £ and thrust acce-~ 
leration a in analogous problem of flight 
between two points of rest with ideally- 
throttlable power-limited propulsion sys- 
tem and energy storage. 


®e 
%, 


08 
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a 20 40 fF. 


4 


FIGURE 9.7, Optimum ratio of energy 
accumulator weight to power source 
weight,Ge/G,, for flight between points 
of rest with ideally-throttlable power- 
limited engine. 
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FIGURE 9.8. Relative decrease (due to 
use of accumulator) of functional ® 

for flight between points. of rest with 
ideally-throttlable power-limited engine. 


Figure 9.7 shows the optimum ratio G,/G, (accumulator to source weight) 
as a function of the dimensionless parameter B7/a as given by (9.32), The 
decrease in the functional ® when using an accumulator is shown in 
Figure 9.8. Employing the data of this figure the gain in payload is 
determined from either the first formula of (9.21) or Figure 9.4. It is 
seen that in the problem of flight between points of rest the power-limited 
propulsion system with an energy accumulator is better than the system 
without an accumulator over the range 1<f7/i <6. When 0< f7/a<1, 
it is most efficient, as mentioned above, to use a system with an accumu- 
lator but without a power source (G, = 0 in Figure 9.7), for which 


D/O, = Y5 (BT /a). 


When rotating the plane of a circular orbit of radius r, through an angle i 
during s revolutions p, varies according to 


P2 = bcos? t 


(the time # is represented as a fraction of T, = Yr,/g,, the period of revolution 
divided by 2x; g, is the gravitational acceleration when the radius is 7). 

For an ideal power-limited propulsion system without an accumulator the 
functional (9.23) is given by (5.75) 


pore aL 
a ee (9.34) 
O =7Iu 


For the problem with accumulation it can be shown that the optimum 
control functions E (t), N.(t), a(t) are periodic functions of time over half 
a revolution. Their variation over one revolution is shown in Figure 9.9, 
where 
tis = Va (a + Ea/BT,), 
tae tat nm 


 & &%© & & fet 
FIGURE 9,9. Optimum control of relative 
accumulator energy E and thrust accelera~ 
tion a for rotation of plane of circular 
orbit with ideally-throttlable power-limited 
propulsion system and energy accumulator. 
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The formulas for the optimum value of — and the minimum ratio ®,/@are 
similar to (9.32) and (9.33), and are given by 


BT, 1+ cosz-+-1/s 
n+ sinz—zrcose 


“a. ’ 
o, _ . (9.35) 
OQ, ~~ x+sinz—zcosz ' 

The dependence of G,/G, and @,/@; on 6x7 /a (nT,is the half-period of 
revolution, i.e., the maximum charging time) for different values of s is 
shown in Figures 9.10 and 9,11. It is seen that within the range 
Wis < AnT Ja <2-+ 1/s a power-limited propulsion system with energy accumu- 
lation is most advantageous, and in the range 0 < fa7/a < ¥.s a propulsion 
system with energy accumulation and without power source is best; here 
®,/®, = s (buT/a)(cf. the linear sections of Figure 9.11). 
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FIGURE 9.10. Optimum ratio of energy accu- FIGURE 9.11. Relative decrease of functional 
mulator weight to power source weight, Ge/Gy: ®,/®; due to accumulator for rotation of plane 
for rotation of plane of circular orbit with of circular orbit with power-limited ideally- 
ideally-throttlable engine; s = number of throttlable propulsion system. 


revolutions along orbit during maneuver. 


As in the first example, the gain in payload is determined by the first 
formula of (9.21) or by Figure 9.4, using the data of Figure 9.11. 


§ 2. POWER-LIMITED ENGINES WITH ENERGY 
ACCUMULATION: ADDITIONAL RESTRICTIONS 
ON THE CONTROL CHARACTERISTIC OF THE ENGINE 


In the preceding section the engine was assumed ideally throttlable and 
weightless. The optimum operating regime of such an engine without an 
accumulator is the continuous regime (finite thrust, no specific restrictions); 
in fact, since the power fed to the engine is finite, the exhaust velocity 
drops with increasing thrust. With an accumulator we may have impulsive 
regimes (infinite thrust), since an infinite power can be fed to the engine. 
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In addition to these sections with impulsive applications of the thrust, 
the optimum control function contains, as before, sections of finite thrust. 

The assumption of a weightless engine is hardly applicable in this 
case, since its unit weight is large, and the optimum thrust is infinite at 
some instants of time. In addition, heavy restrictions are imposed on the 
engine operation since the thrust must be varied from finite values to 
infinity. We shall investigate how the actual properties of the engine 
influence the parameters of the optimum motion in the following cases. 

1) The thrust and the power N, fed to the engine are either constant 
or zero; the engine weight is proportional to the power used (discussed 
in subsection 1 according to the treatment in /9.3/). 

2) The thrust is unbounded but the engine power has an upper bound; 
the engine weight is proportional to the maximum power used (discussed 
in subsection 2 according to /9.7/). 

3) The thrust is unbounded and the engine power is constant (or equal 
to zero); the engine weight is proportional to the power used (discussed 
in subsection 3 according to /9.7, 9.9/). 

4) The thrust has upper and lower bounds (or is equal to zero) and the 
engine power is constant (or equal to zero); the engine weight is propor- 
tional to the power (discussed in subsection 4 according to /9.7/). 

5) The thrust and power of the engine are unlimited and the exhaust 
velocity has an upper bound; the engine is weightless (discussed in 
subsection 5 according to /9.10/). 

6) The operating time of the engine is limited, the thrust is unbounded, 
and the engine power is constant (or equal to zero); the engine weight is 
proportional to the power used (discussed in subsection 6 according to /9.7/). 

If the vehicle weight varies little, the conditions imposed on the thrust 
in cases 1) and 4) are replaced by corresponding conditions for the thrust 
acceleration. 

1. Unthrottled engine. An unthrottled propulsion system has constant 
thrust (for constant power of the jet). We allow variation of the thrust 
direction and engine cut off. This second limiting case yields the lower 
limits of the system. 

The first two equations of (9.7) for this case are written somewhat 
differently in the form 


6G, = —k,PIN,, E =k, (Nv (A — P) — (Ny — 1) P] (9.36) 
(P (t) = 1 or 0, N, = const, 0< WN, (t) <1). 


The control function P (#) can only take the two values zero and unity 
(the exponent of P in (9.7) can therefore be omitted). The power WV, used 
by the engine is constant and represents the control parameter (as a fraction 
of N,,). Inthe powered sections (P = 1) we have a discharge at constant 
power N,—1, where E = —k,(N,— 1), and in the coasting sections ( P = 0) 
we have charging at a power 0 <N, (t)<1, where E =k,N,. 

The equations of motion are written as before, and the control function 
e () (direction of the thrust vector) remains. 

The condition for constant thrust is replaced for simplicity by the 
condition for a constant thrust acceleration (9.18). This substitution is 


283 correct if the relative weight of the working fluid G, is considerably less 
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than unity. In addition, the weight of the engine, unlike (9.6), is taken 
proportional to the power used, i.e., 


G, = (yla) GN. (9.37) 


As in the preceding section, it is possible with such an approximation to find 
the optimum weight of the power source before solving the complete problem. 
The weight of the payload G, and the weight of the propulsion system G, = 

= G,+ G+ G, will be expressed by (9.21), where 


T 
dt 
= (148+ 2M) 37) Fe (9.38) 


For a systern without accumulation the functional ® (allowing for the 
engine weight (9.37)) will be equal to 


o=(1¢2)¢ ( ade (9.39) 


(in (9.38) and (9.39) a(t) = @3P(t), a,= const, P(f)= 1 or 0). The variational 
problem is written in a form similar to (9.24): 


j= (FR+ Hh) ae, J,(0)=0, J, (7) =win, 

E= ZIN,(1—P)—(N,—1) P], EQ) =1, E(T)=0, 

rev, r(0)=10, r(T)=11, (9.40) 
Vv = aPe+ R, v(0)=vo, v(T) =i 


P(t)=1 or 0, OC NV) <1, [eM=1, 
O< E(t) <1; Ny, & ao = const). 


In addition to the control functions P(t), N,{t), e (), the problem contains 
three constant control parameters a, N, and. To select the optimum 
values of these parameters we can use the method described in subsection 2 
of the preceding section. 

Without explicitly writing the optimum control functions, we give the 
results for the analogous problems treated in § 1. 

For the displacement between points of rest the ratio of functionals 
(9.38) and (9.39) is 


na 2) 9 2 
— 4 fe(4 — 4t, + 2:3) — 222) (oray (9.41) 
@, 2702 (1 —4t,) (1 —t.)9 (1 + 2) a 


where the optimum parameters £ and ¢,, which replace. a = t(1 — >t, 
N, = (1 —1#,) #7, are found from the relations 


pal a, 2 eee 


’ (9.42) 
2(1—4t,) 


For pT/a < (BT/a)’ it is more efficient not to use a power source; then 


, 2e 


= oF = 
7 «2m (t—t,) (1 +e) (20 @ (1 —3t,) = 0). (9.43) 


o; 
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The dependence of the ratios G,/G, and functionals @,. /M; on fT/a for 
different values of e = y/a(ratio of unit engine weight to unit power-source 
weight) is shown in Figures 9.12 and 9.13. 


a 20 40 a 
FIGURE 9,12. Optimum ratio of accumulator FIGURE 9.13. Decrease of functional @ as 
weight to power-source weight G./Gyfor flight result of using accumulator in flight between 
between points of rest with unthrottled power- points of rest with unthrottled power-limited 
limited propulsion system (a= 0 or ag); eis engine; dashed curve represents relative de- 
ratio of unit weight of engine to unit weight crease of functional ®, / ®;compared with 
of power source, ideally-throttlable engine for e = 0. 


In this problem the value of J for a constant thrust acceleration with 
cutoff is (cf. (9,31)) 


Ji = 13.5 a (t+), Of = 6.752 7 (4+ 1). (9.44) 


The ratio ©,/®; for yia = 0 (instead of ®,/@;) has also been plotted in 
367 Figure 9.13 for comparison (dashed line), Comparing this dashed 

line with Figure 9.8, we see that as in the case of a power-limited pro- 
pulsion system without accumulation, the transition from the ideally- 
throttlable system requires a small increase in the functional ®. By 
decreasing the parameter f7/a the difference vanishes, since both systems 
pass into an impulsive regime. 

When rotating the orbital plane the ratio of the functionals is equal to 


©, 1.45 (eg t, + ent, tet, (t, — n/4)] 
Oo; =x +e) sin®?, [£, (x — 2t,) —(n— at,) tee] 


aT (t+ Veen) tg t, — ent, — 1? 


=A. (ng eet Ae eB es 
(g= "= (x—24), “temo ee (9.45) 
i a . roi? 
% = Tssine, ’ Ny = 3 n= J). 


The system without a power source is more advantageous in the region 
0< Pr Ja < (67 ,/a)*for which 


© 0.3625¢,¢ 


Oo, = ((+ 6) sin t, —f, cost,)sint, 
(8: = eis 8, — sin t ). (9.46) 
a 8st, (sin t, — t, cos t,) 
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Figures 9.14 and 9.15 were plotted according to these relations. The 
368 gain in payload due to using an accumulator is determined as above, with 
the aid of Figure 9.4 or the first formula of (9.21). 


0 a6 6 Pts 
C4 
FIGURE 9.14. Optimum ratio of accumulator FIGURE 9.15. Relative decrease of functional 
weight to power-source weight G,/G, for rotating ® as result of using accumulator for rotating 
plane of circular orbit with unthrottled propul- plane of circular orbit with unthrottled power- 
sion system; s is number of revolutions along limited engine; 1) s=oo, 2) s=3, 3) s=1, 
orbit during maneuver. ash, 


2. Power-limited engine. In the above case of an unthrottled engine 
the impulsive regimes of thrust application were excluded both by directly 
restricting the thrust and by allowing for the engine weight. The effect 
of these two restrictions will now be examined separately. 

Let the engine thrust be unbounded, while its power has an upper bound. 
As in case 1), the engine weight is assumed proportional to the maximum 
power it uses. The control characteristic and the weight formula of the 
propulsion system with energy accumulation and this type of engine are 
written as follows (cf. (9.1) to (9.6)): 


P=qV, Ny='2qQVi=Nv+N, E=—N, 

(P>0,0<N, <M 40, 

OC NSN, Nao— Nu > Ne > — Ny, OX ESE), 
G, =1Ny, Gy = aN, Ge = BEo. 


(9.47) 


This problem of the maximum payload is also reduced to the variational 
problem for the minimum of the functional 


T 


Tem +84 ee) | aeRS (9.48) 


O<NO <1, —1< (1) <Ny—1, 2 ()>0, Ny, is represented as a fraction 
of Ny). 


The optimum values of the control functions, obtained by Pontryagin's 
method /9.4/, are 


= Po = = Poll +Ne) 
e= Nv=1, a= TUPELO) (9.49) 
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Ny—1 at A>O and0O<cE<i, 
n.-| —1 at A<Oand 0<E<1, 


0 at EeOend F=4 (9.49) 


(a fei BS P >}. 

4(1+6 + eN.9) cap? te 

The determination of the optimum sequence of accumulator charge and 
discharge intervals has been described above. As an illustration we con- 
sider the problem of the displacement between two points of rest at a 
distance | apart in a gravity~free field (R = 0) where E has the symmetrical 
boundary conditions E (0) =E(f)=,. This excludes propulsion systems 
having energy accumulation but no power source. 

If z= N,,—1, 2 = fa/B7, we can write the functional J, as 


ee 42x [1 + (BT/e) 2 + (1 +2) e] pr-s 
en (A 32 — 28) x2 — 328 + 28 . 


(9.50) 
The values of the parameters z and z for which J, has a minimum can be 
determined from 

pe ae (9:63) 
(BT Ja.) 2? (32 — 22) — Bex [(x — z)* — 2°z*] = 0. 


The efficiency of an energy accumulator is given by the ratio of the 
functional J, to the corresponding functional J; for the system without 
accumulation (for the given problem /,;=12(1 +.) 27%). This ratio can 
be written in terms of z and z (solutions of (9.51)) in the form 


To ex3 

J, ~ (+e) Gz—22)27 * (9.52) 
The quantity J,/J; has been plotted in Figure 9.16 as a function of AT/a 

for two ratios of the unit weights of the engine and the power source: 

e = 0.1 and e= 0.001. As in Figures 9.13 and 9.15, the increase in the 

relative weight of the engine e is accompanied by a decrease in the func- 

tional J (and respectively in the payload) produced by using an energy 


“G05. 10.15 20 = 0. @ I 20 fT 
(4 


FIGURE 9.16. Influence of relative weight of 
engine e on decrease of functional J for flight 
between two points of rest (with symmetrical 
boundary conditions) using energy accumulator. 


FIGURE 9.17. Influence of relative engire 
weight e on optimum ratio of accumulator 
weight to power-source weight. 


FIGURE 9.18, Values of maximum engine power 
(represented as fraction of power-source power) 
for flight between points of rest using energy 
accumulator. 


379 accumulator, The dependence of the optimum value of the parameter 
£ = G/G, on the quantity @7/« for this problem is shown in Figure 9.17, 
while Figure 9.18 shows how the maximum power of the engine N,, (as 
a fraction of the power-source power N,,) varies with 67/a. 

3, Constant-power engine. If the only assumption is that the engine 
weight is proportional to the maximum power (as in case 2)), the power 
consumed by the engine in the optimum case during accumulator discharge 
can exceed by five to ten times the power at which it operates during the 
remaining part of the powered flight (Figure 9.18). As in case 1), we 
consider propulsion systems with a constant engine power JN, (selected 
from optimum considerations), but without directly restricting the thrust. 
It will again be assumed that the engine weight is proportional to the 
power N,. 

For such a system the differential equations (cf. (9.40)) become 


5 —(AtE ee 
Je=( Ne. +e) 0, g=— 5 WS—N), 
Tv, voabe+R (9.53) 


(NV, = const is expressed as a fraction of Ny, 6() =1lor0, O<CN(O<1, 
0<E()<1, a(t)}>0). The boundary conditions given in (9.40) remain 
unchanged. The control function 6 takes the value 1 along the powered 
sections and 0 along the coasting sections. It can be shown that the optimum 
forms of a (#) and 6 (#) are 
4 1+€t “2 
a= = Po (A + e) ? 
ae { at A>0, 
0 at A<0 


(A—cee (“He te) pe pe>0), 


(9.54) 


371 The control functions e (t) and N, (t) are of the same forms as in the cases 


considered above. For flight in a gravity-free field between two points of 
rest with symmetrical boundary conditions £ (0) = E (T) = /, the functional 
J, is equal to 


a 5 (1+ (B7/a) £1 (4—2) fe _ fa 
J, = 127-3 ET CT ia) iC a) +8 (=a) (9.58) 


1— 2 
and has a minimum when z satisfies the relation 
BT (44-22) (1 — 2%) ~ 32% 


aici eer 1 eo oe (9.56) 
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The ratio of the functionals J/,/J, (with and without an energy accumulator) 
and the optimum value of the ratio —§ = G,/G, have been plotted in Figures 9.19 
and 9,20 as functions of BT/a. Propulsion systems with constant and 
unbounded engine power are compared in Figure 9.21, where the ratio 
of the corresponding functionals (J.)n=consi//, has been plotted as a function 
of BT/a (cf. (9.50) and (9.55)). It is seen that the requirement of constant 
engine power has a stronger effect on propulsion systems with a lower 
relative weight of the engine. 


a Q¢ 08 le th ft 
a 
FIGURE 9.19, Decrease of functional J for FIGURE 9.20. Optimum ratio of energy- 
flight between two points of rest (with sym- accumulator weight to power-source weight 
metrical boundary conditions) using energy for flight between two points of rest with 
accumulator and constant-power engine. constant-power engine. 


Consider motion along nearly-circular orbits. The equations of plane 
motion in a central gravitational field can be written as follows (A. 15): 


’ 
r=vsint, v—=acosy—r*sint, 


A; . (9.57) 
rp=veost, vd=asiny + (v*/r—1/r*) cos %. 
372, Equations (9.57). are dimensionless. The magnitude r gives the distance 
of the vehicle center of mass from the attracting center as a fraction of 
the initial radius, and v is the 
vehicle velocity as a fraction of the 
velocity of free motion along the 
orbit of the original radius. The 
thrust acceleration a is expressed 
as a fraction of the gravitational 
acceleration at a distance from 
the center equal to the original 
radius, and the time is represented 
as a fraction of the period of revo- 
lution along the circular orbit of 
the original radius, divided by 2x, 
The angles 9, $, and y are shown 
on the Figure in (A.2). 
We now consider maneuvers 
for which the instantaneous values of the coordinates and velocities of the 
center of mass of the vehicle differ from the corresponding ones for free 


FIGURE 9,21. Restricting influence of constant- 
thrust engine on increase of functional J for flight 
between two points of rest using energy accumulator. 
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motion along the circular orbit of the original radius by amounts much 
smaller than unity. Denote these new values by 
r=tingpe'ts v=14+0 
(nm, 8, 6 6, 0, 8 <1). (9.58) 
If relations (9.58) are substituted into (9.57) and we restrict ourselves to 
first-order terms, the linearized system of equations of motion 
n= 0, t = adcosy —4, 


: ; (9.59) 
E=C—n, t=abdsiny+n-+4 26 


are obtained (6 (#) is the step control function equal to 1 along the powered 
sections of the flight and 0 along the coasting sections). 

The boundary conditions for the system consisting of (9.59) and the 
first two equations of (9.53), together with the symmetrical conditions 
for E, are 

Je (0) = 0, E(0)= $ qq (0) = Nea (0) = Eo, 

FO)=b, #0) =%, (9.60) 
J.(T)=min, E(T)= 5. n(T)=m, §(7) =&1, 

ET)=% O(7)=6 


373 Using the maximum principle, we obtain the following expressions for 
the optimum control functions: 


N=4, a= VATE (we te)", 


Y = arcsin [pe (p? + p3)-*] = arccos [py (p2 + p3)-*], 


DP, = 5, cost — by sint + -3by¢ + by. 


P ( at “A>0 (9.61) 
=\o at A<0 
4 
(4 =4 (+ ph) (GE ts +e)" — Fr PN, | : 
The momentum equations 
Pa=Pe— Po, Pe=0, Pr = —Pe— 2po, 
Ps = — pn+ Po, Pe =0 (9.62) 
are integrated independently of the main system to yield 
Pe=b;, po = basint + by cost — 2h, 
Pe = 2b2 cost — 2by sin t + Sbit -+ by, (9.63) 


The quantities 6,, b,, 63,6, are integration constants, 

The optimum sequence of powered and coasting sections along the 
trajectory was investigated above. The integration constants of the 
equations of motion and the constants by, b,, bs, 6, are determined from the 
boundary conditions (9.60) governing each specific maneuver. 
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As a first example we consider the problem of the optimum rendezvous 
of two vehicles trajected along the same circular orbit, revolving in the 
same direction, and situated at time ¢ = 0 at an angular displacement q). 
The rendezvous is-to be realized after one of the vehicles (assumed 
unthrottled) has made half a revolution along the orbit (fT = 2), The boundary 
conditions (9.60) then have the form 


Je (0) =0, E(0) =", 1(0)=0, €(0)=0, €(0) =0, oe) (9.64) 
Je (n) = min, E(x) = "fa, n(n) =0, E(x) =o £(n) =0, O(n) =0. 


374 The optimum programs for the control functions are 
a= V a3 (t—m/2)? + a3, 


{ at O<i<tun—tci<cn, 
0 at tCt<n—T, 


(9.65) 


. a; (t — 1/2 
Y = aresin 2 = arecos 24 — 7) : 


The constants a, and a, can be expressed in terms of g, and the duration 
time of the powered sections t, so that 


nO) ae 
16+ [2 (1 — cos t) + (x — 2r) sin t] — (4 — cos t) [x® — (x — 2r)*] * 
ea ee) 
“. = Ti [2 (1 — cos t) + (x — 2t) sin t] — (1 — cos t) [n® — (x — 2r)*] * 


a= 


(9.66) 


The functional J, for the problem stated is expressed as follows in terms 
of g, and t: 
402 (24cL? (x) + (1 — cont)? [x® — (xt — 21)9]} M (x) 


3x 16 L? (x) — (14 — cos t) [x8 — (% — 21)8]? ? (9.67) 


I= 


os 


where 
L(t) = 2(4— cost) + (x — 21) sin, 


M(t) = fac[t + £2 (x20) + xe}. 
The values of the parameters £ and N, are linked with t via the relations 


— &f _n 
B= (e— 2), My = =. (9.68) 
For a power-limited propulsion system without energy accumulation, the 
value of the functional J for the maneuver considered is 


_ 495 (48 + 24) (1 + €) 


J=— aa 


(9.69) 


Figure 9.22 shows the ratio of the functionals as given by (9.67) and 
(9.69). This ratio is a function of the unit weights of the energy accumula- 
tor B and the power source a, and is plotted for two values of the relative 
engine weight e = 0.1 and 0.01. Energy accumulation is expedient as long 
as the ratio J./J does not exceed unity. The gain in the payload when using 
an energy accumulator is determined as above from the decrease in the 
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functional, and using either the data of Figure 9.4 or the first formula of 
(9.21). The curves on Figure 9.23 determine the optimum values of the 
parameters 


= =G,/G, and N,, 


which minimize the functional J,. 


FIGURE 9.22. Decrease of functional J in rendez- FIGURE 9.23, Ratio of energy-accumulator 
vous problem of vehicles on circular orbit using weight to power-source weightG,/G,(solid lines) 
energy accumulation and constant- power engine, and relative power of engine (dashed lines) in 


rendezvous problem of vehicles on circular orbit 
using energy accumulation, 


As a second example we consider the transfer from the circular orbit 
of radius r= 1+ 4) to a circular orbit of radius r= 1, The boundary 
conditions (9.60) here become 


J,(0) =0, E(0) ="), n(0)=m, Je(m)=min, E(x)=%f2, n(x) =9, 
(0) =0, €(0)=—*/eno, 0(0)=0, E(t)=opt, E(m)=0, B(x) —0. (9.70) 


The initial condition for € is obtained by linearizing the relation roa? = 
= const which links the radii r and the angular velocities of the bodies 
traveling along circular orbits and around the same central body. The 
value of the angular displacement coordinate & (x) is not fixed beforehand, 

It is assumed that the thrust-acceleration vector is directed along the 
tangent to the trajectory (y= 0 ory=2). Introduce the control function 
e = cosy, which takes the value 1 at y = 0 and -1 at y = a, instead of the 
angle y, and write the equations of motion as 


n= E=C—7n, €=ad—8, 6 = 24+. (9.71) 
The system of optimum control functions (9.61) becomes 
4 = 
N, = 1, ams lpcl (He +e) rs é = sgn Pr, 


oa AS0 (Or ba) de) 


(9.72) 


376 As in the first example, ‘the trajectory consists of two powered sections 


of duration periods t, separated by one coasting section. The optimum 
program of thrust acceleration is written in the form 


ae = a, — a, Sint, (9.73) 


where 


— 1/2 No (t — sin + cos t) 


" = oe (¢— sin t cost) —4(1 — cost! 


— No (1 — cos t) 


a= 2x (t — sin t cost) — 4(1—cost)® ° 


The value of the functional J, is 


sft n2 (2x — sin 2x) {20 [4 + (B7/a) (x — 2x)] + ne) (9.74) 
oc 4x [2v (27 — sin 2t) — 8 (1 — cost)*] 
Figure 9.24 compares the decrease in the functional J of the problem 
considered with the corresponding functional J,for a propulsion system 
without an energy accumulator 


nmi (1 +e) 


Ia= Tew - 


(9.75) 


The optimum values E= G,/G,, N, are illustrated in Figure 9.25. 


FIGURE 9.24. Decrease of functional J for trans- FIGURE 9.25. Ratio of energy-accumulator weight 
fer between nearly equal circular orbits using to power-source weight (solid lines) and relative 
energy accumulator and constant-power engine. power of engine (dashed lines) for transfer between 


nearly equal circular orbits. 


As a third example we consider the problem of correcting the velocity- 
vector direction. Let the velocity vector of the vehicle make an angle 
with the tangent to the reference orbit at time t=.0. The maneuver consists 
in stabilizing the vehicle motion on the reference orbit throughout a time 
equal to half its period of revolution (fT =x), The angular displacement € (x) 
is arbitrary (as in the preceding example). The boundary conditions are 


J,()=0, EQ) =", (0) =0, 

E(Q)=0, $(0)=0, #)=—%, (9.76) 
Ja(x)=min, E(m)="/a, n(x) =0, 

E(x)= opt, C(x)=0, B(x) =0. 
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377 ‘The thrust-acceleration vector is directed along the normal to the trajec- 


tory (y =4/,. or y = —'/,n), and the equations of motion (9.59) are written 
in the form 
(e= sin y = + 1). (9.77) 


The optimum control functions are determined by 


N, =1, a= ype (At +e), 


N, 
1 at A>0O, 
5=10 at A<O0 (9.78) 
174 a 
(a= p08 (Ap +) ae Py), 
or 
ae=a,cost (a, = —2) (21 + sin 21)-1); (9.79) 


the sequence of powered and coasting sections along the trajectory coincides 
with the preceding examples. 
The valve of the functional J, is 


ne 282 (2c [1 + (BT/a) (% — 2t)] + ne} (9.80) 


m (27 — sin 27) 


and the corresponding value of the functional J, for a propulsion system 
without energy accumulation is 


Jo= Zor te). (9.81) 


The ratio of J, to Jg and the optimum values of the parameters — = G,/G,, 
N,/N,, are shown in Figure 9.26. 


FIGURE 9,26, a) Decrease of functional J when correcting velocity-vector direction, using energy 
accumulator and constant-power engine; b) Optimum parameters of problem: solid lines represent 
G,/G,and dashed lines represent Ny/Nyo- De 


One can similarly treat the problem of orbital plane rotation. The 
optimum programs for the magnitude and direction of the thrust accelera- 
tion and the values of the functionals J, and J coincide with those obtained 
in the problem of correcting the velocity-vector direction, where the angle 
®, is taken as the specified angle of orbital plane rotation, and the thrust 
vector is assumed perpendicular to the orbital plane /9.9/. J 
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4. Engine with limited thrust. Consider the intermediate case between 
78 the ideally throttled and unthrottled engines. The thrust can assume all 

values within a certain range or it may vanish. The engine power is 
constant or equal to zero, and the engine weight is proportional to the 
power consumed, 

When the amount of working fluid consumed in a specified maneuver 
is small compared with the total weight of the vehicle, the thrust accelera- 
tion is assumed to be approximately proportional to the thrust developed 
by the engine. Let dma, be the upper limit of the thrust acceleration and 
Gin the lower limit, and consider a parameter governing the throttle of 
the engine, given by ’ = 1 — dmax/amm Where O C<A<1. The value 4= 1 
corresponds to an ideally-throttlable system, while 4 = 0 corresponds to 
an unthrottlable one. The value of A will be fixed, while the value of amax 
will be selected from optimum considerations. The initial relations of 
the variational problem for the minimum of the functional J, do not differ 
from those given above in(9.48), with the exception of the inequality which 
limits a(/). The relationship a(t) >0 in (9.48) is replaced by amax (1 —A)< 
<a(t)<dmx. The optimum values for the control functions a(t) and 6 (é) are 

1 py 4 
Omax at eee > ( +e) 7 


max 


Po (Fe +e)" at (Ge te)d—a< 


(41—)) @max at gee < (Fete) (—) (9.82) 
y_ {i at a>0, . 
= {0 at A<0 


(a=0[p— (ate +e) a|— 5 PeN sy Po >0) 


379 The powered section can end over any one of the following three intervals 
in which the acceleration is controlled: ata=apgay, in (1 — A) Qnax< @< Gmax 
and at a = amax (1 — A). 

In the analogous problem of flight between two points of rest (with 
symmetrical boundary conditions) in which charging starts in the first 
interval, the value of the functional J, is independent of 4 and is 


BT = 
rm 16[(1+ 2.) 2) +e] 
— (4 — 2?) (1 + 2) (9.83) 
— &e 
(z = ar) . 
The optimum value of z is determined from the relation 


BT _ 2(t— 2 —e (82 — 1) (9.84) 
a (4—z)? 1 


If the coasting section starts witha variable acceleration (amar (1 — 4) < 
<_ a(t) < Gmax)the functional J,is written differently in the form 


12 [(# + a :) (—2)+ e| (12p% —. 1693 — 23) 


(39 — 45? — 202 (9.85) 
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Here 9 = 1/,— +, where t is determined by 
Po(t) = 2 (Ge + e) max. (9,86) 


From the condition of minimum J, with respect to » (which corresponds to 
the minimum of J, with respect to amax) we obtain 


p= 2/2. 


If this result is substituted into(9.85), the relation for J,, it is reduced 
to the form (9.83), Thus, the optimum value of em:x is such that the system 
functions in this case as an unthrottled one (a (f) = amar). 

Finally, if the coasting section starts at a minimum value of the accele- 
ration, the functional J, can be written in the following form: 


x 48 (1 + PF e)—z) +e] [3 (1 — oz) — 49 (1 — 0] 


[3 (tf — o2%) — 49? I — od]? 9-87) 


380 Here o=1t-—A,. The magnitude J, attains its minimum value given by 


12 [(t + ee ) (t—s) + e] a+ wy? 


SS Mg ph ae fe een ae (9.88) 
(1+ 2a"? [1 + 20% — za (2 + @')] 


when 29 = (1 + zo) (4 + 0%), The absolute minimum of J,, determined 
by (9.88), is attained when z satisfies 


(4 +204) 0 (o) + 3(4—2z +6) ofa —2(2+.0)] (9.89) 
(4 — 22) (1 + 20") Q (©) —3 (4 —2) wz [wo —2 (2 +0] ° 


ar _ 
a 
where Q (0) = 1 + 20% — zo's (2+ 0%), Figure 9.27 shows the dependence of 
the ratio of the functional J, (for the system with limited variation of the 
acceleration and energy accumulation) to the corresponding value of func- 
tional J, (for the system without accumulation), where 


2/e 
ij< nee . (9.90) 


FIGURE 9.27, Influence of restricting throttling range of 
thrust acceleration 4on decrease of functional J, for flight 
between two points of rest with energy accumulation and 
constant-power engine; solid lines represent engine of 
relative weight e = 0.1; dashed lines represent one with 
2=0.01, 
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Figure 9,27 illustrates the decrease of the functional J (and the corre- 
sponding increase of the payload — cf. Figure 9.4) produced by using an 
energy accumulator when restrictions are imposed on the controi range 
of the thrust acceleration. 

5. Engine with limited exhaust velocity. It was mentioned at the 
beginning of § 1 that the energy accumulation can be attained using thermal 
accumulators. In such cases, thermal engines are used and require a 
restriction on the exhaust velocity of the jet 0O<V< Vmax (§ 1 of Chapter Two). 

We now make the following additional assumptions: the thrust and power 
of the engine are unlimited, and it is weightless. 

The full system of differential equations, boundary conditions, restric- 
tions on the control functions, and phase coordinates of the variational 
problem for the payload maximum in this situation is 


N, (1 + Ne) 


7g= — hy Go(0)+G.+G = 1, 
Go(T) = max, 
E=—hNN,, E(0)=1, 
E(T) =0, 
r=vV, r(0) =r, 
ee (9.91) 
Ni (1+ Ne) 


v=hp@esatay eth v(0) =Vo, v(T) =v 


(0< VO< Vinaxs O< NM) <1, N, (t) >—i, 
je@)|=1, OS EW <4; 
hy => 2gN [Go = 2gG,/2, ke — Nyo/Eo = BG,/aG,). 


Here, as in § 1, all the weight components are represented as fractions 
of the takeoff weight @, the source power NW, as a fraction of its maximum 
value N,,, and the power W, as a fraction of the instantaneous power of the 
source. 2 

The direction of the thrust e (‘) is the same for 0 < E(t)<l and F= 0, 

E = 1 and coincides with that obtained earlier 


e= P,/ Po. (9.92) 


The exhaust velocity V(t) of the jet is a function of the momenta p, and 
Po, where 
Vopt at Vopr< Vimaxs 


V= 
Vinax at Vopt >Vuax 


(Vopt = — 2(G, + G, + G,) Pol Pv) (9.93) 


(p, and p. are everywhere negative). 

The optimum variation of the source power is N,(#)= 1. Note that for 
an engine with limited power and limited exhaust velocity but no energy 
accumulation there were sections when the power supply was cut off. 
Here we have no such sections, since the power is directed into the 
accumulator when the engine is cut off. 
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The optimum value of the power N., which controls the accumulator 
energy, is 


N, = (9.94) 


On the boundaries FE = 0 and E = 1 the power N, vanishes, 

An analysis of (9.93) and (9.94) shows that the optimum trajectory can 
contain sections of motion with optimally varying exhaust velocity, sections 
in which the exhaust velocity equals its boundary value, and also coasting 
sections. In the latter the engine is cut off (cf. the right-hand part of the 
fourth equation of (9.91) for N.= -1) and the energy accumulator is charged. 

If the value of Vmax is so large that 


Vinax > [— 2(Go+ Get Gy) PolPolmax at O<EKT, (9.95) 


the optimum trajectory will not have V=V,,, at all. The equations of 
motion (9.91) and the momentum differential equations then contain the 
integral (cf. the case considered above) 


(Go + G, + G,)? py = const. (9.96) 


The absence of sections in which V = V,,, enables us to consider the thrust 
acceleration 
kN, (4+ N,) 


°=V6,+646) (9.97) 


and to reduce the variational problem for the delivery of a maximum payload 
to that of minimizing the functional 


T 


Le= +l arty (9.98) 
0 


considered in § 1, If the quantity Vn, satisfies the inequality 


Vinax << [—2(Go+ Ge+ Gv) PolPolmin at O<t<T, (9.99) 


383 the propulsion system will function as an unthrottled system at the limits 
E = 0 and £ = 1 for which N,= 1, V = Vay. 

6. Engine with limited operating time. Consider the case in which the 
resources of the engine are less than those of the power source and are 
not enough to continue throughout the total time of motion. We assume for 
simplicity that the resources of the power source are sufficient to last the 
total time. 

In addition, the thrust will be considered as unbounded, the power 
consumed by the engine as constant, and the weight of the engine as 
proportional to the power used. , 

Indicate the maximum allowable period of the powered sections by T, <T 
and consider it as given. In this case we add relation /9.8/ 


= 6, 
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and the expression for A in (9.54) is replaced by 


1 1 - 
A=7 PR ( 7 +e) "Ep + Pr (9.100) 


(the magnitude p, = const < 0 is the momentum corresponding to ¢,). 


FIGURE 9.28. Influence of limiting the engine operating time T,, < Tin the model problem of 
flight between points of rest with engine of constant power; J,/J,is ratio of functionals in flights 
with and without energy accumulation, a) relative engine weight e = 0.1; b) e= 0.01, 


In the analogous problem of flight between points of rest the expression 
for the functional J. coincides with (9.55) 


J, = 1227-3 U1 + (@T/e) 2] (4 —*) +6 — (9.101) 
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The value of z which minimizes J, is determined by (9.56) as long as the 
values obtained for z satisfy the inequality z>1-—vT,/T. If not, the value 
z= 1-— T1,/Tis selected. The dependence of the ratio A7/a of the functionals 
with and without energy accumulation, on J,./J; is given in Figure 9.28, The 
value of the functional J; for a system without energy accumulation is 
equal to (7.52) 


127-3 
Wi= qT (9,102) 


The results given in Figure 9.28 show that when the engine operating 
time is restricted the gain in using an energy accumulator increases, 


§ 3. PROPULSION SYSTEMS WHICH ACCUMULATE AIR 


A considerable part (often the main part) of the spacecraft weight in 
the optimum case consists of the working fluid (fuel). It wag shown in 
/9.11—9.17/ that if the spacecraft is projected empty into orbit (or with 
just a fraction of its working-fluid reserve), and then filled with fuel 
whilst in orbit, the weight of the rocket carrier is considerably reduced. 
The following fuelling method has been suggested /9.11—9.17/. The 
vehicle is provided with an air inlet duct. The initial orbit is selected 
so that it passes through the upper layers of the atmosphere, During its 
orbital motion the vehicle takes in air and compresses it. After accumulat- 
ing the required quantity, the vehicle then performs the specified maneuver. 
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Another fuelling method has also been suggested /9.17/. This consists of 
placing an auxiliary vehicle in orbit which takes in the air. The space - 
vehicle is launched with empty tanks and fuelled while in orbit by the 
auxiliary one; it then performs the required maneuver. 

These two orbital fuelling methods are compared with the standard 
ground-fuelling method by investigating the relative payload of the space- 
craft, In the first method the payload is represented as a fraction of the 
weight of the spacecraft without fuel. The latter is higher than in the 
ground-fuelling method, due to the additional equipment comprising air 
inlet duct, compression unit, etc. If this additional weight is less than 
that of the working fluid carried by a ground-fuelled vehicle to perform 
the maneuver, the first orbital-fuelling method will be better than the 
ground-fuelling one, In the second orbital method the spacecraft dry 
weight is the same as that in the case of ground fuelling; on the other 
hand, we have:to place an additional vehicle into orbit. To allow for this 
in the analysis, we add to the dry weight of each vehicle a value equal to the 

38 dry weight of the auxiliary vehicle divided by the number of vehicles it fuels. 
If the extra weight is less than that of the additional equipment necessary 
in the first method, and less than the necessary working-fluid reserve when 
fuelling on the ground, then the second method of orbital fuelling is better. 
Its advantages, naturally, increase with an increasing number of fuellings. 

1, Characteristics of the propulsion system with working-fluid accumu- 
lation. The block diagram of a propulsion system designed for taking in 
working fluid during flight in the upper layers of the atmosphere is shown 
in Figure 9.29, reproduced from /9.17/. The system consists of an air 
inlet duct, a compression unit, a tank to contain the working fluid taken in, 
an engine for compensating the drag, and a power source to feed the engine 
and the compression unit /9.11—9.17/. If the vehicle powered by this : 
propulsion system has to fly in outer space too, then another engine and 
a tank with an additional reserve of working fluid can be included in the 
propulsion system to operate this extra engine (e.g., a chemical propellant). 


_~ 
_ 
— 
_ 
>> 


FIGURE 9,29, Block diagram of propulsion system taking in working fluid during 
orbital flight in upper atmospheric layers: 


1) hypersonic air inlet duct; 2) compression unit; 3) tank for accumulating working 
fluid; 4) rocket engine;: 5) energy source; 6) radiator. 


The mass flow rate through the inlet duct equals 
Ue) = pus, (9,103) 
where p is the atmospheric density, v is the vehicle velocity (taken equal 


to the relative velocity of the stationary atmosphere), and Sis the area of 
the inlet duct. © 
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The vehicle drag is 
F = Vepgpv'S. = Veledqos (9.104) 


where c, is the drag coefficient (divided by the area S of the inlet duct). 

396 Neglecting friction and assuming that the whole vehicle is no wider than 
the inlet duct (Figure 9.29), the drag equals the momentum vq, of the air 
entering the inlet duct (c¢. = 2). These assumptions are correct for a 
rarefied atmosphere and a vehicle configuration like a frustrum. A more 
detailed discussion is found in /9.17/. 

The air mass that is taken in (less the amount flowing through the 
engine) is directed into the compression unit, This consumes a power N, 
proportional to the mass flow rate. It is further assumed that the whole 
mass that enters the inlet duct is compressed, and therefore 


Ny=hiq,  (#p = Const). (9,105) 


Some of the compressed air mass is consumed by the engine (flow rate gq), 
to compensate for the drag. In a stationary regime the thrust P =-gV must 
equal the drag (9.104). For accumulation (¢, — q> 0), the exhaust velocity 
V of the nozzle must be greater than the vehicle velocity v. For an Earth 
satellite in a circular orbit, v~ 8km/sec, and therefore electric engines 
are envisaged for this purpose. Thus, a part NM, of the power N, produced 
by the source must be spent on feeding the engine, so 


Ny =P?2n,.q 9 (Ny +N, =N,), (9,106) 
where 4, is the engine efficiency. 
The weight G, of the accumulated working fluid (allowing for the discharge 
q through the engine) is given by 


Gu = 8(%—49)- (9.107) 
The total weight G, of the propulsion system consists of the following 
components /9.11—9.17/: the weight of the air inlet duct and compression 


unit G,, which is proportional to the maximum flow rate q,max, where 


- Gy=%odumax (To = Const), (9.108) 


the weight of the power source G,, which is proportional to the maximum 
power N,, produced, where 


G,=aN,y,  (@ = const), (9.109) 


the weight of the engine G,, which is proportional to the maximum thrust 
P, or to the maximum power N,,consumed, where 


Gy = yP, at G, = yNyo (y = const), (9.110) 
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387 and the weight Gs of the tank, which is proportional to the maximum working- 
fluid weight G,,, where 


Gp=B.Gu — (B, = const). (9,111) 


2, Accumulation in a stationary regime. Consider the problem of 
selecting the optimum parameters and operating regime for the propulsion 
system of the auxiliary vehicle /9.11—9.18/. In Subsections 4 and 5a 
similar procedure is used (with some additional restrictions) to discuss 
the accumulation phase of a vehicle designed for outer-space maneuvers, 

The problem is formulated as follows: for a given takeoff weight G, and 
during a specified time T,, we wish to accumulate the maximum quantity 
of working fluid G,. Equivalent formulations are: we wish to accumulate 
a specified quantity of working fluid during a given time for a minimum 
takeoff weight, or, we wish to accumulate a given quantity of working fluid 
for a fixed takeoff weight during a minimum time. 

It will be assumed that air is taken in on a circular orbit, that the 
atmospheric density along the orbit is constant, and that the thrust equals 
the drag (stationary regime). 

Since P = @V and F = ‘/,¢,vg,, we express the weight of working fluid 
accumulated during time T., 6,, = g (q — 9) T, and the takeoff weight* 

G, = G, + G, + G, + G in the forms 


Gu = 8a (4 = 'eczv/V) Pas 


Go = ety | +S (hy + 2) + Te +B, (1— 3?) 70]. 


(9.112) 


The takeoff weight G, andthe time 7, are fixed. Withthe expression for gq, in 
the second relation of (9.112), we obtain the relative rate of accumulation 
as a function of the exhaust velocity V as 


G&G. —  1t- by 
Go Gol, bo + bs — balV 
(9.113) 
4s Olav 2%y + 2aky + Texv 
b=seqv, ==, b= ee EBT, 
(br 2 “x 2 4en, 3 2g By uv 


b=> cxByrTy) « 


388 It is assumed that the engine efficiency 7, is independent of the exhaust 
velocity V .and the power NV, consumed by the engine. If the air-intake 
orbit is fixed (v, ce, = const), the coefficients },, be, bs, b, will be constant, 
and the problem reduces to finding the maximum of (9.113). with respect 
to V. This yields 


Von bi(1+ )/4+ Oe), 
min (9.114) 


( G ) V 41+ (bibs — ba)/b2b: 
max 


pal = —_—_________ 
Go Zbibat by-+ (bib2— 2b4)/br+ (2biba.+ bs) W4 + (by53— bg) /B2bp" 
* This only takes account of the weight components directly linked with the air intake, 
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the other parameters of the propulsion system being calculated from the 
formulas 


Go= 2 bY + bs— dV, g=Yagersv/V, S = gulov. (9.115) 


If only the weight of the power source is taken into account in the 
weight formula (G, = G,, y= 7 = 6, = 0) and if the power consumption 
of the compression unit is neglected (*, = 0) and we assume that c, = 2, 
relations (9.114) and (9.115) are considerably simplified ( 6, = v, b, = av/2gny, 
by = b, = 0): 


G 
Ve mo, (ot) me, gata tte, 
n (9.116) 
S= Gow. 


Comparing expressions (9.114) and (9.116) for the optimum exhaust 
velocity, we see that allowing for the additional weight components and 
the power consumption of the compressing unit yields an increase in the 
velocity. 

Within this formulation the parameters of the air-intake orbit only enter 
via the flight velocity v and the drag c, (if the relations for the area of the 
inlet duct S are ignored and the latter 
is determined after solving the problem). 
The magnitudes v and ¢, are practically 
constant for the range of altitudes 
considered (100 —120km above the 
Earth). Therefore, in order to 
determine the optimum orbital height 
additional considerations are required 
linked with the thermal regions, the 
ratios of the inlet duct area and the 
midship section of the vehicle, etc. 

We now give a numerical example 
of air intake in the Earth's atmosphere 
(v= 8 km/sec, c= 2). Figure 9.30 
shows the relative rate of accumulation 
(G,/G,) in (9.116) (where G = G,) 
as a function of the unit weight « of the 
power source divided by the engine 
FIGURE 9.30, Weight of working fluid G,accu-  @fficiency my. Note that the reciprocal 
mulated per unit time (as fraction of power-plant quantity G,/G, equals the time during 
weight) as function of unit weight of power plant which a quantity of air equal in weight 
per unit jet powera/n represented by solid line; to the power source is accumulated. 
dashed line 4/G, represents time of accumulating The optimum exhaust velocity in the 
working fluid equal to power-source weight. case considered is equal to 16 km/sec. 

For an orbit at a height of 100 km and 
an inlet duct area of 1 m? the quantity of air taken in is roughly 200 kg daily. 

3. Air intake in a nonstationary regime. Let the initial and final points 
of the trajectory (or the initial point only) lie outside the atmosphere (i.e., 
in the region where the density is too low for air to be taken in), Sucha 
situation arises for instance during refuelling, which must either be carried 
out outside the atmosphere, or on the stationary intake orbit (if the auxiliary 
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vehicle is incorrectly situated). Wewish to establish a program for con- 
trolling the thrust vector so that at the end of this motion, the vehicle is 
on the specified orbit with a maximum quantity of accumulated air mass 

during a fixed time /9.19/. 

As at the end of the preceding subsection, only the weight of the power 
source is allowed for (G, = G,, yp = y = By = 0), the power consumed by the 
compression process is neglected (k, = 0), and the drag coefficient is c, = 2 
(i.e., only the momentum of the air mass passing through the inlet duct is 
taken into consideration). We consider the two extreme regions of thrust 
control (from the point of view of throttling the engine). In the first case the 
exhaust velocity and the thrust are constant along the trajectory, and the 
control is achieved by firing and cutting off the engine (unthrottled engine). 
In the second case there are no restrictions on the exhaust velocity and 
thrust apart from the condition of constant power (ideally-throttlable 
engine). In both cases there are no losses when operating the engine 
(ny = 1). Regarding the thrust direction, it is assumed that the vehicle 
possesses weathercock stability during its flight in the atmosphere, It is 
further assumed that it is impossible to vary the thrust direction relative 
to the vehicle axes. Asa result of these two assumptions the thrust vector 
will be collinear with the velocity vector (and therefore also with the drag 
force). In the case of an ideally-throttlable engine, we allow the thrust 
direction to be reversed, while for an unthrottled engine the thrust is only 
directed along the velocity. 

We now investigate plane motion in the neighborhood of a circular orbit 
(the base orbit), and assume that only small deviations take place from it. 
To describe the resulting motion we use the second, third, fifth, and sixth 
linearized equations in (5.88): 


E=at+2n, n=ant+3n—2& @=t—8 r=14+7). (9.117) 


Here all the variables are dimensionless. The radius of the base orbit 
is taken as the characteristic distance, and the period of revolution along 
this orbit divided by 2x as the characteristic time. The coordinate — = t—@ 
corresponds to a phase shift, and the coordinate » = r—1toa radial devia- 
tion relative to a point moving uniformly along the base orbit. 

The acceleration components az and a, on the right-hand side of (9.117), 
represent the projections of the difference between the thrust and drag 
vectors, divided by the instantaneous vehicle mass. The projection a, 
onto the radial direction is neglected. The motion is considered over 
several revolutions, and therefore the variation of the vehicle weight is 
small. Hence, 


a, = — (g/g,)(P — F)/G,, a, = 0 (9.118) 


(the direction of the §-axis is opposed to that of increasing angle 9, g, is 
the gravitational acceleration on the base orbit), 

No boundary conditions are imposed on the angie @. In this case 
equations (9.117) reduce to a third-order equation for the radial component 7 
(allowing for (9.118)) 


a +1 = 2g (P — Fyig.Gy (9.119) 
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The variation of density with altitude is approximated to by the linear 
relationship ; 


P = Po (1 — An), (9.120) 


where p,is the density of the atmosphere on the base orbit, and the coeffi- 
cient 4 is of order ~ 2-103 at altitudes 100—150 km in the Earth's atmo- 
sphere. 

391 With the value of the coefficient 4, we can write approximate expressions 
for the drag and the mass flow rate (¢, = 2), 


F = Fy (1 — An), Go = Quo (1 — An) (9.121) 


(F, and g,, are the drag and mass flow rate on the base orbit), i.e., we can 
neglect the variation of drag and mass flow (caused by changing velocity) 
when compared with the influence of the flight altitude. 

For constant power N,, = G,/«, we express the thrust and flow rate of the 
engine in terms of the exhaust velocity (recall that G,= G,, k, =0, the 
engine efficiency 4, = 1): 


(9.122) 


and introduce the step function 6 (t) = 1 or 0 to represent engine firing and 
cutoff. With these variables the variational problem becomes 


Gi, = fo(1 — An) — a08/V2, G, (0) =0, 
G, (T,) = max, 
N= 7 (0) = Aro, 
a] (T,) = An, 
v= fy 0, (0) = eo: (9.123) 
= % (To) = Ur 


f, = 2a95/V —v,—2f,(4—An), f, (0) = Aro — 2Ad eo, 
f,(T,) = Ar. — 2dn,, 
(Qo = (28/4) rsh, fo = BF o | oGo). 


The weight of the accumulated working fluid G, is given as a fraction of 
the takeoff weight of the vehicle G,, and the exhaust velocity V as a fraction 
of the circular velocity along the base orbit » = Yar,. The parameter a, 
represents the dimensionless thrust acceleration at an exhaust velocity 
equal to »,, and the parameter f, is the dimensionless drag along the 
original orbit. To represent the equations of the maximum principle ina 
more convenient form we have introduced additional symbols for the 
derivatives, so that 7 = v, is the radial velocity, and 7 = f, is the radial 
acceleration. The boundary conditions for n, v,, fy are written in terms of 
the increments of the radius Ar, and the radial and transversal velocity 
components v, and Av, respectively from their corresponding values on 
the base circular orbit. 

This procedure is illustrated by numerical results for the values of the 
problem parameters given by 


ay = 1.33-10°, f, = 1.67-10%, A = 1.94-10°, T, = an, (9.124) 
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where the following boundary conditions are assumed: 
7 (0) = (2x) = Ar, v, (0) =v, (2x) =0, f,() =F, (2m) =0. (9,125) 


We firstly investigate an unthrottled engine. The exhaust velocity is 
constant V=V,, and the problem reduces to finding the optimum value of 
the parameter V, and establishing the optimum program 64 (¢) of firing and 
cutting off the engine while ensuring a maximum accumulation of G, (7,). 

The Hamiltonian is 


=—[(—An) fo— Fe] + pr, + Pof, + 
+ P,[ oo — v, —2(1 — An) fo] (9.126) 


and the momentum differential equations are 
P,=—A+2p) fo Py=—P,+ Pp Py =—P,: (9.127) 


The Hamiltonian H is represented as a function of the control variable 6, 
where 


H=H,+ FAs, A=1+2p/. (9.128) 
From the condition of minimum H with respect to 6 we obtain 
6=0 at A>0,6=1 at A< 0. (9.129) 


The roots of the equation A (‘) = 0 determine the instants of switchover and 
their total number within the interval {0, T,]. 

The momentum differential equations (9.127) are integrated independently 
of the basic system; in particular, the expression for p,, which determines 
the behavior of the function A, has the following form: 


P= cye7bt + e'sbit (¢9 cos bot + cg Sin yt) — *Ye, 


by = (Mfo+ V (afo)® + Yar)? + (Afo— Vo)? + ar). (9.130) 
be = (Afo + V (Afo)® + */a2)"* — (Ato — V (Afa)® + *ar). 


Substituting p,(t) from (9.130) into (9.128), we obtain an expression for the 
function A(t) which contains three unknown constants c,.¢,,¢,;. These con- 
stants must be determined from the boundary conditions of (9,123) after 
integrating the equations of motion in (9.123) along the powered (6 = 1) 
and coasting (6 = 0) sections: 


. 4 (i) 
nt (@) = eebt + eH (8 cos Bat + of9 sin bat) — 7 (S5-— 1) 


(fia<t<t, §=1,2,....2 + 1, tan =T)), 
where 4 = 4i(¢,, ¢y ¢) are the roots of the equation A (t) = 0; cl), el®, cl) are 


integration constants along these sections. Adjacent sections are joined 
so that 7, 4, i are given by 


(9.131) 


q(t) = nt), nO) =a (E), 0 ) = 1 (td. (9.132) 
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With (9.131) and (9.132) the constants of the (i+ 1)-th section canbe expressed 
in terms of those of the i-th section and the switchover time ¢, (obtained by 
solving the corresponding system of linear algebraic equations) in the forms 


Wek BE ay 
9/40? + be Mofo 


(ie) = ef) + — gti) ett, 


‘ 6, / 4) +1 
(i+) — oft) 1/02 fits ) (t+) 
ct cf) + 1+ 308 Wolo ® — 6") x 


x Sy cos bet; + sin bef), 
i) (+1) 
a Wale (Oe oe) x 
x (26,6, sin bot, — cos bet). 


(9.133) 


(4D) = = et) + 


The constants for the first section (i = 1) are determined from the initial 


values, where 
a {[ ++ (Se 1) |e +o +A +O}, 
ef = haa [1 + +-( Ha, — 1) ] 2 -Aa—AO}. 
eared (le) 
+ ti 50) Me} 
By successively substituting into (9.133) for the constants of each section 


in terms of those of the preceding one, we obtain expressions for c+), cli), 
ein terms of c), c®, ci) and the switchover instants 4, %,...,&, so that 


ew) = 


(9.134) 


ctf =o + [sgn A (O)] by [(— A) + (Aree + 


. + (— 4) ete lh 
+1) = c)) ++ (sgn A (0)) by [(— 1)? (bg cos bot, + sin boty) esha... 


“+t (-— 4 (bs cos bof, + sin bet) elty (9 oT 35) 
efit) — ct) — [sgn A (0)] bg [(— 1)? (cos boty — bg sin bof) eit 4... 


++ + (— 4)" (cos bet, — b5 sin bat, e*™*"4), 


_ _4% 140 _— _40 bi / be = 
(+ ~~ “Wofot + 303 b= Behe 1-4 aot bem ite) 


The constants ¢,¢,,c,, which determine the switchover times 1,, ty,..., ta, 
are selected so that the constants ci», ci), cm) calculated by (9.135) 
correspond to the specified final conditions in (9.123) for , 4, i. 

The results obtained by this method for the boundary conditions (9.125) 
with Ar = 0 and the parameter values (9.124) are presented in Figures 9.31 
to 9.33 for different exhaust velocities Vj. Figure 9.31 shows the function 
A(t), which determines the switchover instants defined by (9,128) and (9.129). 
The equation A(é)= 0 has three roots ¢,,%,t;. They are shown in Figure 9.32 
as a function of the exhaust velocity. The motion starts with a coasting 
section (6 ()= 0 for 0<t< t,) followed by a powered section (6 (#)= 1 for 
t,<(t<t,), followed by another coasting section (6 ()= 0 fort, <t< #,) and 
ending with a powered section (6 (t)= for tj< t< 2x). The optimum trajec- 
tory n (f) (Figure 9.33) at first enters the dense layers of the atmosphere, 
but then regains the original orbit, 
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FIGURE 9.31. Function A(t), determining times of firing 
and cutting off unthrottled engine on accumulation tra- 
jectory, for different values of exhaust velocity Vo (repre- 
sented as fraction of circular velocity). 
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FIGURE 9.32. Distribution of coasting (8 = 0) and 
powered (8 = 1) sections on air-intake trajectory with 
unthrottled engine. 


FIGURE 9.33, Examples of optimum air-tntake trajec- 
tories (n is radial component) at different exhaust velo- 
cities for unthrottled engine, 
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The known trajectory 7 (/) and function 6 (#) enable us to calculate the 
accumulated mass 


n far 
G(T») =T ofo — > [Afo { 1 (t) dt + do (fina — 4) 6) . (9.136) 
i=0 i 
Figure 9.34 shows the relative accumulated mass G, (2m) as a function 
of the exhaust velocity V, for different values of the initial radius Ar. It 
is seen that for each Ar there is a corresponding optimum exhaust velocity. 
The dashed line represents the limiting curve corresponding to the exhaust 
velocities for which the motion is along the initial circular orbit (the thrust 
P = F,, the minimum possible thrust). 
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FIGURE 9.34. Mass taken in during one revolution (as 
fraction of vehicle takeoff mass) as function of exhaust velo- 
city for different initial radii; unthrottled engine. 


We now consider an ideally-throttlable engine. Here there are no 
restrictions on the exhaust velocity V, and in addition thrust reversal 
is allowed. If the quantity V in (9.123) lies in the interval —o <V(t)< +0, 
we may omit the function 5 from the equations. The values V = + co corre- 
spond to engine cutoff (zero thrust and flow rate). Negative values of the 
exhaust velocity —oco < V (tf) < 0 correspond to a thrust reversal. 

From the condition for the Hamiltonian (9.126) to be a minimum, where 
6 =1, the optimum program.of the exhaust velocity is 


V(t) = —4/py. (9.137) 


The momentum equations (9.127) and (9.130) are unaltered. Thus, the 
explicit expression for the optimum formula V(#) is 


V (t) = — [eet + ets (cy cos bot + cy sin bat) — 1/,}7}, (9.138) 
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where the constants 6, and b,are determined by formulas (9.130).- 

The zeros of p;(t) give the times when the thrust is cut. off, .V. =.00;:if the 
function p,(t) changes sign as it passes through zero, we have a reversal 
of the thrust. Since the function p;,(t) is continuous, a thrust reversal only 
occurs when the thrust vanishes. 

Substituting (9.138) into the equation of motion (9.123) and integrating, 
we obtain the variation of the radius 


16 : ' 
qe) = amet + BF Bons (02 08 bet + cy sin bat) e'fsbit 4- ; 
+ ese?! + (cs cos bat + cg sin bot) 7h + + (1 _ a) 7 (9.139) 
The constants ¢,...,¢, are determined from the boundary conditions of 


the equations of motion by solving a linear system of algebraic equations. 
If the parameters of the problem are selected so that 2f, —a,= 0, and, 
in addition 4 (0) = 7 (0) = 4 (0) = 1 (7,.) = 4 (7) = F(T.) =0, wederive ¢, = c= 
=...=¢c,=0. This implies that V (4) = 2 and 4 (é) = 0. 
The numerical results corresponding to an ideally-throttlable engine 
are givenin Figures 9,35 to 9.37. An example of the optimum program YF (?): 
of the exhaust velocity and the corresponding trajectory 7 (# for Ar= 0 
is shown in Figures 9.35 and 9.36. For comparison, we have plotted 4 (t) 
in Figure 9.36 (the dashed curve) corresponding to an unthrottled engine 
for the optimum value of the velocity V, = 3.5. Due to thrust reversal 
(negative values of V in Figure 9.35), the vehicle with an ideal engine 
enters the dense layers of the atmosphere more rapidly, and the possibility 
of controlling (increasing) the thrust allows it to descend lower than the 
vehicle with an unthrottled engine. 


FIGURE 9.35, Optimum exhaust velocity FIGURE 9.36. Examples of optimum air-intake. 
program of ideal engine on air-~intake tra- trajectories with ideal engine (solid curve) and 
jectory (negative values of V correspond to with unthrottled engine (dashed curve). 


thrust reversal). 


The value of the air mass taken in by a vehicle with an ideal engine is 


calculated from the known trajectory  () and the exhaust velocity V (dj), using 
To. T, 

G, (7) = T sfo~- Mo n (1) dt — ap | V(t) dt. (9.140) 
Qo 0 


Figure 9.37 shows the dependence of the air mass taken in, (9.140), on 
the radius Ar of the initial orbit for different values of /, (the drag on the 
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base orbit). The:envelope of this family of curves is a horizontal line. 
The exhaust velocity at the tangential points is constant along the trajectory 
and equal to. 2. 

A comparison of the air mass taken in by the ideal (G,)vave, and unthrottled © 
(G,)vev, engines is presented in Figure 9.38 in the form of the ratio 
(G,)yv,/(G,)vavae.. The curves. are plotted for different radii Ar as-functions 
of the exhaust velocity V, of an unthrottled engine. The extreme right-hand 
ends of the curves (linked by the hatched line) correspond to the maximum 
possible velocity V, (the minimum thrust). If this is the initial velocity, 
flight along the orbit with the corresponding radius becomes impossible. 

It is seen from the figure that within the velocity range 2.5 <V, <5 the loss 
in air mass taken in over the given values of the radii Ar is a minimum 
and does not exceed 15%. 


A 
VA 


J 
G50 = : a r 
0 050" -"° -1510" ar a 25 g IE” WV, 
FIGURE 9.37, Mass taken in during one revolu- FIGURE 9.38. Ratio of air masses taken in by 
tion as function of initial radius with different unthrottled engine, (G.) y=y,, and ideal engine, 
values of f, (drag on base orbit) for ideal engine. (Gy) yvar» as function of exhaust velocity of 


unthrottled engine for fixed values of initial radius. 


4, Outer-space maneuver of an air-breathing vehicle with a power- 
limited engine. Consider a vehicle which, after performing an air-intake 
orbit must undertake an outer-space maneuver. A power-limited engine 
is used both during the air-intake phase and for performing the basic 
maneuver. Its parameters can no longer be determined by just considering 
the optimum condition for one of the phases; they must ensure the optimum 
realization of the maneuver as a whole /9.18/. We determine below the 
optimum parameters of the propulsion system and the optimum air-intake 
time as a function of the maneuver and unit-weight characteristics of the 
system. The region in which the utilization of a power-limited engine with 
working-fluid intake is advantageous is determined by comparing its payload 
with-that. of a system without intake. 
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The problem is formulated as follows, The total time 7 for carrying out 
the two phases of the maneuver is established, and the time during which the 
basic maneuver is undertaken is the difference between this time and the 
air-intake time T,. For a given takeoff weight G, we require a maximum 
payload G,. The air-intake orbit is assumed to be circular with a fixed 
air density throughout. The transition from the intake orbit to the required 
trajectory is ignored. 

The power-limited propulsion system is considered as ideally throttlable, 
sO 


P=qW, Ny=+W? 


(9.141) 
(OV, 0CN, < Nw). 


During the outer-space maneuver the flow rate and thrust acceleration 
will be taken as 


G=—gq, a=—-<V, (9.142) 


where G is the instantaneous weight of the engine. 
The weight of an ideally-throttlable power-limited propulsion system is 
determined by the weight of the power source 


2 = Gy = aN yo. (9.143) 


Eliminating q and V from (9.142) using the optimum condition N, () = Nv, = 

= G/a, we obtain, as in § 1 of Chapter Four, the differential equation 

governing the vehicle weight 

—S- tye. (9.144) 

400 The integral of this equation from the beginning to the end of the outer- 
space maneuver is written as 


Go 
ral = x) ade. (9.145) 


The takeoff weight G, consists of the weights of the payload G, and the 
power source G,; G =G.+4G,. 

The working fluid consumed during the basic maneuver throughout 
time Tf — 7, must first be accumulated during time 7,. For a stationary 
accumulation regime 


Ge = 8 (% — 9) Tv. (9.146) 


With an inlet duct cross section § and an atmospheric mass density p, 
the intake rate of the inlet duct equals 


Go = Spv. (9.147) 
The corresponding condition for the thrust during intake is written in 
the form 
P=qQ = e,Spv. (9.148) 


Using (9.147) and (9.148), we can rewrite equation (9.146) as 


G,=e9(2V—1) Te (9.149) 


Here the exhaust velocity Vis represented as a fraction of the orbital 
flight velocity v. We represent the weight components G, and G, as 
fractions of the takeoff weight G,, preserving the previous symbols for 
the dimensionless quantities. Equation (9.145) then becomes 


T 
% 19 ou a) atdt. (9.150) 


a a 
1+G,~ G, 2 


oy 


v 


If the flow rate through the nozzle is g = 2G/av*V*, we can determine its 
magnitude from (9.149) and (9.150) in the form 


@O 2av v2 
1 = wip (: + iO foal. ra | (9.151) 
v c,. 


Equation (9.151) is obtained under the assumption that the weight of the 
compression unit is zero and the power plant uses up no power when com- 
pressing (allowance for these factors is made later). It is then possible 
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oO 2av yz 
eae +s E_ | (9.152) 
r <-1) 


as a function of the exhaust velocity, the air-intake time, and the quantity 
@® which characterizes the given maneuver. 

We shall now find the optimum values of T, and V which maximize the 
payload, The exhaust velocity of the working fluid, which maximizes G,, 
is equal (as in subsection 2) to 


Vopt = Cx. (9.153) 


The optimum intake time is determined when establishing the form of 
the functional ® with respect to the maneuvering time. As an example, 
following the treatment in /9.18/, we consider the reciprocal relationship 
corresponding to the problem of escape from a central gravitational field* 


_ _ @ Av? 
O- lr (==). (9.154) 
where Av is the specified velocity increment, and the time Tf, is represented 
as a fraction of 7. 

An increase in 7, leads to an increase in ©, and it therefore becomes 
necessary to increase the initial working-fluid reserve G,; simultaneously, 


This dependence of the functional on the maneuvering time exists in the problem of transition between 
two coplanar circular orbits, and in the problem of rotating the plane of a circular orbit, when the 
thrust acceleration is much smaller than the gravitational acceleration on the original orbit (§§ 2, 3 of 
Chapter Five). 
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the mass taken in on the orbit incteases, and therefore an optimum: intake 
time must exist. In the case considered (9.154) it is given by 


Sa as z 9.155 
(dic. ervey’ ” V 2av%e2 / eT . ( ) 


Note that for the case considered in subsection 2, when the drag is equal to 
the momentum of the jet taken in by the inlet duct, the drag coefficient is 
equal to ¢, = 2, The corresponding link between the parameter x and G,/G, 
from (9.116) is then written as x = V 46,/6,T. 

Substituting the values of Yop, and (Tv)ont from (9. 103) and (9.155) respect- 
ively into (9.152), we obtain 


Ga =1—2xYV@D,— D. (9,156) 
402 The range throughout which the mass intake is expedient can be determined 


by comparing the payload (9.156) with the payload for a power-limitéd pro- 
pulsion system without accumulation (4.16): 


G,=1—2 VD+ . (9.157) 


A gain (AG, = G, — G, > 0) is realized for the following range of the 
parameters ®, and x: 
0< DO, < (1 — Vax)? (9,158) 
This gain AG, will be maximum for a given value of x when ®, = (2 — x)?/16, 
so that 
AGs max = 5 (2—%)*. (9.159) 


The relative gain in payload is equal to 


G, = Se ~1=* VM%—% 9,160 
Gr  G& 1-2 Y¥D+O, (9.160) 


Game = i+ and Mo = Gr. (9.161) 


Figure 9.39 represents the payload as a function of the functional. ®, for 
different values of the parameter x. The dashed curve represents G, (®,) 
for the case without air intake. The optimum intake time has been plotted 
in Figure 9.40. The limiting curve corresponds to the values of x and ®, 
for which the basic maneuver can no longer be fulfilled-(point of intersection 
with the line G,= 0 in Figure 9.39). 

Since the weight of the compression unit was taken equal to zero, the 
weight of the power source is G, = 1 — G, (x, ®,). Thus, for an ideal propul- 
sion system with air intake, the optimum weight of the power source 6G, 
depends not only on the maneuver characteristic ®, (as assumed in /9.17/), 
but also on the parameter x. 
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FIGURE 9.39. Maximum relative payload FIGURE 9.40, Optimum relative intake 
as function of problem functional ©, when time T ,/T for flights with power-limited 
using working-fluid intake in upper atmo- propulsion systen.. 


spheric layers with power-limited engine. 
Dashed curve represents payload values for 
flight without mass intake, 


The additional power expended in executing the intake process and in 
transporting the additional weight of the compression unit /9.18/ has 
not yet been accounted for. The takeoff weight G, will then comprise the 
sum of the three terms 


Go = Ga + Gy t+ Gy (9.162) 


403 where G, = yg in what follows and the coefficient y, is taken as constant 
(9.108). In the mass-intake regime, power will be used for thrust produc- 
tion and compression. The latter will be assumed proportional to the gas 
flow rate, g,(9.105), Then 


No= TF thet, Gs a(S + huge), (9.163) 


where the proportionality factor &, is taken as constant. Using equation 
(9.143) and making transformations similar to those performed above, we 
obtain an expression for the flow rate q of working fluid through the nozzle 
necessary for compensating the drag 


q=£—— 14/14 2m [Veer (1+E9r) : (9,164) 
(14 Si) ie era 


The expression for the flow rate of working fluid through the nozzle 
was obtained assuming that all the gas mass taken in by the inlet duct is 
compressed, and a corresponding amount of power is consumed in the 
compression process’ The relative payload will now be written as a 
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404 function of the exhaust velocity, the intake time, and the maneuver charac- 
teristic ® in the form 


(9.165) 


For y, = 0 and k, =0, equations (9.164) and (9,165) naturally reduce to 
(9.151) and (9.152). As in the preceding case, we may prove the existence 
of an optimum intake time and exhaust velocity. Once again, the maneuver 
of escape from a central field, for which the magnitude ® is determined by 
(9,154), is considered. The optimum relative intake time, which gives a 
maximum payload, equals 


4 


Todo =| 1+ : (9.166) 


The optimum exhaust velocity is not expressed explicitly in this case. 
The link between the optimum exhaust velocity and ®) is given by the 


expression 
Vo, cy / Vtee 
Wes 2ce (cs — 1) ay (Ge + ¢2¢3 — 2¢e) ve — 
V v—+> 
— 4 ceV — +s cs |, (9.167) 
where 


x 4k 7, 
ce =0v an C= ett com he (9.168) 


are dimensionless quantities. 

Thus, the optimum parameters of the propulsion system (the exhaust 
velocity of the working fluid during intake and the relative weight of the 
power source) are established for this case. 

Figure 9.41 illustrates the results of calculating the relative weights 
of the payload G, and the power source G, for the two sets of parameters 

4051) a= 2.5 ke/kw, c,= 0.15, cy= 0.16, cg= 9; 2) a= 5.0 kg/kw, c, = 0.21, 
ec, = 0.16, ¢g= 5. ; 

Figure 9.42 shows, for the same values of the parameters, the optimum 
relative exhaust velocity of the jet. The dependence of the optimum intake 
time on the functional ©, is shown in Figure 9.43. Figure 9.44 shows the 
relative increase of the payload G, achieved by using mass intake with 
power-limited powerplants. The same figure shows for comparison (dash- 
dot curve) the relative gain in the ideal case for x = 0.401 (cf. (9.160)), 
which corresponds to the values of the parameters of curve 2, 
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0. Ws WW 5 ®, 25 “1s 1580 ~*~, 
FIGURE 9.42. Variation of weight and FIGURE 9.42. Optimum values of relative 
power expended in taking in working fluid exhaust velocity V/v during intake phase 
during orbital flight, with relative pay- allowing for weight and power used by in- 
load G, and power-source weight G,;: take system. Cases 1 and 2 correspond to 
1) a = 2,5 kg/kw, 2) a= Skg/kw. Dash- data of Figure 9,41. 


dot curve corresponds to case 2 without 
these processes. 


aS) 


ots t0 We , 


FIGURE 9.43. Optimum relative time of FIGURE 9.44. Gain in payload by using 

working-fluid intake T/T for power-limited mass intake with power-limited propul- 

engines allowing for weight and power used sion systems. Cases 1 and 2 correspond 

by intake system. Cases 1 and 2 correspond to data of Figure 9.42. Dash-dot curve 

to data of Figure 9.41. corresponds to case 2 without allowing for 
weight and energy expended when taking 
in air, 


5. Outer-space maneuver of a vehicle with an engine of limited exhaust 
velocity when taking in air. Consider the combination of a propulsion 
system with air intake and a power-limited engine /9.20/. The unit, 
which takes in working fluid on a stationary circular orbit, will be considered 
as ideal (cf. the conditions in formula (9.116)), and the engine with limited 
exhaust velocity V < Vmax, which carries out the basic maneuver, as weight- 
less and ideally throttlable. 

For this formulation the takeoff weight of the vehicle G, on the intake 
orbit will consist of the payload, the weight of the power source G,, the 
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weight of the fuel G,n, and the weight of the oxidizer G, (for a chemical 
engine), i.e., 


Gy = Gat G+ Gum + Guor- (9.169) 


We require the optimum relation between the weight components in (9.169), 
while ensuring a maximum of the relative payload, for performing a maneu- 
ver with a specified value of the characteristic velocity Av; the intake time 
T, is fixed (parameter of the problem). 

It will be assumed that the substance of weight G,,., taken in during the 
orbital flight is the oxidizer (the necessary separation of the oxygen can 
be allowed for by a suitable correction factor). Its value for an intake 
time 7, equals (in accordance with (9.116) for n, = 1) 

Cia Ty OY Gyoe = 4,Gy (x, = es) , (9.170) 
Since the magnitude 2av*/g (Figure 9.30) characterizes the time during 
which a quantity of working fluid equal to the weight of the power source 6G, 
is taken in, t, represents the ratio of the intake time T, tothe time necessary 
for taking in working fluid of weight G,. 

The ratio of the fuel weight to the total weight of the oxidizer is given by 
the conditions of the chemical reaction 


Ci Sh Gig Ci): (9.171) 


Taking relations (9,170) and (9.171) into account, expression (9.169) can 
be written as 
Gy = Ga + (1 + ke) G + (1 +H) Gyo. (9,172) 


407 At the end of the accumulation phase the vehicle weight will be 


G(T.) = Giz + G+ Gum + Gyos + Gur = G+ 1,G,, (9.173) 


and after completing the maneuver (Av) whilst consuming fuel and oxidizer 
m an engine with limited exhaust velocity, the terminal weight of the vehicle 
will be 


G, = G, + G,, (9.174) 
where Avanex = In (G (T,)/G,}. 


For given values of G,,a, v, Vmax, and T, the maximum of the characteristic 
velocity Av corresponds to the minimum value of the ratio G,/G (7,), namely, 


G@ _ 4, +% (9.175) 
G(r) i+, 


(here all the weight components are represented as fractions of the takeoff 
weight G,). 

Figure 9.45 shows the variation of 6,/G (T,) with G, for two characteristic 
regions. For G,< 1/t, the minimum value of G,/G(T,) is attained at G, = 0; 
in this case the use of an intake unit is inefficient. For G, > 1/7, the minimum 
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value of G,/@(T,) corresponds to the maximum value of G,, which, according 
to (9.172), is attained at G,,,= 0. In this situation 


1—G, 


G, opt = 


Under these circumstances, the combination of an intake unit and an 
engine with limited exhaust velocity ensures a larger characteristic 
velocity for given takeoff weight and payload than that obtained with an engine 
of limited exhaust velocity only. According to(9.174) to(9.176) the maximum 
vaiue of the characteristic velocity attained for this optimum combination 
of systems is given by 


14a kte — TG 
24y +te+ n 


on Ea (9.177) 


408 As an example, we have plotted in Figure 9.46 the dependence of the 
relative payload G, on the maneuver parameter Av/Vg,, for k = 0.2, and 
different values of tv, from (9.170). Tsiolkovskii's solution for an engine 
with limited exhaust velocity without mass intake is shown for comparison 
(dashed curve). 


a 0 
FIGURE 9.45, Ratio of terminal weight FIGURE 9.46. Maximum values of relative payload G,, for 
of vehicle with limited-velocity engine, flight with propulsion system of limited exhaust velocity 
G,, to weight at end of intake phase, and working-fluid intake. Dashed curve represents Tsiol- 
G(T,), as function of relative weight of kovskii's solution for limited-velocity engine without 
power source G,/G): a) regime Gy, < 1/t,; mass intake. 


b) regime G,, >4/t,. 


To compare the characteristics of intake systems combined with ideal 
engines of limited exhaust velocity (treated in this subsection) and those of 
limited power (subsection 4) for the maneuver of a velocity build-up, we 
require the same values of t, = 4/x? (ef, (9.170) and(9.155) for ¢, = 2). This 
is because the build-up of a velocity using an ideal engine with limited 
exhaust velocity is instantaneous, and therefore the intake time 7, coincides 
with the total time T required to carry out both phases of the maneuver. 

The payload of the vehicle with an ideal power-limited engine (calculated 
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by (9.156) for the same values of 4? = 1; as were used in Figure 9.46) is 
shown in Figure 9.47. : - 

409 Unlike the system with a power-limited engine, the intake system with 
an engine of limited velocity.can be considered to:be without a power source. 
during the space maneuver. Here'the increment in the characteristic 
velocity is larger than (9.177), and is determined by the minimum of the 
ratio 


G, G, 
G7) 1+@.—06,’ (9.178) 


For +, <1 the minim-m of (9,178) is attained at G, = 0; in this case the 
use of an intake unit is inefficient. For t, > 1 the optimum value of the 
relative weight of the power source in the intake phase is determined 
by (9.176). 


FIGURE 9.47, Maximum values of relative FIGURE 9.48, Maximum values of relative payload G,, for 
payload G,, for flight with ideaJly-throttlable combination of intake system with engine of limited exhaust 
power-limited propulsion system and working- velocity, when accelerating payload alone during space 
fluid intake. Maneuver, Dashed curve represents Tsiolkovskii's solution. 


The maximum value of the characteristic velocity for the combination 
of an intake system with an engine of limited exhaust velocity, for accele- 
rating the payload alone during the space-maneuver phase (without the 

_ power source) is given by : 


(14k) te — (te —4) G, 
Vinax “Gtr . 


(9.179) 


An example of the dependence of G, on Av/Vz,, for k = 0.2 and different 
values of t, is given in Figure 9.48. 


410¢ 4, SOLAR SAIL 
‘1, Statement of the optimization problem for flight with solar sail. 


We consider a plane sail with an ideally-reflecting mirror surface (§-2 of 
Chapter Two). If only the gravitational forces and the solar pressure 
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are considered, ‘the motion of:the center of mass of a spacecraft with solar 
sail is described by equation (1.1) with F = 0. The-thrust direction vector 
in this equation coincides with the normal to the shaded side of the sail n, 
while the magnitude of the thrust is determined from. (2.53). 

The weight of a spacecraft with solar sail (the sail surface area is 
assumed constant, S(t) ='S,, and:we neglect the phenomenon of "wear" 
of the sail) remains invariant with time, G(t)= G,, and consists of two 
components: the payload G, and the weight of the sail G, = gS,p8 (2.54). 
Substituting these relations into the equation of motion, we obtain 


oo Paso Re 2 . 
r = Feb + Cle (52) (a-i)?n+ R, (9.180) 


where n is a unit normal to the shaded side of the sail, iisa unit | vector 

in the direction of the solar rays, (n-i)is the cosine of the angle ni between 
the normal to the sail and the incident solar rays, and pq is the solar 
pressure per unit area of a sail set perpendicular to the solar rays, all 
measured on the Earth orbit Rs; R = (r)is the distance from the vehicle 

to the Sun (in the heliocentric system of coordinates R =r), and p and 6 are 
the density and thickness of the sail material. 

The sail parameters S,, p, 6 and the payload G, are thus introduced into 
the equation of motion. We -may replace the acceleration communicated by 
the sail to the spacecraft at a distance Rs from the Sun when the sail is set 
perpendicular to the solar rays (n = i) by combining the parameters in (9.180) 


e Paso PR 
Oe Sab <6 eee 


The payload and the sail area are expressed in terms of this parameter 


Gn _ 4 __ 2006 Sy ee, eee 9,182 
Gt apy So= Gna —ant pa)" cP t62) 
while the equation of motion (9.180) becomes 
é R 
¥ =a, (48)\"(a- ijn 4 RB (9,183) 


The link between the equation of motion (9.183) and the weight character- 
istics G,, S,, p, 65 is expressed in terms of the single parameter a,, whose 
maximum value is determined by the mass per unit sail area pé (9.181), 
The acceleration a, plays the part of a constant control parameter for the 
equation of motion (9.183). The only control function in this equation is the 
sail orientation (the direction of the normal to the shaded side of the sail), 
which can be varied over the range (—n/2, x/2) relative to the solar rays: 


[n()[=1 (—x/2< “i< n/2). 


Two equivalent formulations of the general optimization problem can be 
considered: 1, The total weight of the vehicle G, and the maneuvering 
time T are specified, and we require the maximum payload G,. 2, The 
total weight of the vehicle G,.and the payload G, are specified, and we 
require the minimum maneuvering time Tf. 
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For a vehicle with a solar sail we need not consider G, and G, separately. 
We can either use the ratio G,/G, in (9.182), regarding it as specified, and 
determine the minimum of T, or we can consider Tf as specified and 
determine the maximum of G,/G,. According to the first relation of (9.182), 
the relative payload G,/G, determines the value of the product a p5, The 
mass per unit sail area p45 depends on the structural quality and must be 
a minimum. Thus, the relative payload can be considered as uniquely 
linked to the acceleration ay. 

On the other hand, the quantity a, determines the maneuvering time 7 via 
the equation of motion (9.183); so the optimization problem reduces to 
determining the control function for the sail orientation n (t) which either 
ensures minimum Tf for given a, or minimum a, for given 7. The second 
formulation is less convenient, since the value found for the acceleration 
@ may be larger than amex = pg/pS in (9.181). 

2. Interorbital transfer of a spacecraft with solar sail. The transfer 
between the circular and coplanar orbits of two planets takes place in the 
central gravitational field of the Sun alone under the action of the solar 
pressure. Therefore, if we put R =r, A = —g,rr“*x in equations (9.183) and 
designate the sail orientation angle by # (the angle between the normal 
to the shaded side of the sail and the radius vector r, the latter coinciding 

412 here with the direction of the solar rays i= r/r i.e., (n-i) = cos) 
(cf. Figure 9.49), we obtain the following equations for plane motion: 


2 
T= D,, 0, = “2 + (ay cos? 9 — g)(=)', (9 184) 


. a 2 ; 
7 ==, ve = — “EE + ay cos? # sind (+) : 


where g, is the gravitational acceleration of the Sun at a radius ry. 
The motion between the orbits of planets of a spacecraft with solar sail 
and sail-orientation angle # = const have been discussed in /9.21—9.27/. 
A’number of approximate and exact solutions were 
obtained (§§ 1 and 2 of Chapter Thirteen), and the 
optimum value of the constant orientation angle 
was established. With the aid of this group of 
analytic solutions we obtained an idea of the 
Ks possible uses of solar sails for interplanetary 
travel. These solutions, however, have a grave 
shortcoming in that the boundary conditions for the 
coordinates and the velocity components at both 
Vx ends of the trajectory cannot be satisfied. 
Solutions of the variational problem of the 
EIGURE Betoet Seneale ak orbital transfer of a spacecraft with solar sail 
interplanetary flight with oe : : 
solar sail. (minimum transfer time Tf for given a) were 
obtained in /9.28, 9.29/. Following the treatment 
of /9.29/, we write equations (9.184) in dimension- 
less variables, where linear dimensions are expressed as fractions of rn, 
the velocities as fractions of Yg,r,, the accelerations as fractions of 8, and 
the time as a fraction of Vr/g: 


2 

le - sy , agcos®?t—1 

saab ‘ ie i ee ee (9.185) 
. 2 . DQ, sin ¢ cos? ¢ 

GHB, bg = — ey sin cost 
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The optimum. control function. ¢ (#)must.ensure the transfer from the 
point (r-=41, vp =.0, ve = 1) to the. point (r = 7, Wp = 0, ve = 74) during a 
‘minimum time (the angular displacement is not fixed), To that end(in 
accordance with the maximum principle /9.4/), the control function 6:() 
must yield an absolute maximum of the function 


v, 


3 F 
H=p,. (Fpsete—t) sp, (— “2% + sesiedsoeo) 4 


r2 


(9.186) 
+ Py, + Py ' 
413 where the system of control functions for the momenta py,,p»,, Pr: Pp has the 
form 
ae __ ?Pp 2%  Pucdy 
op eameaeet Py, = = + ’ 
ma 2Py, 2a, COBH Py Myr, Qaopy, Bin H cos? (9.187) 
P= a pe ee ae: 


p,= 0, p, (T) = 9. 


The optimum program for the sail-orientation angle ¢@ (t) is determined 


from 
3 2 
poe es, (9.188) 
ve 
If this expression for $ is substituted into equations (9.185) and (9.187), 
a system of seven differential equations results. It can be shown that at 
the initial time p,, = +1 for 1 > 1, po, = —1 for r,< r)(the value 1 is 
obtained as a result of normalization). With these boundary conditions 
the solution was found numerically by Newton's method. Figures 9.50 
and 9.51 give examples of the solution in /9.29/ for the transfer from an 
Earth orbit to a Mars orbit, and from an Earth orbit to a Venus orbit, for 
= 2-107? m/sec? 
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FIGURE 9.50. Parameters of optimum transfer FIGURE 9.51. Parameters of optimum transfer 
with solar sail between Earth and Mars orbits with solar sail between Earth and Venus orbits 
with a= 2+10-* m/sec”, time of flight T= with ap= 2-10-*m/sec’, time of flight T= 
= 922 days. = 164 days. 
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Figure 9.52 gives a solution for the problem of transfer to Mars /9.28/ 
for a= 10-3 m/sec?. In addition to the sail control function -Bon(t) corre - 
sponding to the boundary condition v= 0, v= 1/V7r,, the figure also shows 
the function @ (t) on a Mars orbit for an unspecified value. of the vehicle 
velocity which is determined from optimum considerations. Naturally, 
the transfer time for such an orbit around Mars is reduced from f = 420days 
to T= 170 days. 

For comparison Figure 9.52 also contains the solution /9.22/ with. 
constant optimum sail orientation # = @, (the initial and final conditions 
for the velocity are not fulfilled in this solution). 


a 200 400 1, days 
FIGURE 9.52, Optimum control programs FIGURE 9.53, Time of transfer with solar 

of the sail orientation for transfer between sail from Earth orbit to Mars orbit as function 
Earth and Mars orbits with ag= 107° m/sec?. of ag. Solid curve represents exact optimum 
Solid curve represents optimum transfer solution; dashed curves represent transfers 
with escape on orbital velocity of Mars; with constant sail orientation (velocity bound- 
dash-dot curve represents transfer with opti- ary conditions. not fulfilled). 


mum terminal! velocity; dashed curve repre- 
sents transfer with constant sail orientation. 


Figure 9.53 shows the dependence of the minimum transfer time with 
solar sail between Earth and Mars orbits as a function of the acceleration 
a) (the solid.curve) /9.29/. A comparison with the solutions for # = const 
(the dashed curves) /9.23, 9.24/ indicates the strong influence of the 
velocity boundary conditions on the time of flight. Therefore, since the 
solutions with constant sail orientation cannot satisfy all the velocity 
boundary conditions, their applications are very limited. 

The results of the numerical calculations for the optimum transfers 
with solar sail from the Earth orbit to the orbits of all the planets in the 
Solar system are given in Table 9.1 for an initial acceleration a) = 
= 2-10-3m/sec? /9.29/. ‘ 

We conclude this subsection with an example. Suppose we want to 
transfer a payload weighing 1 ton from the Earth orbit to the Mars orbit 
in 420 days using a minimum area of. plastic solar sail (p6 = 5-10-* g/cm?), 
Then, according to the data in Figures 9.52 and 9.53, a= 1073 m/sec?, 
and: by (9.182) S, = 0.26-10*m?, which is equivalent to a circle of diameter 
575 m. The total weight of the vehicle is then equal to 2.3 tons. 


415 
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TABLE 9.1. Minimum transfer time frorn Earth orbit to orbit of solar~system planets with solar 
sail, @p= 2-107? m/sec? 


pee [oe [em om [oo 


3. Escape of a spacecraft with solar sail from the field of planetary 
attraction, The escape of a spacecraft with solar sail from the field of 
planetary attraction is treated in /9.30, 9.31/ with the following assumptions: 
the vehicle is projected into an initial circular orbit, the gravitational field 
is central, and the flux of solar light is plane-parallel with constant 
intensity and direction. 

The escape of a vehicle with solar sail from the planetary field, where 
the initial orbit and escape trajectory lie in the plane of the ecliptic, 
was treated in /9.30/. The sail, whose twosurfaces are considered as 
ideally reflecting, rotates about its axis at an angular velocity equal 
to half the angular velocity of revolution of the vehicle about the planet 
(Figure 9.54). 
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FIGURE 9,54. Escape scheme for vehicle FIGURE 9.55. Escape time T of 
with solar sail from field of planetary vehicle with solar sail from field 
attraction along trajectory lying in plane of planetary attraction as function 
of ecliptic. of initial accelerationay. Solid 


curve represents escape in plane 
of ecliptic, and dashed line repre- 
sents escape with orbit perpendi- 
cular to ecliptic plane. 


The equations of motion are written as follows (the planetary umbra is 


neglected): 

F— rg + go(22) =— ae (58) |sin (2) |sing, 
in .- Re)? @)\f (9.189) 
re+ 27g = ao/( 2) | sin ( 3 )fs 


where RA is the radius of the planetary orbit and g, is the acceleration of 
gravity on the initial orbit of the satellite. 

After transforming to dimensionless variables and replacing the independ- 
ent variable t by the polar angle », the system of equations (9.189) is 
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integrated numerically from the commencement of the initial circular orbit 
to the time when the total energy of the spacecraft relative to the planet 
vanishes. 

The trajectory is shown in Figure 9.54. During acceleration the orbit 
gradually becomes elliptic, the perihelial distance varying only slightly. 
The build-up of zero energy (the escape) occurs in the neighborhood of 
the perihelion. 

The dependence of the escape time Tf on the value of the initial accelera- 
tion a, is shown in Figure 9.55 (the solid line) in dimensionless variables. 
In these variables and on a logarithmic scale, the results obtained for the 
different values of a, and 7, roughly lie on the same straight line. The 
scatter along the dimensionless time is indicated on the figure. The number 
of revolutions up to the instant of escape approximately equals 0.1 g,R%/a,R%,. 
Table 9.2 gives the dimensional parameters for escape from the gravita- 
tional field of the Earth /9.30/. Note that the effect of the Earth's umbra 
on the escape characteristics for solar-sail propulsion was not taken into 
account in /9.30/. Obviously, when this effect is allowed for, a trajectory 

i considerably different from the one studied here is obtained, in particular 
at the initial stage of the motion. 


TABLE 9.2, Parameters of spacecraft with solar sail on escape trajectory from Earth's field of attraction 


rm] z : : = 
£ Sail dimensions 84% oe. 
2 S Za 8 a aad 
2 uw % a 5 oo oo a so0 
part a 9 6 2°’ E Es 2 ev & oO 
= G ex tes as! oan UP 
i or So. 2 Ze] eRe . fe B¢ 
i) . aa Boas 8 & Os a6 Bou 
J oo G92. oo 3 ge ir) 
D ou Q a0 0 5 oO ou 33 
a as os 8 “ a2 O8 a3 43 Es 4 
2 ct £23 =a 3 aa 2 rey ee 3s 4 
ma aw poe a oD 39 8 a > = 5 “xe 
es. ad a a os £630 53 3 Ua ao 
é $3 S556 a) ae 5 3 33 5 #28 
3 3700 oz Saa8 Ac 3 268 


0.1 0.85 +107? 4.2 +108 
0.1 0.44107? 6.1108 
0.1 0.3107? 7.62 «10° 
0.1 0.67 -107 


0.46 -1077 


To ensure that the escape trajectory will not traverse the Earth's umbra 
and will not contain sections of motion toward the solar rays, the motion 
must take place outside the plane of the ecliptic. The following scheme 
for a vehicle with solar sail to escape from the planetary gravitational 
field is considered in /9.31/. 

-418 The plane (z®, 2) of the initial orbit is perpendicular to the plans 

(z®, 2) of the ecliptic (Figure 9.56). The equations of motion are written 
in a cartesian reference frame based on the Earth (2, 2, 2), which is 
considered immobile: 


. 2(1) 
2 — aq ney cos a( cos? o() +. Pek oie =0Q (i = 1, 2, 3). (9.190) 
R Y: 
[der] 
fe1 
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Here cos a are the direction cosines of the normals to the shaded side 
of the sail, which are selected from the local optimum condition for a 
maximum rate of increase of the energy for max (n-v): 


cos a — (3cosB™ + Vcos?p” + 8)/k, cosa —2cosp /k 
(2 = 6 cos? B™ + 6 cosB™ V cos?B + 8 4.42, BY — arecos (s” /|v}), i=4,2,3). (9.191) 


At the beginning of the motion the displacement along the z® axis is 
compensated by the gravitational force, and the trajectory is almost plane 
and quasicircular, In this section we use the approximate solution of /9.32/, 
which is based on a numerical solution of system (9.190), (9.191), written 
in dimensionless variables. 

The dashed line in Figure 9.55 gives the time required to reach the 
escape point according to this solution. It is seen that the escape time 
obtained by the method of /9.31/is shorter than that obtained for a plane 
trajectory in /9.30/. This should not be considered however, as conclusive 
proof that it is better to accelerate in the plane perpendicular to the ecliptic, 
since in both cases use is made of nonoptimum sail-orientation programs. 

A comparison with the time of interorbital transfers shows that fora 
vehicle with solar sail the escape time from the planetary gravitational 
field forms a considerable part of the total time of interplanetary flight. 
419 We conclude by mentioning that the local optimum control of the sail 
orientation for the problem of escape from the gravitational field of the 
Sun was studied in /9.33/. Figure 9.57 represents the optimum sail 
orientation yielding the largest increment in the eccentricity of the initial 
orbit «= 0.5 during one revolution. The same paper analyzes the question 
of flight stability for vehicles with solar sail. 
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FIGURE 9.56, Escape scheme for vehicle FIGURE 9,57. Optimum direction of thrust 
with solar sail from field of planetary of solar sail ensuring maximum increment 
attraction with orbit perpendicular to in eccentricity of initial heliocentric orbit 
ecliptic plane, £.= 0.5 during one revolution about Sun, 
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§ 5. ISOTOPIC SAIL 


1. Basic characteristics of the isotopic sail and formulation of the 
variational problem. It was shown in Chapters Two and Three that the 
maximum thrust of the isotopic sail decreases exponentially with time, 
while the sail weight is almost constant and proportional to the maximum 
sail area (i.e., to the maximum thrust) 


0< P(t) < Pua ent, Gy, = yPmax- (9.192) 


The thrust can be controlled by varying the sail area ("hoisting down" 
the sail). It will be shown below that the area (thrust) of the sail in the 
optimum regime must be a maximum. No restrictions are imposed on the 
thrust orientation. 

The variational problem will be formulated as one of maximum operating 
speed. The minimum maneuvering time is required for a fixed value of 
the relative payload /9.20/. 

The full weight of a vehicle with isotopic sail remains practically 
constant throughout the flight; it consists of two components given by 


Gd = G, = G, + G, = const. (9.193) 


It follows from (9.192) and (9.193) that, as for the solar sail, the 
dynamic part of the problem contains a single constant parameter, namely, 
the maximum thrust acceleration a,, whose value is determined by the unit 
weight y of the propulsion system and the specified value of G,/G,, where 


a= £ (1-2), (9.194) 


The instantaneous value of the thrust acceleration is given by the expression 


- 


a=age'O<a< 1). (9.195) 


Here the control function @ (4) determines which part of the thrust is utilized. 
The full system of differential equations, boundary conditions, and 
restrictions on the control functions of this variational problem is written 
in the form 
f=1, t(0) =0, T =min, 
r=Y, r(Q)=ro, r(T)=1r1y (9.196) 
V=aneMe+R, v(=w, v(T)=%1 
O<at)<1, —e(¢)| = 1). 
The problem reduces to determining the optimum control functions of the 


thrust magnitude @ (f) and direction e(é, which ensure a minimum maneuver- 
ing time Tf for a fixed value of tae maximum acceleration a). 
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2. Determination of the optimum control. The control programs a (t) and 
e () are determined from the condition of absolute maximum of the Hamiltonian, 
where 


H = aaye-™ (py-e) + (Po-B) + (Pr-V) + Pts 
P=— Pre Pr =—4 (Po-B), (9.197) 
Pr=A(Po-e) ade, p(T) = —1. 


The unit vector e(t) entering the first term of H must be selected so as 
to maximize the scalar product (p,-e), which has a nonnegative coefficient. 
Hence, 


(Po'€) = Po OF © = Py/Prr (9,198) 


i.e., the thrust vector must be in the same direction as the vector py. 
By analyzing this same term of the function H and allowing for condition 
(9,198) it follows that the control function @ (f must be everywhere a 
maximum, i.e., 


a(t) =4. (9,199) 


3. Model problem. An an example, we now consider the model 
problem of flight during a minimum time using an isotopic sail between 
two points of rest situated at a distance / apart in a gravity-free field 
(& =0, v, =0, v, =0, |r, — rol =D. 

421 Fora homogeneous gravitational field the momentum p, is a linear 
function of time (cf, (9.197) for R=0); and so the thrust vector e is directed 
either along the velocity or opposed to it, and can change its direction 
only once at some intermediate point ¢, in the interval [0, 7] (Figure 9.58). 


%, 
/ 
a Tt 
=] 
FIGURE 9.58. Optimum thrust control FIGURE 9.59, Instant changing thrust direction 
of isotopic sail for flight between two t,/T (dashed curve) and relative distance [At/ao 
points of rest in gravity-free field. (solid curve) as functions of characteristic time 


+ = AT for flight between two points of rest 
using isotopic sail. 


The integration of equations (9.196), taking this fact into consideration and 
allowing for (9.198) and (9.199), determines the connection between both the 
ratio ¢,/T and the relative distance W/a,, and the characteristic time of the 
problem + = Al (Figure (9.59): 


Rt 2 
To. 1e*’ 

he 2 1 2 (9.200) 
Rae seers ae =); 

4 1ite* e* 1+e” 


Note that the characteristic time +t represents the ratio of the maneuver- 
ing time T to the half-life of the isotope 1/4, The second relation in (9,200) 
and formula (9.194) determine the minimum time 7 as a function of the 
payload G,/G,, the sail parameters i, y and the maneuver parameter 1. 


§ 6. ENGINE WITH SOLAR POWER SOURCE 


We consider the problem of delivering a maximum payload by means 
of an ideal power~limited engine using solar energy /9.34/. The distinctive 
feature of this propulsion system is the dependence of its maximum power 
' on the vehicle distance from the Sun. The 
approach is the same as that used in the case 
of constant maximum power. The optimum 
weight ratios are determined and the varia- 
tional problem is set up for the optimum 
program of thrust acceleration and the selec- 
tion of the design distance to the Sun. Approxi- 
mate solutions are given for gravity-free and 
central fields. 
1. Formulation of the optimization problem, 
The weight of a power-limited propulsion 
Ry fs r system utilizing solar energy canbe represented 
as the sum of two components (neglecting the 
FIGURE 9.60, Maximum net power engine weight): the weight of either the solar 
alae lates oe Lsliies energy concentrator (mirrors, Fresnel lenses) 
source as function of distance from Sun, 4 7 
or of the plane converter (photoelectric cells, 
thermoelectric generators), and the weight of 
the converter of thermal energy into electric energy. The first component 
is proportional to the area S of the captured solar radiation flux, and the 
second to the maximum power Nm which can be processed by the converter. 
Thus, the weight of an engine with solar energy source is written as 


G.=aN max tBS (@, B=const). (9.201) 


The density of the solar energy flux decreases as the square of the 
distance from the Sun according to the law M4 (A) = 1,4 (Rs/R)? kw/m?, 
The maximum power Nmax is attained at a distance A, from the Sun which 
will be called the design distance. This power is Nx = 2,(R,) Sn where y 
is the conversion factor of solar energy ‘nto electrical energy. If the 
power generated by the powerplant on an Earth orbit is N,, then, neglecting 
the variation of the efficiency, we can write Nwax = (Ra/R,)*N,. When 
approaching closer to the Sun the power must remain constant, since the 
converter of thermal energy into electric energy cannot function at a 
power exceeding the maximum design power, i.e., at a distance R, from 
the Sun we must introduce a restriction on the powerplant (Figure 9.60): 


(Rs/R,.)*No=Nmx at R<R,, 


9,202). 
(Rg/R)* No at R>R,. ( ) 


: M<N(R)={ 
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Expression (9,201) can be represented in the form 
G, = alt + (Rg/R,)? x1 Nov (9.203) 


423 where a, = B/nRz (Rg) is the weight of the concentrator or plane converter 
per unit power, and y =a/a,. It should be noted that in systems with plane 
converters x<1, and therefore we can assume G, =a,N, and R, = Rg. 

Consider the problem of determining the maximum payload for a given 

maneuver; the maneuvering time 7, the takeoff weight of the vehicle G,, 
and the unit weights a, and xy are fixed. It is assumed that the engine is 
ideal, i.e., that the whole power supplied to the engine is transformed into 
jet power, and that the engine parameters, namely, the mass flow rate 
of working fluid and the exhaust velocity, can attain any value. In this 
problem we must indicate the optimum values of the weights G,, G,, and 
the design distance R,, and also establish optimum programs for the 
thrust-acceleration vector a (#) and the power J, (é). 

2. Optimum weight ratios and design distance to the Sun. We start by 
assessing the magnitude of the forces acting on the vehicle. The solar 
pressure is shown to be small compared with the thrust and gravitational 
forces. A flux of solar energy radiation M; S falls on the converter surface 
per unit time; as a result, the vehicle acquires momentum not exceeding 
MZ Sie (here ¢ = 3-108 m/sec is the velocity of light). The momentum 
imparted to the vehicle by an engine using solar energy is not less than 
WASyVnox (here Vinax ~10°m/sec is the maximum exhaust velocity). 

A comparison shows that the latter exceeds the former by at least two 
orders of magnitude. 

The following estimate is valid for an acceleration.under solar pressure: 
Fg = MN SleG < AN z~Si/cG,. Using expression (9.201), this inequality can be 
written as fz< 2 (R,(Re)/el(Rg/R)?. For p = 0.3 kg/m? the acceleration 
produced by the solar pressure f;< 3-10 (Rs/R)? m/sec’, which is at least 
two orders of magnitude smaller than the gravitational acceleration of the 
Sun, i.e., 5.92 -10-3 (Rs/R)?. 

On the basis of these estimates, the solar pressure will be neglected 
in the following calculation. 

As for motion with constant maximum power, one can here too integrate 
the equation governing the vehicle weight independently of the equations of 
motion and so obtain an expression for the payload (§ 1 of Chapter Four) 
in the form 


G, G zt 2 1 G 
co 0 a a, * 
a= (14+ Hf wet) — Ze. (9.204) 
424 it follows that the power N, must be a maximum as before: 
N, =N (R). (9.205) 
With the aid of (9.202) and (9.203) we find that for a fixed value of the 
functional 


Tt 
Je [1+ (“B)'x] \arat (9.206) 


(N = (Rg/R)? at R<R,, N= (Rg/R at R>R) 
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G, (Gx) has a maximum for 6G,/G, = Y® — ® at which its value is 


“GJG,=(1— VO), © = (@,/2g). (9,207) 


Thus, the problem of determining the optimum weight ratios can be 
solved if the value of the functional J is known. This latter is independent 
of the weight ratios and can be found as soon as the trajectory and the 
parameter R,are known. For motion with constant power the factor 
multiplying the integral in (9.206) and the denominator of the integrand are 
equal to unity (4.10). 

The problem thus reduces to finding a value of the parameter R, and 
a thrust-acceleration program a (?) which minimize the functional J. This 
corresponds to the displacement between points (r,, 9) and (r,, 7) during a 
time 7. The problem is then examined in a heliocentric system of coor- 
dinates, where R=r, R,=r,, Rg= 1. 

We shall show that the optimum value of the parameter r, lies within 
the segment I[r,, r,]. Let J (r.) be the minimum value of the functional J, 
which depends on the parameter r, both explicitly and through the functions 
a(t, 7.) and N (r, r.) which enter the integrand. Suppose rn< +; then, when 
the parameter r, lies outside the segment I[7), r,], the function J (r.) has 
the form 


[1+ (rofr)?x}Jo at r<re(Jo=m 


J(r)= (9.208) 


[(7,/ro)? +X] 41 at r>n(h= min 


425 (it is assumed that the entire trajectory r (é) lies within the interval {r, r,}). 
Obviously, expressions J,and J,must remain constant; therefore with 
increasing r,, J (r.) decreases when r,<r, and increases when 7, >. 

At points r, and 7, the function J (r,) is continuous and has the left-hand 
and right-hand derivatives given by 


OF) tee ci ee 9.209 
(a We = To Jos ( he a A ( ) 
It can be shown that the derivative of J (r,) is continuous at these points. 

If r, = r, — Ar, the following inequality will then hold: 


T 
\ ("5 7) eae <| NVR ee 


Let the functions a (é) which minimize the right-hand and left-hand sides 
of the inequality be a, (#) and a, (t) respectively; then 


T 
\ (“52s asta <| weit <| we eran) 


0 


It is easily shown that 
Tr aldt ¢ 1— Ar, (9 2 12) 
\ wash) azdt + 0(Ar,); : 
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we thus obtain from (9.211) 


T T 
a a’dt ree r—Ar, \' . 
a0 \ Nen— ar) Bp \ (A577) eft + 0(Ary. (ats) 


With the aid of (9.213) we can directly calculate the derivative d//dr, at 
the point r,- 0. Consider an increment Ar, in the value of r, at r,; and 
consider the limit as Ar, -0. The corresponding expression is obtained 
from (9.209). The continuity of the derivative at the point r,=r,+0 can 
be demonstrated in the same way. 

Thus, the function J (r,.) remains positive on the segment [r,, r;], but its 
derivative changes sign from minus to plus. It follows that the minimum 
value of J(r,) occurs at some point such that m< rog<ri. In addition, 
knowing the derivatives d//dr, at the points r, and r,, we can find an optimum 

426 value near ryop, e@.g., the abscissa of the point of intersection of the 
tangents to the curve of J (7,) at 7m and r,. 

3. Equations of the optimum trajectory. Consider a plane motion in 
the central field of the Sun. The equations of motion of the vehicle, written 
in polar coordinates, have the form (A. 8) 


T=, TO=—%, Vp=4,+ v3f/r—k/r?, ve = 2p — U,V9/T. (9.214) 


We require the trajectory on which the minimum of the functional 
defined by 


Tr 2 
J= { WER (N¢r. r=(Z) at r<rsN(rn7)= (=) at r> Fs) (9.215) 


fi) 


(here r, is fixed) is attained. The Euler equations for problem (9,214), 
(9.215) are (cf. (5.13)): 


at MNr<r, 
=a [petted to(F— a) ae) 92 (4), 
de = + | ag0, — 20, Ve +v(2)]; 

at n<rcn 
é, = + [4 (t+ ot) +0,(%— 4) - (9.216) 


- 4 ro\" ay2y 
p= 4 | 09m — 209 +-v( 2) ]—2 See ' 


where 4 and v are integrals of the system (constants of isoperimetricity, 
corresponding to the specified time of motion and the specified angular 
displacement). At r= r,the partial derivative with respect to r of the 
integrand of functional (9.215) has a discontinuity. The Weierstrass — 
Erdmann conditions are fulfilled for the optimum trajectory, i.e., 


a, (r,— 0) = a, (7, + 0), a ae ie eg (9.217) 
G(r, —0) = ag (r, +0), ae (7, +0) — ay (r, — 0) = — (2ag0,/Fr »,. 
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427 Equations (9.214) and (9.216) together with the two first integrals 4 and v 
have in all 14 orders. The boundary conditions and the Weierstrass — 
Erdmann conditions give fourteen conditions for determining the trajectory. 

The point at which v, = 0 is a singular point of the node type (cf. (5.13)). 
The property of invariance of the optimum trajectory equations relative 
to the sign-reversal (5.16) and linear (5.15) transformations remains 
likewise in force. 

4, Approximate method for determining the optimum trajectory. 
The problem of finding the minimum of functional (9.215) can be solved 
by iterations. We shall describe this method using the analogous one 
of the displacements between points of rest in a gravity-free field: 


z=u, u=a, z (0) = 2%, u0)=0, c(fT)=1+ 2%, (9.218) 
u(T) = 0. 


Let us determine the optimum trajectory in the sense of minimizing 
the functional 


raf (Eye (9.219) 


(it is assumed for simplicity that z, = z,). The Euler equation for this 
problem has the form 


5, (az*) + a2 = 0, (9.220) 


The function N = (z,/z)? is replaced by some known function of time §© (qd), 
which takes the same values as N (z, z,) at the ends of the interval, so that 
£0) (0) = 1, EO (Z) = lay(a + DP. 

The Euler equation for the new functional is 


d? a 
a (<iq) =; (9,221) 


This equation easily integrates to yield 
t 
2 (t) = or + cat + | BO (x) (@— 1) Cot cat) de, (9,222) 
0 


where ¢, ..., e are integration constants. From this trajectory we deter- 
mine the new function WN [z (#), m] = § (). By repeating this procedure, 
we find a new approximation 2 (t), etc, 

428 As a zero approximation, we used the linear function & (f) =1— bt, 
where b = 1 (22, + D/(z, + )*® 7. In the following steps the function & (f) is 
replaced by its approximate expressions with the aid of Newton's interpola- 
tion polynomial, the number of interpolation nodes being increased at 
each step of the process. This enables us to end the interpolation each time. 

Figure 9.61 shows the functions a(t) corresponding to the successive 
approximations; for comparison, the law of variation a (t) for motion with 
constant power is shown by the dashed line (the boundary conditions z and 
wy + lL correspond roughly to the mean radii of Earth and Mars orbits). 

The value of the functional (9.219) was found, by this method, to be ~ 197-3, 
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Note that for motion at constant power given by N=1 and N= [z,)/ (2,4)? 
the minimum values of the functional are equal to 127-3 and 27PT-* respect- 
ively. 

The result is assessed as follows, The required magnitude obviously 
does not exceed the value of the functional (9.219) on the trajectory corre- 
sponding to the optimum motion with 
constant power ~ 19.8 P7~*, On the other 
hand, since we know the derivatives of 
the minimum value of the functional (9.215) 
with respect to the parameter zg, at the 
points z and z+ 1 (cf, subsection 2) and 
that its value at z,=2,+ 1 equals 27PT-, 
we find that min J =~ 187-?. Thus, the 
approximate method described provides 
a method of determining a trajectory 
which is very close to the optimum one. 

The elementary analogous problem 
considered has revealed the peculiar 
features of the thrust-acceleration program 
for flight along a trajectory which is an 
optimum.as regards the functional (9.219). 
The variation pattern of the acceleration 
differs in this case considerably from 
the linear law (Figure 9.61) corresponding 
to optimum motion with constant power, 


FIGURE 9.61. Successive approximations The law of variation a (é) which was 
to optimum thrust-acceleration control obtained has a simple physical inter - 
429 function a (t) for flight between points of pretation, namely, that it is efficient 


rest with propulsion system using solar 
energy. Dashed line represents optimum 
contro] function a (¢) for constant power. 


to maintain a high acceleration level in 
those places where the powerplant power 
is higher, i.e., at the beginning of the 
flight. Deceleration takes place at a 
lower power, and therefore the acceleration level at the end of the flight 
must be lower so that the consumption of working fluid should not be high. 

5. Calculation of the orbital transfer by means of the transport trajec- 
tory. To determine approximately the optimum trajectory in a central 
field we use the transport trajectory method (§ 2 of Chapter Five) combined 
with the iterative process described in the preceding subsection. 

The system describing the motion of the center of mass of the vehicle 
is written in the form 


r =a + grad U, (9.223) 
where JU is the potential of the gravitational field. In the zero approximation 
the functional (9.215) has the form 


T 241¢2442 
={ ee at, (9.224) 
J 8 (2) 


where az, a,, a, are the components of the thrust-acceleration vector in 
a cartesian system of coordinates, 
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The Euler equations for problem (9.223), (9.224) are 


I—4n=0, q= at, 


Ue 0S. Te 
A (vz Cee Ne (9.225) 
UL Uy UL 


Let us represent the trajectory of the motion in the form r (é) = r* (4) + p (4), 
where r* (t) is a known trajectory, satisfying part of the boundary conditions, 
for instance the conditions governing r (the transport trajectory), andp<r’. 
The transport trajectory r’ (t) is described by the equation 


r’ — grad U* =0. (9.226) 


Now substitute r =r* +p into (9.225) and, if second-order magnitudes 
are ignored, the system becomes 


p—A’p=a, H—AMH=0 (a= EM(L)y), (9.227) 


where U* and A* are values of the potential UY and the matrix A along the 
transport trajectory. 

430 If we write, in equations (9.227), A*= 0 (which corresponds to small 
deviations of the trajectory from the transport trajectory for which one can 
neglect the disturbances of the gravitational forces compared with the 
thrust), the equations of optimum motion in a system of coordinates moving 
along the transport trajectory will be 


p=0, 4=0. (9,228) 


In this approximation the optimum thrust control function will have the 
form (at the i-th step of the process) 


a® (t) = EM (t) (eft + ef?) (9.229) 


(ef? and ef are integration constants). If &€ (¢) has a form convenient for 
integration, then p () is now found either by quadratures or analytically. 

As an example consider the trajectory of the flight to Mars which is 
optimum in the sense of minimizing the functional 


c= ( (2) eat (r, = 1). (9,230) 


Assume for simplicity that the trajectory is plane. The boundary 

conditions can be taken to be those given in § 2.5 of Chapter Five for a 
431 flight to Mars of duration T = 212 days in the plane of the ecliptic. 

The approximate expression N [r(t), r,], which corresponds to the flight 
trajectory to Mars with a constant-power engine (given in Figure 5.8), 
can be taken as the function £9). Figure 9.62 shows the flight trajectory 
in the transport system of coordinates; the dashed curve represents the 
flight trajectory with an engine of constant power. The control function a (t) 
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is shown in Figure 9.63. The value of the functional is J = 16.4 m?/sec?, 
For motions with constant power N =1 and N = (7,/r,)* the minimum values 
of the functional are respectively equal to 9.25 m?/sec® and 25.1 m?/sec?, 


a mm/sec” 


FIGURE 9,62, Optimum trajectory of Earth— FIGURE 9.63, Optimum control pro- 
Mars orbital transfer in 212 days with power- gram of thrust acceleration during 
limited propulsion system and solar energy Earth— Mars orbital transfer with 
source. Dashed curve corresponds to constant- power-iimited propulsion system and 
power propulsion systern (transport system of sola: energy source (T = 212 days). 
coordinates). 


When the minimum values of the functional at r, =r, and r,= 1, are 
known, we can determine approximately the optimum value of the para- 
meter r, and the functional J (r,) (subsection 2). For a= 1kg/kw, B= 
= 1.5 kg/m?, »= 0.1 the optimum design distance to the Sun is nop = 
= 175-108 km, (7 = 150-108 km, r,= 250-108 km), and the minimum 
value of the functional J (rp) = 17 m?/sec3 (J (r,) = 18 m?/sec’). 


§ 7. ENGINE WITH ISOTOPIC ENERGY SOURCE 


1. Engine characteristics and formulation of the variational problem. 
The maximum power of an engine with isotopic energy source, similar to 
the maximum thrust of an isotopic sail (§ 5), decreases exponentially 
with time: 


O<N< Ne, (9.231) 


where N,is the maximum jet power at the initial timet =0, and Aisa 
parameter characterizing the decrease of power with time (1/4 is the half- 
life of the isotope). As above, maximum power utilization is always 
preferred during a powered flight with power-limited propulsion systems. 
In this case the basic parameters of the propulsion system are linked via 
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the relations (where the working fluid is accelerated without losses) 
N=Ne™, P=q, N= Y.qV*. (9.232) 
Consider an engine with a limited control range of the exhaust velocity: 
O<V (t) < Vinax: (9.233) 

in the limiting case Vmax ~ co. This corresponds to ideal throttling. 


432 The weight of the propulsion system is determined by the initial value 
of the power given by 


G, = aN, (9.234) 


The problem of delivering a maximum payload is written in the form 


Gs = —~kG,eV 8, G, (0) + Ga (4) = max, 
G, =0, +G,(0)=41, Gx (4) = opt, 
r=yV, r (0) =To, r(4) =r, 
Ea taal od an (9.235) 
v=Vs Gav +R, v())=v, v(t) = vy 
— _2eT _ we? 7 = 
(= sa = are O<KV()<1,8() = 4 or 0, je] =1). 


Here all the variables are dimensionless. The weights G,, G,are written 
as fractions of the takeoff weight, and the time ¢ and the half-life 1/4 as 
fractions of the total time of flight. The radius vector r is expressed as 
a fraction of the characteristic distance 1, the velocity of motion v asa 
fraction of I/T, and the exhaust velocity as a fraction of Vmax. 

The above variational problem corresponds to the standard formulation 
of the Mayer problem. We must determine the control functions e (¥), 6 (t), 
V (t), and the parameter G, such that the final value of the phase coordinate 
G, (1) = G,isamaximum,. The solution of this problem for two similar 
maneuvers in a gravity-free field is considered below. 

2. Build-up of a velocity. Let u,7 be the characteristic distance, 
where u,is the specified increment in the velocity magnitude. The 
expression ® is written in the form ® = (e/2g)u7 and the boundary conditions 
are 2#(0)=0, 2(0)=0, z(1) = opt, 2(4)=1. 

According to the maximum principle the optimum control functions 
e(t) = +4, 6 (), V(t) must yield an absolute minimum of the Hamiltonian 


ky 
H = Gye" ( Ay en 7) + Pally (9.236) 


where the momenta p are determined by the system of differential equations 


Ps = e VG@,+G,)" . (9 .237) 
. . ky Put (t) et kup,et 3 
Px = Po @ V(G,+G,) vw 
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with boundary conditions 
Po (0) = px (0), Px (t) = 0, pe (1) = 0, pe (A)= —4. (9.238) 


The optimum control functions in the problem considered are determined 
by the following relations: 


eQ=1, 6H=1, 


Vi) = ie at Vopt <1 V = ” Vio (6,4 G,) (9,239) 
(t) = at Vopt> 1 8 a . 


It follows from analyzing the Hamiltonian H and the boundary conditions 
that the control functions e(¢) and 6 (t) found in the problem of build-up of 
a specified velocity magnitude remain the same for any engine control 
regime. 

At time ¢t, the exhaust velocity reaches its limit Voy (¢,) = 1, where 


wan piel aoens 
-r 
VeRO —in( 144,178 
x —a 3k y = (9.240) 
= = 
Vix® — In (5+ 3 7 )+1—2(1h : } 


Since 4, can take different values, depending on the parameters, three 
different expressions for the functional G, are obtained when solving 
equations (9,235) and (9.237), These are 


ab tec 0; Guage Vee sa ks Set diel (9.241) 
1—e 1 


at ti 4: Ga = (1— V 50)’, (9.242) 


at 0<4<1: Ge= ayo [tt 


1 4— 


+ VE@—In($ 4m tse). (o;248) 


In case (9.241) the control function V (t) reaches its limit V ()=1; (9.242) 
corresponds to the ideal control V (¢) = Vopt (#); in case (9.243), V (t) = Vope (¢) 
ato<t<4, VH=lat y<mt<1. 

The optimum value of the engine weight G, is 


= paca | VRO— 1b (549 =) ‘ 
x{-1—4][ VRo—1—1n (4 eee “\] 4 
+(t4m45e yy. (9.244) 


The results of this solution are illustrated in Figure 9.64. This shows 
the relative payload as a function of 47 during the velocity build-up using 
an ideally-throttlable engine (0 < V = Vom < ov). 

3. Displacement between points of rest. For the second analogous 
problem, that of the flight between two points of rest situated at a distance 
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Zl apart, an analytic solution is obtained for an ideally-throttlable engine 
only. 

The full system of differential equations governing the motion, weight 
variation, and conjugated momenta has the following form in dimensionless 


coordinates: 
Lt =U, 
7 42 G, pt 
u= > VGC.) e(t)d, 
12 Gy 
G,=— or eM, 
é,=0, (9.245) 
; 12p,e (t) Ge ™ 
pr=9, Pu=— Px Po= OV G, + G,F ’ 
¢ 12p,e (t) e™ pie 
Px= Po OV (GF E,) Ot or 5: 
435 The Hamiltonian is given by 
126 et Pye (t) Py 
na (29 Tr) 8+ Pets (9.246) 
where @® = (a/2g) 122777. 
The boundary conditions for the momenta and the coordinates 
Po(% = px (0), po(1)=—1, px(1)=0, } (9,247) 
Go(0) + G. (0) =1. 2(0)=0, u()=0, z(1)=1, u(1) =0 


completely define the problem. 


a a a a ES 0 f2 & 206 08 papas 


FIGURE 9,64. Influence of decrease in jet power 
with time on relative payload G,/Go for specified 
velocity build-up u, during time 7 (AT is ratio 
of maneuvering time to isotope half-life). 
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FIGURE 9.65, Influence of the decrease 
in jet power with time on relative pay- 
load Gy/Go for flight during time T be- 
tween two points of rest situated distance 
lapart. 


The minimum of the Hamiltonian is achieved for the following optimum 
control functions: 


e(@t)=—sgnpy, 5()=1, 
y _ 2PalGo + 4) (9.248) 
= ry ‘ 


The maximum payload is found from the following expression in terms of 


the functional ®: 
Boa (1-7 Bee Buse )' (9.249) 


2((1— e742 — 1e} 


Figure 9.65 shows the relative payload as a function of AT for flight 
between two points of rest with an ideally-throttlable engine. The data in 
Figures 9.64 and 9.65 show that the decrease in jet power with time has 
a noticeable effect on the payload for ratios of the maneuvering time to the 
half-life which are of order A7 > 0.1. 
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Chapter Ten 


MODIFICATIONS OF THE OPTIMUM CRITERION 


So far, the weight criterion for an optimum has been used when formulat- 
ing the variational problems, namely, maximum payload for given takeoff 
weight. The dynamic maneuver was fixed, Each set of maneuver para- 
meters had its corresponding suitable values of the dynamic system 
parameters to ensure delivery of a maximum payload. 

In this chapter the formulation of the optimization problems is changed 
in two senses. First, the weight criterion is replaced by the cost criterion 
(§ 1, /10.1/) and second, the propulsion system parameters are selected 
not for a single maneuver but for a range of maneuvers (§§ 2 and 3). The 
distribution of the required number and types of maneuvers is either fixed 
(§ 2, /10.2/), or considered as unknown; in the latter case use is made of 
the theory of games (§ 3, /10.3/). For each specific maneuver, the 
optimum working-fluid reserve is determined for selected universal 
parameters of the propulsion system (§ 4, /10.4/). 


§ 1. MINIMIZING THE COST OF A MANEUVER 

If the same maneuver is to be performed several times, it is preferable 
to replace the weight criterion by the cost criterion. The cost ofa maneuver 
consists ofthe costs of the main vehicle components; the latter are considered 


proportional to the corresponding weights. 
1. Cost formula, The cost C of a maneuver is given by 


CH=Oyotle tO. + C,. (10.1) 


Here C, is the cost of injection into the initial orbit (taken proportional 
to the initial weight G = G, + Gyo + G,) where 


Co = G3 (10.2) 


Cy is the cost of the propulsion system (taken proportional to the engine 
weight G,) given by 


C,= Gy; ( 10. 3) 


C, is the cost of the working-fluid reserve with the tanks (taken propor- 
tional to the initial weight of working fluid G,.) written as 


Cy = CuGuoi (10.4) 


337 


438 


C, are other expenses, independent of the weight parameters of the vehicle. 
The coefficients cy), cx, ¢, and the cost C, are considered constant and 
specified. 

2, Optimum criterion. The cost of the delivery per unit payload 
(cf. (10.1)) is chosen as the optimum criterion 


c= C/G, (10.5) 


which, when using the relations (10.2) to (10.4) connecting the costs and 
weights, may be expressed as 


c= (Colt + xO + CpGye + C2). (10.6) 


The takeoff weight G, is specified, and therefore instead of (10.6) we 
introduce the following functional to characterize the maneuvering cost: 


ee A+ Gy + Su Fyo 
1—-G,—G,, ’ 


(10.7) 


where the weights G, and G,. are represented as fractions of the takeoff 
weight G,, and the coefficients s, and s, are fixed by 


cy c 
m= Saya oe EEE yes >? (eee) 
The functional (10.7) differs from (10.6) by a constant factor where 
= (e + C/G)S, (10.9) 


so that the problem of minimizing S is equivalent to that of minimizing c. 

3. Formulation of the variational problem. With the above assumptions 
the formulation of the optimization problem is analogous to that given in 
the introduction to Part II; only the functional is different. 

We introduce a differential equation describing the variation of the 
functional (10.7) with time, and write the variational problem in Mayer's 


form (cf. (II. 5)) 
‘ 4+5,+(s,—s,)G, 1+5s,G, F 
3=¢—qha—ser S (0) = i—6,’ S(T) = min, 
AG.= 4, AG, (0) = 0, AG, (T) = opt, (10,10) 
r=y, r(0)=to, r(T) =", 
v= Pe(i—G,—AG,)' +8, v(0)=Vo, v(T) =v. 


Here, a new phase coordinate AG, = Gy — G, (), which is the weight of 
working fluid consumed up to time ¢, replaces G,(the instantaneous working- 
fluid reserve). The object of this transformation is to minimize the terminal 
value S (f) (and not the initial one) of the phase coordinate S. All weights 

in (10.10) are*yiven as fractions of the takeoff weight G, and the thrust and 
flow rate as fractions of G,/g. In order to close formulation (10.10) the 
characteristics of the propulsion system (II.9), (II.10) must be specified. 
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For fixed engine weight G, the problem of minimum cost § reduces to 
that of minimum working-fluid weight Gy. This is clear from physical 
considerations. It follows formally from the fact that the partial derivative 
of S is positive: 


as Su 14+58,G,+ $.Gyo 0 
3G, 1—G,—G, + a—G,—G,) > 


(10.11) 


since s, and s, are positive (cf, (10.8)), and G+ Gy<1. 

This observation enables one to use the optimum programs of engine 
control found earlier. Now, only new optimum values of the constant 
control parameters remain to be found, 

4. Ideal power-limited engine. The characteristics of such an engine 
are given by formulas (4.1) to (4.4). After integrating the flow-rate 
equation we have (allowing for the fact that N (t) =Nmax, cf. (4.9)) 


T 
Gu=apa (= x ata, a= const), (10,12) 


The optimum engine weight G, can be found as before without solving 
the dynamic part of the problem to minimize the functional J. Substituting 
{10.12) in (10.7), G, is found from the condition 08/dG, = 0: 


G. = VEO FEE O'_ to (6=773'). (10,13) 


The parameter € represents the ratio of the cost per working-fluid weight 
to the cost per unit engine weight (cf. (10.8)). For ¢ = 1 (equal costs) 
(10.13) yields expression (4.15) for the engine weight which ensures a 
maximum payload. The optimum ratio between the weight of the working 
fluid and the engine indicates that the working-fluid reserve should be 
increased for <1, or that the engine weight be increased for €>1 
(Figure 10.1). It is seen from the figure that the difference between the 
optimum weight relations when substituting the cost criterion for the 
weight criterion can be quite considerable, depending on the difference 

in cost between the working fluid and engine. 

Consider the loss in the functionals if, when calculating one functional 
we use the optimum weight ratios of the other one. To decrease the number ' 
of parameters we separate from the cost functional (10.7) that part which 
only depends on € and 9, i.e., 


o(t, 0) = Sets (Sneed (10.14) 


As for S, the variable o represents the maneuvering cost. The solid 
curves in Figure 10.2 represent o (f, ®) for the optimum values of G,, 
and G, obtained using the cost criterion (10.12) and (10.13). The dashed 
curves correspond to the optimum values of G,) and G, obtained using the 
weight criterion Go = V®, G = V® — ® (cf, (10,12), (10.13) for ¢ = 1, 
and (4.17), (4.15)). The same figure shows the dependence of the payload 
G, = 1—G,—G, on ® for different values of the parameter ¢. It is seen 
that the loss in payload when using one optimum weight ratio in place of 
the other is greater than the loss in cost. 
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FIGURE 10,1. Optimum cost relations between engine weight G, (ideal, 
power-limited) and working-fluid reserve Gyo (% is ratio of unit cost of 
working fluid and engine, @ is functional of dynamic problem), 


FIGURE 10.2, Cost « and payload G, for ideal power-limited engine 
(weight relations taken from Figure 10,1; dashed curves represent cost 
for maximum payload), 
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§ 2. UNIVERSAL PROPULSION SYSTEM FOR A GIVEN 
CLASS OF MANEUVERS 


We consider here the problem of selecting the parameters of the pro- 
pulsion system which executesa specific range of maneuvers (and not 
just one maneuver as until now). Such a universal system yields a reduc- 
tion in the number of nonidentical systems, and therefore also their develop- 
ment expenses. Optimization is realized using the weight criterion. 

1, General formulation of the problem. Consider a controllable object 
(dynamic system), whose state is described by a system of ordinary 
differential equations of the form 


a, = fy (aj, Uy, Wet), 1 (O) = Bo, 24 (T) = By 
(Ux min < Ux (2) < Uk maxs W1 = Const; (10.15) 
i,j=0,1,..,7; AK=4,..., 7; 1=1,.... 9) 


where z; are the phase coordinates, u, (t)are the control functions and wy, 
are the control parameters. 

The maneuver is here represented by a set of boundary values for the 
phase coordinates z, (i=1,...,m<n) and the time 7; the set of these 
values is designated by the vector 


Db = (Zp) + «> Zads Lays s+ y Zp T)- (10.16) 


The dynamic system is characterized by the set of control-parameter 
values w, and by the vector 


w= (wy, ...5 We) (10.17) 


(the limiting values of the control functions uymm, Uemax Can also belong to 
the parameters w). 

The criterion of maneuver "quality" is the extreme value of the phage 
coordinate z,: 


Zo (T) = extr (zy (0) = 0). (10.18) 


When usually formulating optimum control problems, functions ux (4) must 
be established and values of the parameters w, selected from the class of 
allowable ones to ensure that the boundary conditions (10.15) are satisfied 
and yield an extremum of the functional (10,18). 

The optimum control functions u, (t) and the optimum values of the 
parameters w,;, which form the solution of the problem, generally depend 
on the maneuver parameters b. The dynamic systems (10,15) will be 
considered as different if the values of the corresponding parameters w 
do not coincide. It is assumed that different control functions uy, (4) can 
be realized in the same system. 

The optimum realization (in the sense of the functional (10.18)) of a 
large number of maneuvers with different sets of parameters 


b® = (2), 2, 7), s=4,...,8 (10.19) 
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necessitates the creation of a large number of nonidentical systems. The 
latter may be inefficient from an economic point of view. 

Consider the problem of performing S different maneuvers with a 
given number Q of types of systems (10.15), smaller than S, i.e., 
1<Q<S. The value of the functional (10.18) averaged over all maneuvers 
is taken as the optimum criterion. 

The optimum number Q of types of systems must be determined from the 
criterion of minimum cost. To that end one must know the cost of develop- 
ing system (10.15) with parameters which are different from the former 
ones and to know how the cost and functional (10.18) are related. Here the 
latter problem is not considered and the number Q of types of systems is 
taken as known. 

The problem of universalizing the optimum system parameters can also 
be formulated in another way. If system (10.15) is assembled from ele- 
mentary sections, its parameters w can be represented in the form 


w=wi(s, Aw), o=1,2,..., (10.20) 


where Aw are the parameters of the elementary sections (in particular, 
relationship (10.20) can be linear so that w= oAw). The problem is to 
select universal optimum parameters Aw for all the S types of maneuvers, 
and to determine the optimum number o of sections for each maneuver. 

2, Optimum criterion, The statistical approach is used to set up the 
optimum criterion for the two problems stated above. The distribution of 
the required number of maneuvers is specified according to their para- 
meters (10.19). If the required number of each type of maneuver is 
expressed as a fraction of the total number of all the types of maneuvers, 
we can treat this distribution as the distribution representing the probability 
p. of the maneuvers occurring according to the types 


§ 
P= P(b”), Si p= 4. (10.21) 


sel 


The optimum criterion will then be the mathematical expectation of the 
functional (10.18) 


§ 
<1) = 5} Peto (b™), (10,22) 


a=] 


i.e., the value of the functional (10.18) averaged over all the types of 
maneuvers (10.19). 

Instead of being specified discretely, as in (10.19), the maneuver 
parameters can also be specified continuously, for instance as a function 
of one variable 


b=b(s), 0<s<S, (10.23) 


where s can take all values within the interval [0, 5] (not only integral values). 
In this case the distribution of probabilities (10,21) is replaced by the density 
of the probability distribution 


& 
p=e(s) Vp(s)ds=1, (10.24) 
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and the functional (10.22) is replaced by 


s 
(fa) = {0(s) Zoi (b(s)) ds. (10.25) 


3. Formulation of the problem for a given number of types of systems. 
Consider the case when the parameters of system (10.15) can take Q values 
w,@=1,..., Q. We must realize S types of maneuvers (10.19) witha 
probability distribution (10.21), and ensure the maximum (minimum) of 
the functional (10.22), 

Introduce for each s-th type of maneuver a new independent variable 


t= YTS (10,26) 


to replace the time ¢ so that one can relate the final conditions (10,15) and 
the functional (10.22) to the same point t = 1 for all maneuvers. The 
problem can then be reduced to the standard one (10.15) to (10.18), for 

an expanded system of differential equations 


dz” =r", (zi ul) wi Tx) 

at eas (10.27 
ete s=1,...,S;0=1,...,,Q2<09; ) 
i,j7=0,1,....75 ey ae Fe Dy ies) 


with boundary conditions 


zy) (0) =0, 2)” (0) = ai’, 2) = ay (10.28) 
(tc ees: i=1,...,7) 
and functional 
Zo) = 3 pti” (1) =extr. (10,29) 
s=1 


Here, as before, 2%) are the phase coordinates (S(n + 1) in number), u‘) are 
the control functions (Sr in number) and w) are the constant control para- 
meters (Qq in number). 

444 For the continuous distribution (10.23)—(10.25) we obtain the two- 
dimensional variational problem for the system 


=T (s) fi (z;, any Wy Tr (s) t) 


: (10.30) 
(OO<t<1; O<Ss<S; i,f=0,1,....m;5 k=t,...,H1=1,....9) 

with boundary conditions 

z(0, 3) =0, 2, (0, s)= 2% (s), x41, 8) = ay (8) (10.31) 
O<s<S, i=1,..., n) 
and functional 
s 

<Zo1) = lois) 20 (1, s) ds = extr. (10.32) 
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Here z; = z; (t, 5), uy = ux (t, s) are the phase coordinates and control functions, 
depending on two variables, and w, ~ vw, (s) are the step control functions 
with a specified number of levels w?, w= 1,..., &, depending only on s 
(@w,/at = 0), 

4, Formulating the problem for the universal section. The formulations 
of the variational problems (10.27) to (10.29) and (10.30) to (10.32) are 
transformed to the case considered with several alterations. The boundary 
conditions (10.28), (10.31) and the functionals (10.29), (10.32) are preserved. 
The notation of the differential equations is somewhat altered as follows 
(relationship (10.20) is considered as linear to simplify the notation): 

for a discrete distribution (cf. (10.27)) 

id i OOO @) 
zx fi(ap’, uk +6 Aw,, T’t) 


rt (10.33) 
O<t<i; s=1,...,8; if =0,1....,2;3 


k=1,....73 1=1,...,4), 
for a continuous distribution (cf. (10.30)) 


pa = T (s) f, (aj, uy, cAw,, T (s) 1) (10.34) 


QO<t<1; 0<s<58; i, j=0,1,...,m;k=1,...,7;5 1=1...., 9). 


In equations (10.33) the constant control parameters Aw, are identical 
for all s; o = 1, 2,... are integers, which can be different for each s 
(unlike (10.27), where the number Q of parameters wis smaller than the 
number § of groups of equations). 

445 In equations (10.34) Aw, are the constant control parameters (dAw,/dt = 
= dAw/ds = 0); o = (s) is the step control function of the single variable s, 
which takes any integer values (unlike (10.30), where the number Q of 
levels w” of the step control function w (s)is specified). 

5. Ideal power-limited engine. The only parameter w in this case is 
the engine weight G, or the maximum power Nmax = Gx /a where, in the 
general case, ¢ =a (Npax) or a = a (G,) (cf. § 1 of Chapter Four). The 
functional (10.18) of the initial problem (10.15) to (10.17) is the payload (4.5), 

After solving the dynamic problem (5.2) for each set of maneuver 
parameters (10.19) b = (ry, vq, Tu, Vi, 7) we have a value for the integral J 
which is here considered as a parameter of the maneuver b. The payload 
is expressed in terms of G, and J (cf. (4.10)) where 


¢,.= Gx ( (10.35) 


1 
G, + (a/2g) J —1). 


It is assumed that the distributions of maneuvers according to types 
are specified in the following form: 
discrete distribution (10.21) 


8 
B=PJ), Sp=1, (10,36) 
s=1 


continuous distribution (10,24) 


Sy 


eP=PW), eens (10.37) 


The problem functional is written correspondingly in the following forms: 
for the discrete distribution (cf. (10.22)) 


s 
C= 3 pees 4), 10.38 
ie 2 e areorr ) ( ) 
for the continuous distribution (cf. (10.25)) 
Sy ‘ 
Gx) =| eV) Gx (appar ter (10.39) 


(the magnitude <G,) represents the average payload per maneuver over the 
range [J,, J,]). 

Thus, the problem of performing a given class of maneuvers (10.36), 
gid: 37) with the aid of a specified number 2 < S of propulsion system types 
6(cf. Subsection 3) reduces to finding the maximum of the sum (10.38) for 
G, = G @ = 1,..., Q or the maximum of the integral (10.39) for G, J) = 
= 6@=1,..., 2, where @ is specified, and the levels G© must be 
selected so that they are optima. 

If we consider the problem of selecting the optimum parameters of 
the universal section (cf. Subsection 4), we must substitute oAG, for G, 
in (10.38) and (10.39), and consider the unit weight ¢ as dependent on AG, 
instead of G,. The functional (10.38) is then rewritten in the form 


s 
=. a) { —_ Att ———— ee 10,40 
(Gx) = AG. Y PO” (cong peace)’ ey) 


sz] 
and the functional (10.39) in the form 


Ti 
4 


In (10.40) of, s = 1,..., S, are arbitrary positive integers, and in (10.41) 
o is a step function of J with an arbitrary number of integer levels. 
We introduce the symbols 


=, 4= 2 O<OK<4, x>41), (10,42) 


where a,is the limiting value of the unit section weight for infinitely large 
power, and consider the case when the maneuvers are continuously distri- 
buted over the range [®,, ®,] with the same probability, i.e., 


p(®) = gtg, at M<O<o, (10,43) 
p(®)=0 at DM, ODM, 


The dependence of the. unit engine weight ¢ on its absolute parameters 
Nmax or Gy, ( G0/ONmax, 40/86, <0, ef, Figure 2.96) is unnecessary for the 
method of solution, For the problem with a fixed number of levels G® 
the introduction of this dependence does not even lead to qualitative 
peculiarities. When treating the universal section, however, the dependence 
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a (AG,) or x (AG,) is important from the qualitative point of view. For y=1 
the optimum size of the section tends to zero (AG, — 0) while if 304/66, < 0 
the optimum size of the section is finite. Therefore the functional (10.39) 
of the first problem is written in the form (x= 1) 


a 
_ 14 4 10.44 
Gn) = 5 3 G.(ate—!) 4, ( ) 
447 and the functional (10.41) of the second problem in the form (x = x (AG,)) 
4G, i (10.45 
Ge) = 5a, | 9 (cae oREAD —1) do. 45) 


The integral (10.44) is taken along the segments 0 < ® < 0(”, where the 
level GS is optimum, and 


1 = (w) 
«Gr> =-3,_6, > Gx [1 


o=1 


on) + om (a) (w) 
aera — (Or — OF )|. (10,46) 


The time of switchover from one level to another is determined from the 
condition of maximum integrand (10.44). The problem then reduces to 
finding the maximum of the function with © variables (G,)=/ (GY, ..., G&) 
under the condition that the integrand of (10.44) is nonnegative. This is 
equivalent to the condition 


Oc min {GP} <1-—,. (10.47) 


This procedure can be carried out numerically by the method of steepest 
descent(cf. Chapter Fourteen). For Q = 1 the optimum value of the single 
level G? is determined by solving the equation 


a <G,) 1 O,+ 60 ew 4 
———- = ————_- 11 ———— ‘to 
a6H — M— Oy 4+ 69 (+. GM) (O, + GW) 


=0 (10.48) 


when the root of this equation is smaller than (1— ®,); otherwise GM= 1— ,, 


0 ae t UW 08 *, 
FIGURE 10.3. Payload averaged over maneu- 
ver (G,), when performance of maneuvers 
over range [Bp, Dp ++ A] is ensured by fixed 
number of propulsion systems 9 = 1, 2. 
Dashed curves correspond to 9) -» oo. 
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Figure 10.3 shows the averaged payload <G,) for intervals of different 
length A® = @, — ®, = 0; 0.2; 0.4; 0.8 plotted as a function of the initial 
point of the interval ®,. The dashed curves correspond to the continuous 
optimum law of variation G, (©) = Y® — ® (an infinite number of types of 

44 propulsion systems, cf. the dashed curve in Figure 10.4). It is seen that 
with the aid of a single type of propulsion system (the curves Q= 1) one 
can approach close to the maximum possible value of the payload. The 
transition to two types of propulsion systems reduces the loss in payload 
to practically zero (the dashed curves and the curves Q = 2 are practically 
indistinguishable in the scale of the figure, except for the case A® = 0.8), 


a G2 4 “6 © 


FIGURE 10.4. Example of step FIGURE 10.5. Universal curve of 
approximation ( Q = 1, 2) to optimum optimum engine weight G@) for 


distribution of engine weight G,, for maneuvers over range [®, ®, + A®]. 
Maneuvers over range[@,, Dy 1- AP]. 


Figure 10.4 represents the optimum distribution of the propulsion system 
weight G, according to the maneuver parameter ® for 2 = 1, 2, 0, The 
relationship G? (@,, A@) for Q = 1 is shown in Figure 10.5. The straight 
line segments correspond to the limits in (10,47). 


a G2 4 a Ww « 


FIGURE 10.6. Approximation to optimum dis- 
tribution of engine weight G, over range of 

maneuvers by a step curve with equidistant levels 
AG, = 0.1, 0.05 (problem of universal section). 


In the second problem a step function o (®) with integer levels must be 
built, and the value of the parameter AG, which maximizes the integral 
(10.45) must be selected when the integrand is nonnegative. 
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Consider the transformation z= y® and introduce the symbol 


=z 


K (z, AG,) = {oAG, (sae Fat) ae. (10.49) 
rf x 
Expression (10.45) is then rewritten 
4 
(Ga) = Tix (K (yi, AG) — K (yo, AG,)}. (10.50) 


49 The integral (10.49), similarly to (10.44), is taken over the segments 


between the level switchovers o;, while the switchover time is determined 
from the condition of maximum integrand in (10.49) with respect to the 
integer values oj= 1, 2,..., Omax} Omax ={1/4AG,]+1 (where [...] designates 
the whole part of the number); cf, G, = 0 (®) AG, in Figure 10.6. The curve 
K (z) has been plotted in Figure 10.7 for different values of AG,. It is seen 
that for AG, < 0.1 the curves practically coincide with the limiting curve 


K (2,0) =2(t1—%y Ve + yz) (AG, 0). (10.51) 


As an approximation replace K (z, AG,) in (10.50) by K (z, 0) to obtain 


Gy) = 1 A Veet Ayo, 40) at AGO 
oD =1-—s Loo, tak 1+,) a x< 04, (10.52) 


where 1< y= 4 (AG,) < (4 — AG,)//®, (the upper bound was obtained from the 
condition that the integrand in (10,49) is nonnegative). In order to find the 
optimum value of AG, the relationship y (AG,) must be given, for instance 


4 (AG,) = a (AG,)Ja, = AG,/(AGx — AG}), (10.53) 
450 


where AG, is the limiting weight of the section for a power tending to zero. 
The form of this relationship coincides with those described in the literature 
(cf. Figure 10.8 and Figure 2.96). 


0 
a2 4 a a8 zt 
FIGURE 10.7, Function K (x, AG,) (cf. (10.49), FIGURE 10.8. Unit engine weight x = 
(10.50)). = a/a* as function of section size 


AG,/AG* (at, AG? = const), 
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From the condition for nonnegative payload for each maneuver over the 
range[®,,®,], the allowable range over which x varies is 


W<X<S da, Xie = 


mi (te ee) FY $14 Se) ed. oes) 


Within this interval, (10.52) indicates that <G,) is a monotonic decreasing 
function of y. Hence, the optimum values of x and AG, are 


X= AG = AGC. Ya/(Xa—1). (10.55) 


For AG, > 0.1 the problem is solved numerically with the known relationship 
K (z, AG,)(shown in Figure 10.7) and by formula (10,50). The results are 
given in Figures 10.9 and 10,10 (AG, = 0.001), which are similar to 

Figures 10,3 and 10.5, 


a f2 04 WU %@ a a2 a4 a6 g, 
FIGURE 10.8, Payload <G,> averaged over FIGURE 10.10, Optimum size of universal section 
range of maneuvers, when performance of AG, asfunction of the parameters of the maneuver 
maneuvers from range [By, Dy + A®] is range [Mo, Bp + AM] (cf, Figure 10.5). 


obtained by propulsion systems assembled from 
universal sections (cf. Figure 10.3). 


When the maneuvers over the given range are performed by a single 
propulsion system (first problem), the loss in payload is increased con- 
siderably by expanding the range and transferring it to the region of 
energetically-strained maneuvers (Figure 10.3). The use of universal 
sections from which to assemble the engine for each specific maneuver 
{the second problem) improves the situation. The loss in payload is 
approximately just as small over any range of maneuvers. 


451 


349 


452 


§ 3. THE GAME APPROACH TO THE PROBLEM 
OF SELECTING THE OPTIMUM PARAMETERS 
OF THE PROPULSION SYSTEM 


The parameters of a universal engine for some given class of maneuvers 
were written above assuming that the frequency of each maneuver is known, 
This assumption is discarded here, and only the limits of the range of 
possible maneuvers are considered as known. The parameters of the 
optimum engine must be determined over this range of maneuvers. 

The problem is formulated in terms of the theory of antagonistic games. 
The game approach guarantees that, when the propulsion system parameters 
are correctly selected, the loss resulting from the universal requirement 
of the engine and the lack of complete information about the maneuvers will 
be no higher than some fixed value [the value of the game], independently 
of the specified frequency distribution of the maneuvers. 

1. Statement of the problem. Consider first, as in the preceding section, 
the general case consisting of a dynamic system (10.15) with parameters w 
and control functions u, (). The maneuver is specified by the vector b 
(10.16), and the maneuver quality is characterized by the functional 2, (T) 
(10,18). 

The control functions u; (ft) are selected from the class of allowable 
functions such that the boundary conditions (10.15) are satisfied and such 
that an extremum of the functional (10.18) is attained, where 


extr 2» (T) = 21 (b, w), (10.56) 
Up 


For a fixed vector w different system control parameters u, (t) can be 
selected, depending on the vector b of the maneuver parameters. It is 
assumed that the variational problem of establishing the optimum control 
functions u; (t) has been solved and that the function (10.56) is known. 

The parameters of maneuver b can take any values within a fixed region 
B or a fixed discrete set B with a frequency v. The frequency v (b) with 
which the maneuver b must be performed is unknown. This quantity v (b) 
is written in terms of the distribution function F, (b) with the aid ofa 
Stiltjes integral (step functions are allowed as distribution functions). 
The frequency v (be 8’) with which maneuvers belonging to region B’'c B 
appear is equal to 


v(be B') = \ dF, (b) ( § dF, (b) = 1), (10.57) 
bes’ beB 


where the distribution function F, (b) is unknown (according to the assumption 
about v (b)). 

The vector w, representing the parameters (10.17) of the dynamic system, 
can take only one value for all values b G B (requirement of universality of 
the dynamic system for the given class of maneuvers). If, for each maneu- 
ver b we could select its system w (b), it would be possible to ensure the 
maximum (minimum) value of the functional (10.56) given by 


extr 2 (T) = 20 (b), (10,58) 
Uy (7 


350 


453 


which is the ideal solution. The universal system ensures a value of the 
functional (10.56) which is lower (higher) than (10.58), except for the 
maneuver b for which the parameters of the universal system w are opti- 
mum in the sense of condition (10.18). 

The loss .4 when compared with the ideal solution will be given for each 
maneuver by the relative deviation 


UM (by w) = [2 O—sah w) : (10.59) 


The total loss of the system with parameters w for the series of maneu- 
vers b from the set B with a frequency distribution F, (b) is 


M (F,(b), w) = Sy A (b, w) dF, (b). _ (10.60) 


beB 


A typical game situation arises in which two players, 'Nature'' and the 
"Designer", participate. Nature specifies the maneuver frequency distribu- 
tion (10.57) according to the maneuver parameters (Nature's 'move'') such 
that the Designer's loss increases. The Designer selects the parameters 
of the dynamic system (10.17) (the Designer's ''move"') so as to decrease 
this loss. The Designer makes the first move; he only knows the boundaries 
of the range over which Nature can select the maneuver parameters. 

Nature moves next, without knowing the Designer's move, 

Had the Designer been permitted to select a value of w for each maneuver 
b instead of just one universal value, and were complete information on the 
maneuvers available to him, his loss would have been equal to zero. In the 
situation described above the loss always differs from zero, * We consider 
the problem of calculating the loss when Nature plays so as to maximize the 
loss for any move of the Designer, and when the Designer wants to mini- 
mize the loss for any move of Nature. The solution of this problem deter- 
mines the parameters of the dynamic system which are optimum in the 
following sense: for every maneuver frequency distribution specified by 
Nature, the loss of the Designer will not exceed the minimum value of 
the loss found (value of the game /10.5—10.8/). 

In this formulation Nature and the Designer do not have equal rights. 
Nature can specify any number of different maneuvers from the allowable 
set B (Nature's move specifies the distribution function F, (b) of the frequency 
within set B), while the Designer can only select one dynamic system (the 
Designer's move fixes one value of the vector w). We shall confer equal 
rights on both sides, as is usual in the theory of antagonistic games. The 
Designer is allowed to select any number of different dynamic systems 
from an allowable set W, i.e., the move of the Designer will consist in 
specifying the distribution function F, (w) of the frequency 4 with which the 
different systems are to be used. In the terms of the distribution function, 
the frequency of utilization of systems with parameters lying within the 
region W c W is given by (cf. (10.57)) 


MweW’) = y dF, (w) ( \ dF, (w) = 1). (10.61) . 


wew wew 


* This excludes the improbable case when only those maneuvers need be fulfilled for which the selected 
system w is optimum in the sense of (10.18). 


351 


The assumption that each player is ignorant of the moves of his opponent 
remains in force, i.,e., the Designer must decide which of the dynamic 
systems to use for performing the next maneuver before having the maneuver 
parameters. ; 

The loss for Nature's move F, (b) and the Designer's move F) (w) will in 
this case equal 


M (F.(b), Fy(w)) = {) Me (b, w) dF, (b) dF (Ww). (10.62) 
beB 


wew 


Suppose that the payoff function .“(b, w) has positive second derivatives 
in the entire region over which it is defined #®M/duy>0,..., PM/dwi >0 
and that the game is continuous (the allowable sets B and W represent 
54regions). Then, as proved in the theory of games /10.5—10.8/, the optimum 
strategy of the Designer will be the "pure" strategy 


A (w) = 1 at w=w’, (10.63) 
0 at w+w’', 


i.e., it is advantageous for the Designer to select only one dynamic system 
w’. This means that in the given case the solution of (10.62) coincides 
with that of the earlier-stated problem (10.60). 

An analysis is now carried out for an ideal power-limited engine (cf. 
Chapter Four). The maneuver can here be characterized by a single 
parameter, namely, the functional of the dynamic problem J or the 
combination ® = @/2g)J, and the engine is represented by its maximum 
power Nomar or its weight G, = aNmex (the unit engine weight a = const is 
specified). The loss .#“ is measured in units of the payload G,. The para- 
meters of the engine and the maneuver can be continuously varied within 
certain limits (continuous game). : 

2. Payoff function. The payload (the functional (10.56)) for an ideal 
power-limited engine of weight G, for the maneuver with functional ® is 
equal to (4,14) 


T 


—1) (o=%) att) (10.64) 


Gx (Or Gs) = Ge (a 


(the weights G, and G, are represented as fractions of the takeoff weight G,). 

For each value of ® there exists an optimum engine weight (4.15) which 
maximizes the payload (10.64). This maximum value (the ideal solution 
(10.58)) is equal to (4.16) © 


Gx max (0) = (L—- YO)*, (10.65) 


The payoff function (10.59) is formed from the relative loss in payload 
(10.64) and its maximum possible value (10.65), and takes the form 


Gx max (P) — G, (®, G,) =f G, (1 —-® —G,) 


G, max (©) =!—eTajd— yor" (10.66) 


A (@, G,) = 


The region over which the function “(®, G,) is defined is (Figure 10.11) 


0<O<1, 0<G, < min (%, (1 — O)}. (10.67) 
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The upper bound of ® corresponds to the condition of nonnegativeness 
of the maximum payload (10.65). The alternative bound imposed on &, is 
5 due to the fact that, in the first place, there is no sense in making the 
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engine weight larger than 1/4 (cf. (4.15) and Figure 4.2), and in the second 
place, the engine weight should not be made larger than the limit corre- 
sponding to zero payload (10.64). The second restriction on G, operates 
within the range 3/4 <@®<1. 


FIGURE 10.11. Payoff function (®, G,) of “Nature-Designer” 
game for ideal power-limited engine (relative loss in payload as 
function of maneuver parameter ® and engine parameter Gy. 

Dash-dot curves represent minima and maxima in (®, G,) plane). 


The function “(®, G,) is bounded everywhere within region (10.67), 
0< “(®, G,)< 1, and continuous and differentiable with respect to both 
variables within the open region. At the boundary points (0, 0) and (1, 0) 
it suffers discontinuities (cf. Figure 10.11), where 


lim (0, G,) =0+ lim #(, 0) =4, 
G40 O09 


li @, Yo—O =O0+4 i ’ —@Q =i, 


In the sections of the planes © = const the function # decreases at first 
and then increases with increasing G,, while the second derivative with 
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sa respect to G, is everywhere positive (Figure 10.12): 
CF 4 1 


4——_ 2 
aG,, ~a— var wras|: 
34 <0 at G.< VO-—9, 


240 at G> YOO, 


OM 1 20 
0G ~ G Vop@ +a” 


(10,69) 


On the planes G, = const the function # has two minima and three maxima 
(two on the boundary and one inside) (Figure 10,13), This is established by 
studying the partial derivatives of with respect to ®, namely 


aM 4 Gn max 0G, ) 
a ~ G (G. am — Gnmax Gq) 
aK 2 aM FC, max 
70% = ~G, 30 aot (10.70) 
{ G ag 
+a (G. 3pt - — Gnmax Sgr ) 
Rn mar 


457 Solving the equation 0.4/am = 0 for G,, we obtain 


Guia = (Yy—®) + (/, — YO). (10,71) 


0 | a ar 


FIGURE 10.12. Intersections of payoff function #(®, G,,) with planes ® = 
= const.(curve ® = 0.3 almost coincides with curve (10.72) of maxima of & 
with respect to Gy). 
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The first solution of (10.71) yields the maximum point of .# with respect 
to ® (Figure 10.13): 


G,=1—VO—O or O=(V*— Gr— 4/2), 
__ & (Va, — th) 


M=1 tha VR=ep = max (10.72) 
OA OM 
(35 = For<0, 0< <4). 


The maxima in the (®, G,) plane are shown in Figure 10.11 by the. dash-dot 
curve. The curve # (G,) of the maxima (10.72) practically coincides with 
the curve # (0.3, G,.), where the latter is plotted in Figure 10,12, 

The second solution of (10.71) corresponds to the points of minimum 
(the zeros of the function #; cf. the dash-dot line in Figure 10.11): 


=VO—O or O=(h+VA—G,), 
; aM aM (10.73) 
M=O=min (55 =0, So >0, 0< O<i). 
This solution yields the engine weight (4.15) which is an optimum in the 
ordinary sense, and is a function of the maneuver parameter ®, The loss 
in payload given by solution (10.73) is 
a zero (in order to attain this solution, 


pr: = a one must have full information about 
ean ieee the maneuver parameter ® and select 
Zac 


for each value of ® the corresponding 
engine parameter G,). 
3. Value of the game. Optimum 
strategies of the Designer and Nature. 
Let the parameters of the maneuvers 
specified by Nature lie within the range 
ra | ®, < ®<, (the boundaries 0< 0,< 
rie | <_®,< 1 are known to the Designer). 
hb de fA DS] aN The boundaries of the range from 
te (ez Vs /\ engine parameter G, will then be 
a 06 «OB (cf. (10.67)) 0 <<G& <min(, (1—@,)}. 
FIGURE 10.13. Intersections of payoff func- In this region [®,, 0; ®,, min (V4, 
tion M (,G,) with planes G, = const (dashed (4 — ®,)}] the payoff function .@ is 
curve connects maximum points of function # continuous (cf. (10.68)) and differen - 
i ad tiable a sufficient number of times. 
The second derivative 6°.4/dGz is here 
strictly positive (10.69), and therefore the minimum of the loss (10.62) 
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aN 


a2 


which the Designer can select the 


M(F, (®), F, (G,)) = Ny M(®, G,) dF, (®) dF; (G,) (10.74) 
0. Gy 


is attained for any strategy F, (®) of Nature in the class of pure strategies 
F, (G,) of the Designer (1€.63): 


ymin M (F.(®), Fa (G)) = mun \ (®, G,) dF, (®). (10.75) 
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In this case the value of the game M*is /10.5—10.8/ 


M* = minmax j« (®, G,) dF, (®) = 
Gy F,(®) 


= max Simin a (0, G,)\ dF, (®) = min max « (®, G,). (10.76) 
Fy(®) Gy Gy ® 


The maximum of -4 with respect to ® is attained for fixed values of G, 
(depending on ®,, ®,, G,) at one ‘of the three values (cf, (10.70), (10.72), and 
Figure 10.13): ®=®,,0=0,,0=0,=(y*/,—G,—"/2)?; the value © = ®, occurs if 
O,<9,< @,. If we introduce the symbols & (®,, Gx) = fo (Gx), M (Pi, G) = f, (G), 
AM (,,G.) = f, (Gx) we can express the results of determining the maximum of 
A (®, G,) with respect to ® as follows: 


{G)= max M(0,G,)= max {f,(G,)}. (10.77) 
On. 0<0, i=0,1,2 


We now find the minimum of function (10,77) with respect to G,. It is 
easily shown that the minimum of f (G,) is only attained at the points where 
the functions intersect, f,(G.) = f;(G), i-j. Assume that the contrary 
happens, i.e., that /(G,) has a minimum at the point G9), in the neighbortood 
of which f (G,) identically equals one of the functions f, (G,). Then min f (G,) = 
= min f,(G.) = 0, since the minimum of the function #,(G,) is only attained 
at one point and equals zero (cf. (10.69) and Figure 10.12), All the functions 
#;(G.) are nonnegative, and their zeros GY do not coincide, i.e., GY ~ G9 
for i+-j7. This implies that at the point GQ a function f, (G,) exists such that 
4; (G2) > f, (G@) i.e., the function f (G,) cannot be identically equal to f; (G,) 
in the neighborhood of the point G9; and so our initial assumption was 
incorrect, 

Once this fact has been established, the minimum of f; (G,)is found by just 
comparing the values of j, (G,)at the points of intersection, namely, when 

45910 (Gu) = fi (Gx), fo (Gx) = fa (Gs), tf (Gx) = fe (Gs) . Only those points of intersection 
at which jf, (G,) = f; (Gs) > fi (G), i= 7 # U isfulfiledneedbecompared. From 
these, we require the point G, at which the function has a minimum value. This is 


min f (G,) = a fs (Gx) = 15 (Gx) > fr (Gx)} = 7 (Gx) (10.78) 


(the pair ©, ®; corresponding to the functions f, (G.) = #(®,, G:), f; (Ge) = 
= M(®,, G,) and satisfying condition (10.78) will be written ©°, ®"). 

The equation f, (G.) = /, (G.) reduces to a quadratic equation for G,, and 
the equations f/f, (G.) = f, (Gx) and f, (G.) =f, (G,.) reduce to fifth-order equations 
for YG... These latter can be replaced by quadratic equations in G,, if 
the function /, (G,) is approximated by the function ™ (0.3, G,.). This is 
correct to three-figure accuracy. In this approximation the points of 
intersection G,:; of the functions /,(G,) =f; (G,.) for any pair i,j are deter- 
mined from the same type of equations 

G45 —(1— Oj, — ®) Gay ate ee =0 
7 (10.79) 
(Gui — (A = Vo)’, Grj = (i—yo)}', ix-j, i,j=0, 1, 2; ®,=0. 3). 


The selection of the roots Gi; of equations (10.79) using (10.78) deter- 
mines a single value G, for the engine parameter and the two values ©", ®* 


356 


for the maneuver parameter at which the min-max value of the payoff 
function is attained (coincides with the max-min) 


min max f(D, Gx) = M(0", G,) = Mt (0", G) = 
x +o 


=a GeA-O'-G) _ GA - O" — 4D we 10:80) 
— MLE Vo —  @™*4+G)a—Yorr — * 


The value of G, found by this method represents the only optimum 
strategy of the Designer; the quantities O°, O* are the maneuver parameters 
which Nature should select, and M*is the value of the game. If the Designer 
selects the engine G,, his loss will be no larger than M* for any frequency 
distributions of the maneuvers. In its turn, if Nature selects the maneuvers 
@* and ®*, the Designer's loss will be no less than M*, independently of the 
engine he selects, 


0 a a 0 02 UW 8 
FIGURE 10.14. Optimum weight G*(@s, A®) FIGURE 10.15. Relative loss *(®, A®) in payload 
of universal engine for maneuvers Pp < ® < when undertaking maneuvers 5 < © < @, + A® with 
< Mo + A®. Solid curves represent no infor- single universal engine. Solid curves correspond to 
mation relative to maneuver distribution, Nature and Designer optimum strategies with no infor- 
dashed curves represent known uniform distribu- Mation, and dashed curves to uniform maneuver and 
tion, engine-parameter distribution, optimum in absence (1) 

and in presence (2) of information about maneuver 
distribution. 


460 The solid curves in Figures 10.14 and 10.15 present the optimum 
engine weight G, and the value of the game M’ as functions of the parameters 
@, and A® = ®, — ®, of the maneuver range. It is seen that the value of the 
game increases with the expansion of the maneuver range (increasing A®) 
and with the displacement of the range into the region of energetically- 
strained maneuvers (increasing ®,). The dashed curves in Figure 10.14 
show for comparison the optimum weights of the universal engine G, found 
in § 2 under the assumption that the frequency distribution of the maneuvers 
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v (®) is known: v(®) = 1/A® at ©,< ® <Q, is the uniform maneuver distri- 
bution within the allowed range. The loss M,xcns, for. such a distribution 
is equal to 


eee oe — V® 
Myconst (Po; 01,6.) =5 oie (®, G,) dD = 2A In $ 1— VO, + 
VGi-— yo, (VOY &) VG, 
+38 Oe + Cine t® ae x 
(— VO) (1 — VO) aya, VQ, "GF VO (10,81) 
—G, 1—G, 
(4=t+ape Petpet 4 
mS (1-6, 
Cmapar D=apey—!): 


This loss is represented by the dashed curves 1 in Figure 10.15 for 6, = G,, 
and the curves 2 for G, from § 2, The transition of Nature from its 
optimum frequency distribution v (®) to the uniform distribution at G, = G, 
decreases the loss (cf. the solid curves and the dashed curves 1 in 

Figure 10.15), If the Designer knows beforehand that Nature will select 
the uniform distribution v (®) = 1/A® the optimum weight for him will be 

G. as given in § 2 (cf. the dashed curves in Figure 10.14). It can be seen 
in Figure 10,15 that the loss will only slightly decrease as compared with 
the case G, = G. (cf. the difference between the dashed curves 1 and 2, and 
the difference between the solid curves and the dashed curves 1). 

The optimum strategy of Nature is a mixed one. It is advantageous 
for it to select the maneuvers ©*, ®* with frequencies v*, v determined 
from the equations @M‘/dG, = 0, M’ =v (@*, G) + ve (©, Gi) /10.5— 
10.8/: 
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A 9 9 
| (10.82) 


(5, = aya [! war) | 


Depending on the parameters ®,, ®, of the maneuver range, we can 
represent ®*, ®* by either the boundary points of the range D° = ®, 0” = ®,, 
or one of the boundary points ®,, ®, and the maximum point ®, = (V¥J,— G — 
—): P=, 0"°=@,or =O, O=®,. This is illustrated in Table 10.1, 
which represents the optimum values ®, and ®,, and their corresponding 
frequencies ®' and ®”, for a number of values of v* and v”. 


TABLE 10.1, Optimum values ®*, ®** of maneuver parameter and frequen- 
cies with which Nature must specify maneuvers y*, y** within different 
allowable ranges MPKOKM, (AD= O, —D) 


4® 0.8 | 0.4 0.2 


@o |Q.04]0.4 ]0.19]0.04]0.4 [0.2 J0.4/0.5}0.59]0.04}0.4 0.2 [0.4 [0.6 10.7 [0,79 
@, |0.8410.9 }0.9910.4110.5 |0.6 |0.810.910.99|0.2110.3 }0.4 10.6 }0.8 )0.9 10,99 
@* |0.34/0.34/0.38|0. 04/0. 26/0. 2810. 4/0.5/0.59]0.04/0.1 |0.2 [0.4 |0.6 [0.7 10.79 
@** |0.84/0.9 |0.99}0.29]0.5 [0.6 |0.8|0.9]0. 99/0. 24/0. 26/0.2610.6 [0.8 [0.9 10.99 
v® |0.84[0.8210. 98/0. 63/0. 55]0.6 |0.7/0.8/0.97/0.62|0.65/0.6 |0.59)0.64/0.78/0.99 
v** 10.1610. 1810. 02/0.37|0. 4510.4 |0.3)0.210.03|0.38]0.35/0.4 |0.4410.36]0. 220.04 
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12 4. OPTIMUM WORKING-FLUID RESERVE FOR 
A GIVEN MANEUVER WITH FIXED ENGINE PARAMETERS 


Assume the engine parameters have been selected by one of the optimum 
criteria. This procedure, as we have already seen, can be carried out 
relative to either a single maneuver or a whole series of maneuvers. We 
now require to carry out with a given engine a maneuver which is either 
different from the design maneuver (if the engine is designed for a specific 
maneuver), or different from all the maneuvers within an allowable range 
(if the engine was designed for a range of maneuvers). 

The vehicle payload G, is specified, the engine weight G, is known, and 
the working-fluid reserve Gyo is limited by the tanks’ capacity; this limita- 
tion is written in the form 0< Gy < G — (G, + G,) where the maximum 
takeoff weight of the engine is fixed. The working-fluid reserve Gy. can be 
varied within the limits determined by the last inequality, and the engine 
control within the bounds set by the specified control characteristic, It is 
necessary to ensure that the specified maneuver is performed in a minimum 
time. 

When the initial working-fluid reserve is decreased the takeoff weight of 
the vehicle decreases too. This leads to a higher initial thrust acceleration 
and a shorter maneuvering time for a fixed thrust P. On the other hand, 

a low working-fluid reserve can turn out to be insufficient for completing 

a specified maneuver. Using qualitative considerations it is expected that 
in many cases the optimum working-fluid reserve will be less than the 
maximum allowable, i.e., Gy< G,— (G2 + G.). Let us thus choose an 
engine with a limited flow rate 0<4q< dmx, designed for an energetically- 
strained maneuver, If an unstrained maneuver is to be carried out with 
this engine, it may happen that the maximum-allowable quantity of working 
fluid will not be entirely consumed in the course of the maneuver. Such 
reasoning becomes incorrect for ideal engines, in which no restrictions 
are imposed on the flow rate of the working fluid. 

1. Formulation of the variational problem. The problem formulated 
above belongs to the class of variational problems for the maximum 
operating speed and can be written as follows: 


G = — a9, GO)<G, G(T) =Gr+ Ge. 
r=vV, r(0)=r, r(T)=nr, T = min, 
v=gPeG+R, v(0)=v, v(T)=v1 (10.83) 


(q=q(u), P= Pu), Uan<u (é) < unas, le (t)| =1, 
or Gn, Gy = const). 


463 tere G, Gr, G, are (specified) design parameters; g=q(u), P=P(u), 


Unin <u (t)< Umax is the control characteristic of the engine (likewise 
specitied), and u (t)are the independent engine control functions (1.9). The 
takeoff weight G (0) must be selected, and the program u (f) established to 
yield a flow rate g, a thrust P, and a thrust-direction program e (t), which 
would ensure a minimum time 7 during which the specified maneuver 
must be carried out (the kinematic parameters at the beginning of the 
trajectory ro, v, and at its end r,, v, are fixed). 

The initial condition (10.83) imposed on the vehicle weight is split in two: 
either 


G(0)= opt (at G(0)< G), (10.84) 
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and then the initial value of the momentum p corresponding to the phase 
coordinate G vanishes, i.e., p(0) = 0, or 


G (0) = G,, (10.85) 


for which the initial value of p is unknown. 

Replacing the condition G (0) < G in (10.83) by (10.84) or (10.85), we 
obtain standard problems for the maximum operating speed. If we fix 
the weight G (0) in (10.83), it is equivalent to the problem already studied 
of maximizing the terminal weight for fixed maneuvering time or to the 
corresponding dynamic problem (cf. Chapters Four to Eight). There is, 
therefore, no need to once again consider here the problem of the optimum 
control programs, and it only remains to find the optimum value of the 
weight G(0), i.e., the optimum working-fluid reserve. This procedure is 
carried out below for ideal, unthrottled engines. 

2. Ideal engines with limited power and limited exhaust velocity. 
The dynamic maneuver for an ideal power-limited engine is characterized 
by the functional J, the integral of the square of the thrust acceleration 
(Chapter Four). The shorter the maneuvering time T, the larger the 
magnitude J (Chapter Five). The terminal weight of the engine G (7) is 
expressed in terms of the functional J or ® by formula (4.6) 


G(T) =Gn+ = ebay (0-5 J) (10.86) 


(the unit weight of the engine a is fixed). If this relationship is solved in 
terms of ®, then problem (10.83) reduces to finding the maximum of 
® (G (0), Gs, G,)with respect to G (0), namely, 


__ & ( G+ °.) ‘m 
cae te Ber 4— = (10.87) 


as for fixed values of Gy, Ge, G,.. This maximum (10.87) is attained when 


G (0) = G, (maximum possible working-fluid reserve) and equals 


G, G, + G, 
G,+G, (1— Go ) + G(O)opt = Go (10.88) 


Dax = 


With the value of ®max and the unit engine weight a, we may calculate the 
maximum value of the functional Jn, = (2g/e)Pn,x and from it the minimum 
time Tam corresponding to each specific maneuver, 

The results of such a calculation for the maneuvers of interplanetary 
flight Earth —Mars—Earth, of rotating the orbital plane, and of varying 
the radius of the orbit of a 24-hour Earth satellite are given in Table 10.2. 

The table gives the minimum maneuvering time for different values 
of the relative payload G,/G,, the relative engine weight G,/G), and the 
unit engine weight a (per unit power). The relationships for J (T) are taken 
from Chapter Five, those for the Earth —Mars— Earth flight from Figure 5.2, 
and for the mancuvers of the 24-hour Earth satellite from Figure 5.33. 

In the first case it was assumed that the time of sojourn on Mars was 
T. = 48 days, and so the necessary adjustments were made to the value 
of J, from Figure 5.27, due to the deceleration and acceleration on Mars: 


Jat Ju = 8 m?/sec? 
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(cf. Table 5.7), Two values are given in each box for the magnitudes G,/G, 
and a; the first corresponds to the interplanetary flight and the second to the 
maneuvers of the guided satellites. ; 


TABLE 10.2, Minimum possible maneuvering time T’,,, for fixed values of payload @ ,/Gy and parameters 
G,,/Go, & of ideal power-limited engine (top row with values of G, and @ correspond to interplanetary flight, 
bottom row to satellite .»aneuvers) 


0.3 0.2 0.4 
GylGo 
0.8 0.7 0.6 
Gy/Ga 0.t 0.15 0.2 0.25 O14 0.15 0.2 9.25 O4 0.15 0.2 0.25 
5 | 1 5|;10] 5] 10] 5] 10 3 | 5 | 19 5 | to §{10| 5/10] 5/40) 5140] 5] 10 
a, kg/kw SIF FI) A) I I tert OI 
to 20| 10 20 10| 20 | 10 20 | 10 | 20 | 10 | 20 10 | a | 10 0 s0 | 20 | 10 {20 {10 | 20 | 10 | 
Earth— Mars— Earth |6g0}970/600}850/585|820)5801820)575]705]510]675]500|665|495|665|450/585/435/550/420|545/415|545 
(T., = 48 days) 
AT _o.%,i-0 J1f2}al2 ml=l-f-fe] tefl fe a}a}afafafa}a | 
Sy wy}ro 
C8 eo 
wis 
=| 2 
sia 
nF =| Ar 
Bio =0, i= 10" [4/7] 5 10 foofoo]—j—j2/3]1/ 3/2] 3/2) 6) 4/2] t;2;a;ayata 
P| 0 
5 
fe} 
4 
ala 
Sf 0.2%, i= 109) 4] 8] 612 ]oofoo]—|—/2/4}/2]3]2)/4]/2]/e]/14;2f1j2saf2ja]2 
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A similar procedure is also carried out for ideal engines with limited 
exhaust velocities, In this case the energy expended performing the 
maneuver is determined by the characteristic velocity 1, which is the 
integral of the thrust acceleration (Chapter Eight). When the maneuvering 
time T is shortened, the value of Jincreases. Expressing I from 
Tsiolkovskii's formula (8.13) in the form 


I = — Vax In [G,/G (0)] (10.89) 


(the exhaust velocity Vmax is fixed and the engine weight vanishes, so that 
G(T) = G,), we see that the maximum of / is attained for G(0) = G, at which 


Imax = — Vmax In (Gp/G,),  G (Oopt = Gy (10,90) 


It thus follows that for both types of ideal engines studied here the 
minimum maneuvering time for fixed values of the payload and the engine 
parameters is attained when the maximum possible value is taken for the 
working-fluid reserve. | 

3. Unthrottled engines. If the thrust, flow rate, and exhaust velocity 
of the engine throughout the powered sections of the flight are constant 
(P ) =P, or 0, g(t) =q, or 0, V(t) =V,or 0) then we have to solve the 
dynamic problem independently of the type of engine used. Either the 
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minimum maneuvering time 7 must be found for fixed values of both the 
engine operating time T, and the parameters a, = gP,/G,, » = gq,/G (0), or 
the minimum Tf, for specified 7 (Chapter Six). 

The engine operating time 7, is expressed in terms of the specified . 
weights G,,G,, the flow rate q, and the unknown weight G (0), where gq,T, = 
= G(0)— G,— G,. The solution of the dynamic problem can be represented as 


Za eP. £90 G(0)— G,,— G,, 10 
rare, Go’ eo —=). (10.91) 


We shall consider relationship (10.91) as known. The problem then 
reduces to finding the minimum of (10,91) for G (0) <G,. We give below 
a solution of this problem for three maneuvers: (a) a velocity build-up uw 
in a gravity-free field, (b) displacement between points of rest situated 
a distance / apart in a gravity-free field, (c) rotating the plane of a circular 
orbit in a central field. 

(a) Velocity build-up. The solution of the dynamic problem for this 
maneuver is (6.30) 


_ VoG (0) We 
T=Ty=— Fp, —ewy). (10,92) 
Recalling the relationship 7, = (G (0) — G, — Gx) Vp/gP, we see that the takeoff 


weight G (0) or the working-fluid reserve G, = G (0) — G, — G, are uniquely 
determined by (10,92) in the form 


G (0) = Gat Gx) ee! {O<u<Voln Geer): (10.93) 


aot The required working-fluid reserve varies from zero for 


u/V, = 0 
to its maximum possible value for 
u,/Vo =In [G,/ (G, + G,)], 


depending on the combination u,/V, of the maneuver parameter u, and the 
engine parameter V,. With larger values of u,/V, for given G,, Gy, G, the 
maneuver cannot be performed. The takeoff weight G(0), represented as 
a fraction of the maximum weight G,, has been plotted in Figure 10.16 as 
a function of the ratio u,/V, for fixed values of (G, + G,)/G,. The deviation 
of G (0)/G, from unity gives the difference between the maximum possible 
and the necessary working-fluid reserves. 

(b) Displacement between points of rest. The solution of the dynamic 
problem (6.43) can be presented here in the form 


T=a{(E —1) +2 [ce —(Vé — 1)?] In &} 
“fog = Gat & IV _ ___ Pol ee) (10,94) 
ean ie Ga + GVRP a+; )* 


362 


From the condition of minimum Tf for £ (eT/a& = 0) we derive animplicit expres- 
sion for the optimum value of — in terms of gq, which is composed of the 
maneuver parameter and the vehicle parameter (Figure 10.17), where 


co= “ab ln*S — VE (VE — 1) nE + (VE—1)*. (10.95) 
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If £ is now taken as a parameter, we may substitute (10.95) into (10.94) 
and obtain an expression for the minimum time 


Tin = 1 [E1In§ —(VE—1)1; (10.96) 


(10.95) enables this to be represented as a function of ¢, (Figure 10.17), 


0 4 08 l2 16 204/% 


FIGURE 10.16. Relative takeoff weight G (0)/G» 
as function of parameter u/V, for fixed values 
of total weight (G, + Gx)/Go of the engine 

and payload, for velocity build-up wu, with 
unthrottled engine. 


a 2 4 %6 8 


FIGURE 10.17, Optimum weight 1/6 = (G_+ G,)/G (0) 
and minimum maneuvering time T/c, as function 

of ¢, composed of maneuver parameter / and en- 

gine parameter, for displacement between points 

of rest with unthrottled engine (cr = (Gz + Gy)x 
Vo/gPo, Cs = gPol (Gp + Gy)-*Vo~”). 
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FIGURE 10.18. Optimum takeoff weight @(0)/@o 
as function of parameter gP,l/G,V, for fixed values 
of total weight (Gq + Gy)/G_ of engine and payload; 
displacement between points of rest with unthrottled 
engine. 


Relationships (10.95) and (10.96) give the complete solution of the 
problem. The dependence of the optimum takeoff weight G (0) = & (G, + G,) 
on the quantity gP,l/GjV3 as calculated from (10.95) and (10.96) for fixed 
values of (G, + G,)/G, is shown in Figure 10.18. 

(c) Rotating the plane of a circular orbit. For the maneuver of rotating 
the plane of a circular orbit of radius r, through an angle i the functional 
of the dynamic problem (10.91) is written in the implicit form (6.88) 


— —1 = (T/e,) arcsin [(c,/T)c.§] 


n (G, + G,) Vo iViro (10.97) 
(« = wre te See 
(here the time 7 is considered as a multiple of the period of orbital 
revolution, equal to 2nk“trg*), 


(Vb, 


Vc, 


0 0 G2 We U6 08 ik*rt 


a 42 4 WG 8 a, %y 
FIGURE 10,19. Optimum weight 1/4= FIGURE 10.20. Optimum takeoff weight 
=(G, + G,)/G (0) and minimum maneu- G (0)/G, asfunctionof parameteri V R/toVo 
vering time T/c, as function of c. composed for fixed values of total weight (Gq + Gy)/Go 
of maneuver parameteri, ro, k, and engine of engine and payload; rotation of orbital 


parameters for rotating orbital plane of un- plane of unthrottled engine, 
throttled engine (c= (G_, + Gy)Vo/2ePo, 
ce, = i V R/V"). 


469 The optimum value of the parameter & (the relative takeoff weight) and 
the minimum value of the maneuvering time 7 are equal to (Figure 10.19) 


2 


bon = (2) _ Vi-—@ 

Sens fp We Be 

P G+ Gy Jopt V 1 — 3 —cparcsin V 1— 3 : 
€y€q 


¥1—c?—c,arcsin V 1— ; 


The ratio of the takeoff weight G (0) to the maximum possible weight G, has 
been plotted in Figure 10.20 as a function of the quantity ¢, = iVMrv," for 
different values, where (G, + G,)/G = const. 

The results of this section show that for unthrottled engines, as opposed 
to ideal engines, there exists, for definite values of the maneuver and 
engine parameters, an optimum working-fluid reserve which differs from 
the maximum possible. We recall that these results apply to all types of 
unthrottled engines. 


(10.98) 


Tain — 
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Chapter Eleven 


RELIABILITY CONSIDERATIONS IN OPTIMIZATION 
PROBLEMS 


During flight the propulsion system is subjected to random factors which 
may cause failures. We distinguish between external and internal factors; 
meteoric punctures belong to the first category, while processes such as 
wear exemplify the second. The probability of failure could depend on the 
time, the coordinates, the parameters of the engine and vehicle, or the 
engine operating regime. Allowance for a reliability factor will therefore 
lead to an adjustment in the usual programs for the optimum controls and 
parameters /11.1—11,4/. 

Reliability is defined as the probability of uninterrupted engine operation 
during a specified maneuver. The maneuver is considered as unfulfilled 
if (and only if) the engine fails; therefore, the phrases "probability of engine 
operation without failure’ and "probability of successfully executing the 
maneuver" coincide here and are interchangeable, In this chapter, the 
probability of executing a maneuver is either specified (§§ 1 to 3) or is 
selected so as to be an optimum in some sense,(§ 4). Single-section (§ 1) 
and multi-sectional (§§ 2 and 3) engines are considered; the variational 
problems are solved for models of the basic maneuvers, The case ofa 
fixed engine operating time, treated in§ 2 of Chapter Seven canbe considered 
a particular case of the problem of fixed reliability (assuming the probability 
of engine failure to be a function of the operating time only). 


§ 1. OPTIMUM CONTROL FOR A SPECIFIED 
PROBABILITY OF SUCCESSFULLY EXECUTING 
THE MANEUVER 


1. Formulation of the variational problem. Consider the general 
problem of optimum control, and suppose we have a dynamic system whose 
behavior is described by equations of the form 


a = f, (z;, Up, Wr, t), ij =0, : eerie ny k= peeey Ty (11.1) 


71 where 2 are the phase courdinates of the system, u, (t) are the control 
functions and w; are the constant control parameters. 

The boundary conditions for z at given initial and final times, ¢ = 0 and 
t=T, are specified. The maximum (minimum) value of the control func- 
tional of the problem 2, (7) is required. This variational problem will be 
termed the basic problem. 
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We turn now to the formulation of the variational problem with a specified 
reliability. 

The dynamic system is considered as a single entity with regard to 
failures since the failure of a single element leads to the breakdown of the 
whole system. The maneuver is considered as unfulfilled if the system 
breaks down at any instant (the system is not afterwards repaired). 

A control program must be set up and values of the parameters chosen 
such that a specified probability of the system operating (specified reliability) 
is obtained, and also that all the conditions listed above are satisfied. 

The average number of failures per unit time 4 is assumed to be specified 
in the form 


A=A(t, aj, Uys Wr) (11.2) 


as a function of the time, the phase coordinates, the control functions, and 
the control parameters; itis, however, independent of the previous history 
/11.5—11.8/. 

The probability R of there being no failures in the interval [0, 7] will 
then be equal to /11.5 —11.8/ 


T 

R=exp(—| adt), (11.3) 
Qo 

where ) is calculated along the trajectory }= A(t, 2; (#), ux (f), w). 

In (11.3) the probability R is fixed and represents the condition of 
specified reliability 0<R<1. It must be added to the equations of the 
basic variational problem. If we use Lagrange's formulation, it is con- 
venient to add it in the form of an isoperimetricity condition 


T 
fae, 2; (t), Up (t), w;) dt = —In R. (11.4) 


e 


In Mayer's formulation, we must express (11.3) as a differential equation 
with boundary conditions 


A=(t, tj), Uw), A(0)=0, A(T) =—InR. (11.5) 
472 The variable A will appear as an additional phase coordinate of system 
(11.1). The value A, =A (f) will be conventionally called the allowable 
average number of failures throughout the whole time of motion. If we 
Specify a reliability R = 1, then A,= 0; this cannot be realized. As the 
reliability decreases, the allowable number of failures increases (thus, 
for R in the range [1; 0.5] A, varies over the range [0; 0.7]). 
Let 2; (t), ux (¢), w; be a solution of the basic variational problem (dis- 
regarding the reliability factor), If for this solution 
cy 
M=4 4, 2), uj), wi) de<— In R, (11.6) 


Q 


the reliability R will be ensured. Note that when Amz 7 <—In FR the condition 
of specified reliability is necessarily fulfilled. 
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If (11.6) is not satisfied, the system of equations governing the problem 
of optimum control with a specified reliability, (11.1) to (11.5), is written 
in the form 


n= filt, Lj Up Wi), (0) = Zo, 2 (T) = Zu, 


: zo(T) = extr. (11.7) 
A=\K (t, Tj, Ups wn), A(0) = 0, A(T) => —inkR, 


This notation is the ordinary Mayer variational problem. We make two 
comments about generalizing (11.7). 

1) Let 4 also depend on the instantaneous engine operating time t, <¢. 
Then, as in § 2 of Chapter Seven, we must add to (11.7) another differential 
equation with corresponding boundary conditions 


t= 6, t(0)=0, % (7) = opt, (11,8) 


where 6 (t) is the Dirac delta function which equals one when the system 

operates and zero when it is not operating. The control functions 6 in (11.7) 

must be multiplied by u so that they vanish when the system is not operating.* 
2. Suppose the control function u takes values within the range [umin, Umax! 

and vanishes when the engine is cut off. The value of 4 equals A (u) when 

473 the system operates and 4 (0) when it is nonoperating (Figure 11.1, a). 
In order to represent the last equation of (11.7) as a function whose form 
does not change, use is once more made of the control function 6 so that 


A =4(0) + [A (u) —2(0)1 6; (11,9) 


in the other equations, u is replaced by u6. 


A 2 
t 
H 
aed 
! 
Agr | i 40 
! | 
oO Unin Umar : a a 
a b 


FIGURE 11.1. Two examples of coasting (u = 0) with discontinuity 
points where A depends on control function u. 


The same method can be used during coasting when A (0) (cold reserve) 
is not equal to the limit 4(+ 0) as u— 0 (hot reserve) (Figure 11.1, b). 

This formulation described above is now applied to the problem of 
delivering a maximum payload. The two cases of engines with limited 
power and limited exhaust velocity are considered. 

2. Power-limited engines, When reliability considerations are neglected, 
the operation of power-limited propulsion systems is optimum when the 
power is fully utilized in the powered flight periods. If the propulsion 
system is ideal, the optimum trajectory does not contain coasting periods. 


© The terminal value t (T) is not given, unlike the basic problem in § 2 of Chapter Seven, and has to be 


selected from trajectory optimum considerations, 
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Now introduce the probability (11.3) of successfully carrying out the 
maneuver, The parameter 4 (11.2) is written as a function of the power N, 
(a fraction of the maximum power Nmax) and of the structural parameter w 
in the form 

N= A(t, N, w) (11.10) 
(O<N()<1, w=const, d/IN>0, a/v < 0). ; 
The effect of maximum power is not accounted for here; the nonnegative- 

ness of the derivative 04/8N corresponds to the intuitive concept that the 

probability of failure increases as the work increases. The parameter w 
474 represents the structural measures taken to increase the reliability, so 

that an increase in w implies a corresponding decrease in the failures A 

(6\/dw << 0); on the other hand, this is accompanied by an increase in the 

unit engine weight o (éa/dw > 0). 

We restrict ourselves to the case of an ideal engine (cf. Chapter Four); 

the problem of delivering a maximum payload for a specified reliability R 

is written, according to the general formulation (11.7) and similarly to 

(4.42), as 
_ G+ GP av) a 


Gos om oe Go(0)+G,=1, G(T) = max, 

r=y, r(0) =1r, r(T) =", 

v=ae+R, v (0) = Vo, v(T)=%1, (11.11) 
A=K(t,N,w), A(0) =0, A(T) = 


=—InR 
(a(t) >0, OC N() <1, Je ()| =1; Gy, w = const). 


Optimum values of the parameters G,, w must be selected here and 
optimum programs a (t), N (f), e (@) established. As in § 1 of Chapter Four, 
one can find the optimum relation for the weight G, before the whole problem 
has been solved (since this weight G, only enters the first equation and the 
initial condition of (11.11)). In the usual way (cf. Chapter Four, §§ 1.1 
and 1.2), expressions are obtained for the functional G, (7) = G, and for the 
optimum engine weight G,. These coincide in form with (4.15) and (4.16), 


G,=(— yO), G =VO_o, (11.12) 
where ® is taken as (cf. (4.14)) 
w) ¢ at 
aw, a 
On y, sal Fae. (11.13) 
° 


The problem then reduces to minimizing the functional ®, as well as J 
for fixed w; the latter problem (J = min) will be called the dynamic problem. 
If the reliability is not taken into account, we can establish that the 
control function N (é) = 1 is optimum without solving the dynamic problem. 
When the reliability is accounted for, however, this becomes impossible. 
In addition, qualitative considerations indicate that a regime different from 
the ideal one N (f) = 1 exists. In fact, the increase of power W for a fixed 
program a(t) leads to a decrease in the functional J (i.e., to an increase 
in the payload G, (11.12)). This implies an increase in the average number 
of failures per unit time (11.10) (i,e., decreasing reliability). 
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475 The variational problem under consideration (minimizing the functional J) 
is written as follows in terms of Mayer's problem (cf. (5.2)): 


J= a?/N, J (0) =0, J (Tf) = min, 
r=V, r0)=r, r(7T)=n, 
¥=ae+R, v(0)=vo, v(T)=v1, (11.14) 


A=A(t, N,w), A()=0, A(T)=—InR 
(¢>0, 0< N()<1, le()|=4). 


The parameter w in (11.14) is considered as fixed, and the optimum value 
of w is determined after solving (11.14), i.e., after the relationship Jpin(v) 
has been obtained from the condition for a minimum of ® (w) = [a(w)/2g] Jmm(w) . 

In accordance with the maximum principle, the optimum functions for the 
thrust acceleration a(t), the power N (t), and the direction of the thrust 
vector e (t) must ensure an absolute maximum of the Hamiltonian H (the 
object is to minimize J). The latter has the form 


H = —a/N + a (poe) + Apa + (Py-¥) + (Po-R), (11.15) 


where the momenta p,, py, Px, py Satisfy the equations 


. oH a . oH 
Pr = Gg = Ge Po R)) Po = — Gye — Pr (11.16) 
aH , 
hR=—z =9% p= —i 
The maximum of H with respect to e and a is attained when 
e=p,/p,, a= /,p,.N (Po =| Po))- (11.17) 


The part of the function H depending on N, with the control variable a 
taken from (11.17), is written as 


Hy =',p2N + 2 (t, N) pr (11.18) 


By examining (11.18) one may establish the sign of the momentum py. 
Let », >0; then H will have a maximum when N=1 (since, according to 
(11.10), a/€N > 0). We therefore obtain the same optimum trajectory if 
the reliability is not accounted for. When formulating the general problem 
(11.7) it is assumed that condition (11.6) is not fulfilled, so the specified 
reliability R cannot be ensured for such a trajectory. Therefore, 


Pa = const < 0. (11.19) 
476 Note two properties of the optimum trajectories (when reliability is 
taken into account) which follow from the condition for a maximum of (11.18) 
with respect to N, 
1) Consider a family of reliability characteristics A (é, N) having two 
common points 4 (é, 0) = A, (@) and A(¢, 1) = 4, (¢). For all A(t, N) in (11.10) 
satisfying the condition 


W(t, N) D> Ao (ft) + (y(t) — Ao (IN (11.20) 
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(cf. the shaded region in Figure 11.2), the control variable N (t) reaches its 
limiting value, and the optimum trajectories and values of the functional J 
are the same. 


WK Sy 
ae A 


a SS 7), 
SN 
a, ; 
! 
N I 
N 
NS 
ve { 
ns 
. t 
Ay i 
I 
—] ——— 

a / Wn a G2 0 6 GW WwW 
FIGURE 11.2. Region in (4, N) plane FIGURE 11.3. Power-law relationship be- 
(shaded), indistinguishable in sense of tween 4 and N for different values of struc- 
problem functional J. tural parameter w (shaded region indicates 

where functional is independent of form of 
a4 (N)). 


In fact, by substituting the linear function of N from inequality (11.20) 
into (11.18), we obtain the function 


Hy ma) = Prdo + P/ape + pa (a — ADIN (11.21) 


which, in view of (11,19), will maximize all Hy composed of functions 
a(t, N) satisfying (11.20). Therefore, 


Hy (N) < Hy maj (N), Hn (0) = Hw may (0), Hn (1) = Hn may (4). (11.22) 


Hence, max Hy < max Hy may; Since Hy my is a linear function of N and its 
maximum is attained at the limiting points given by 


N=1 at pi>—4p,(—&), N =0 at pi<—4p,(—&). (11.23) 


For these values the functions Hy maj and Hy coincide, and therefore the 
maximum of Hy for all A in (11.20) is attained at the same points. Thus, 
the optimum value of the control variable N (t) turns out to be the limiting 
values (11,23), and the intermediate values of 4 do not figure at all in the 
problem, At the points N= 1 and N= 0 all A(t, N) from (11,20) take the 
same values A, (é) and 4, (t). This means that the optimum trajectories and 
values of the functional J are identical (i.e., the shaded part of the region 
A(t, N) in Figure 11.2 turns out to be indistinguishable in the sense of the 
problem functional). 

2) If ajaN-= 0 for N= 0, the optimum trajectory does not contain 
coasting periods. In this case the partial derivative of (11.18) with respect 
to N 


OH y/ON = Vp*+ p,d/dN (11.24) 
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477at N = 0 is always positive (except at isolated instants of time when p,= 0). 
Therefore, the optimum value of N to ensure that (11.18) is a maximum, is 
always greater than zero, i.e., there are no coasting periods. 

Consider now a particular form of (11.10) 


4 = 4(N,w) = Amar” (Amax: w = const > 0) (11.25) 


(see Figure 11.3), For all 0 <w <1 (the shaded region in Figure 11.3) the 
optimum value of the control variable N (t) is determined by relation (11.23), 
into which we must substitute A) = 0, 4 = Amax according to the first property. 
For w > 1 we derive the second property, namely, that the optimum value of 
the control variable N (t) is 


N=1 at pi>— 4whmerPrr 
_p 7 (11,26) 
i (sxe: ) at PR <— 4whmarPar 
i,e., there appear to be sections with variable power, lower than the 
maximum. 

All the results obtained above are independent of the type of dynamic 
maneuver (i.e., of rg, ry, Vo V1, R(r,¢#)). In order to complete the solution of 
the variational problem (11.14), we specify elementary maneuvers to be the 
displacement between two points of rest, and the build-up of a specific 
velocity in a gravity-free field. 

If the reliability is not specified (A (7) = opt or p, = 0), the solution of the 
problem for a displacement between points of rest is (5.33) 


N° @®=1, 
a* (t) e (t) = 6 (UT) (4 — 24/7), (11.27) 
J* (7) = 12 (P/T%). 
For a given reliability & the solution depends on the parameter 


=—InR/hoaxl O<x <1), (11.28) 


which represents the ratio of the allowable number of failures A(T) = —InR 
to the maximum possible number of them Amax = Amal’. 


478 The solution is written finally as follows:* 


if O0<w<i1, 0<x<1.(Figure 11.4, a), then 
N(t)=1, @(t) =a (i—2te/T) at O<t<h, 
N(t)=0, a(t)=0 at a<t< pT (11.29) 
(do = Fe (1—(—2h/7)"14, th = Vax), 
J (T) =12 (2/74 (1 — (4 — 99175 


® The functions N (2) and a (#) are even relative to the middle of the interval t = 1/,7; the function 
e(f) =4 1 is odd since e()=+1 atOGt<AT, e(=-lLaty.Tor<eT. 
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if w>1,w—1/Qu—1)<x<1t 
(Figure 11.4, b), then 


N(t)=1, a(t) = dy (t—2t/T) 
at 0<t<h, 

_s w+ 

1—2t/T 4— 27 

NO =(tSzyr) +e = a SoMETD 


(4 — 24/72 
at bot OUer (11.29) 


(@ = $e [1— spot — ans], 


J (Py = 12 (0/7 [4 — PP ay; 


if w>1, 0<x<(w—1)/(3w—1) 
(Figure 11.4, c), then 
i 
N@) =x(S2ot)" (4 —2t/T), 
w+ 


a(t) = pr mon (4—2/7)"* at OSE HT, 


acl eee | 
7 vo wy 


J (L) = 12 (2/7) 5 ( 7 


Note that for values of the structural parameter 0 <w< 1, x has the 
same value as the ratio f,/T of the total engine operating time to the 
maneuvering time, and the corresponding solution is equivalent to (7.50) — 
(7.52). The optimum functions (11.27) (in the absence of failures) and (11.29) 
(in the general case) for the power N (?) and the thrust acceleration a (i) have 
been plotted side by side in Figure 11.4, a to c; functions (11.29) are repre- 
sented by the solid curves, and (11.27) by the dashed lines. 
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0 ty wT t : 
(Ours, 2 ~06) Ww-2 2-06) (we 2-05) 


FIGURE 11.4, Three possible types of optimum programs of power N (?) and thrust acceleration 
a(t) for displacement between points of rest; 

aO<gw<il, x=0.6;b) w=2, x=0.6;c) w= 2, x = 0.15 (w is parameter of family of 
curves 4(N), cf. Figure 11.3; x is ratio of allowable number of failures to the maximum possible 
number; dashed lines represent optimum programs when failures are neglected), 
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The solid curves in Figure 11.5 
represent the value of the functional J 
divided by J* (given in (11.27)) asa 
function of the reliability parameter x 
for different values of the structural 
parameter w (the exponent in (11.25)). 
An increase in the reliability R (a 
decrease in the parameter x), all other 
conditions being equal, leads to an 
increase of the functional J. The 
difference between the curves corre- 
sponding to 0 <w< 1 and w= 2, 3, 4 
gives an idea of the gain when using 


Lp 02h 06 + =08 z intermediate values of the power. If 
FIGURE 11.5. Functional J as function of para- the condition of specified reliability 
meter w (of family of curves A(N) in Figure 11.3) Were only satisfied for w>1lasa 
and ratio % of allowable number of failures to result of cutting off the engine (11,23), 
the maximum number. Solid curves represent the functional would have been 
displacement between points of rest for which J*= identical for all’ (N, w) (the curve 
= 121?/T?; dashed curves represent velocity build- 0<w< 1). The transition to (11.26) 


j o— 2 . . 
Mp iongien a <Saalt: enables a substantial reduction to 


be made in the value of the functional. 


In the problem of velocity build-up, when the reliability is ignored (p, = 
= 0) no coasting periods are obtained, and the solution is (5.32) 


NW () =1, a Qe) =uyT, J (2) = wt. (11,30) 


If the exponent in formula (11.25) is chosen within the range 0 <w<1, 
coasting periods appear. Their number and location do not affect the 
problem functional, while the total duration is obtained from the condition 
of specified reliability A(7)=—InR. For w>>1, according to property 2 
above, there are no coasting periods, and the condition A(T) = —InR is 
satisfied because N decreases. Performing all the operations, we obtain 
(for e() = 1): 


if O0<¢w<i, O<x<1 (Figure 11.6, a), then 

N(@)=1, a(t)=uijtp at O<t<t, 

N(t)=0, a(t)=0 at 4<t<T 
J (T) = (ui/T) #7; 

if w>1, O<x<1 (Figure 11.6, b), then 


(t1 = “T), 


(11.31) 


LL 
N@)=x", a(t)=u/T at O<t<T, 
as 
J(T) =(uz/T)* ” 


(here, as in (11.29), x=T7,/Tat 0 <w<1). 

The ratio of the functionals (11.31) and (11.30) has been plotted in 
Figure 11.5 as a function of » for different values of w (the dashed curves). 
It is seen that for the problem of displacement between points of rest (the 
solid curves) the requirement of specified reliability yields a considerably 
smaller increase in functional than for the problem of velocity build-up 
(for the same values of x and w). 
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Consider now the selection of the optimum value of the structural para- 
meter w. The values of x and w (the unit engine weight) depend on this 
parameter; 4 decreases with increasing w (cf. (11.25)), while a increases 
with w (cf. the explanations about (11.10)). Assume the elementary 
relationship 


a(w) =a (i+w) (e° = const, w > 0); (11.32) 


481 the solutions (11.29) and (11.31) of the dynamic problem (11.14) yield the 
parameter w from the condition for a minimum of (cf. (11.12), (11,13)) 
® (w, x) = [a (w)/2g) J (ww, x): 
for the maneuver of displacement between points of rest 


(4 +w)(1—(1—x)*]4 
at 0<vci, O<cxci, 
(1+ w) [1— PE at — ws] 
= min at w>1, (w—1)/Bw—1A)<x<1, (11.33) 


oo a a 
(+u)4(Zor) "x ° 
at w>1,0<#%< (w— 1)/(8w — 1) 
(D* = (a*/2g) 1247), 


for the maneuver of velocity build-up 


+ O(w, *) 
min ——— 
» ® 


A-+wyet at 0<w<l,0<x<1, 


= min pees (11.34) 
wv litw)x * at w>1,0<*<1 
(O° = (@*/2g) u2T~). 


- O(w, %) 
min ——— 
wu a 


| 
' 
' 
(d<wsl, z=06) (w-2, 2-06) 
FIGURE 11.6. Two possible types of optimum programs for power 


N (@) and thrust acceleration a(t) for velocity build-up; a) 0 <qw <1, 
“= 0.6; b) w= 2, x = 0.6 (same symbols as in Figure 11.4). 


482 The curves representing these two solutions are shown in Figures 11.7 
and 11.8, Figure 11.7 indicates the optimum values of the parameter w 


as a function of x, the ratio of the allowable number of failures to their 
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maximum possible number; Figure 11.8 shows the corresponding minimum 
values of the functional © as a function of x too. The solid curves correspond 
to a displacement between points of rest, and the dashed curves to a velocity 
build-up. 


FIGURE 11.7. Optimum values of structural FIGURE 11.8. Values of functional ® (x) = 
parameter w determining reliability curve min (a (w)/2g) J (*, w) minimized with re- 
(Figure 11.3) as function of % (ratio of allow- spect to w , corresponding to relationship 
able number of failures Ay to their maximum @(w) = (1+ w)a* and J (x, w) in Figure 11.5 
number Amay). Solid curves represent dis- (same symbols as in Figures 11.5, 11.7; o*= 
placement between points of rest; dashed = (a*/2g)J*). 


curves represent velocity build-up. 


After completing this final stage of the problem one can calculate the 
optimum weight relations using formulas (11,12) and (11.13), Figure 11.9 
gives an example of how the payload depends on the probability R of success- 
fully executing a maneuver, where R = exp (—*Amx). The horizontal portions 
of the curves correspond to values of R ensured on the optimum trajectory 
when the reliability is not allowed for (i.e., when inequality (11.6) is fulfilled). 


"05 Se BS 


FIGURE 11.9. Example of how maximum rns Gr 
depends on probability R of successfully executing a 
maneuver, for different values of Amax,» Maximum 
number of failures (*=(a*/2g) J* = 0.1; optimum 
values of w; other symbols given in Figures 11.7, 
11.8). 
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483. 3,..Engine, with limited exhaust velocity. It was established in 
Chapter Eight. that the optimum operating regime for an engine with 
limited exhaust velocity.is attained for V (t)=Vmax. Suppose 4.(11.2) in- 

creases with increasing exhaust velocity (i.e., with increasing 


temperature): (cf. (11.10)) 


h=A(t,V,w) (WAV >0, OSV <Vmax. OM/OW <0, 
v= const). (11.35) 


As in (11.10), the structural parameter w is present; it is assumed that 
w decreases with increasing w (@\/éw < 0), and this implies an increase in 
unit engine weight (#/éw > 0, y = G./Pmax— cf. (8.1), relationship y (w) is 
considered as known). 

According to the general formulation (11.7), the problem of delivering 
a maximum payload with an engine of limited exhaust velocity is written in 
the following form (cf. (8.15), (11.11); the thrust, the exhaust velocity, and 
the weight are represented as fractions of the corresponding maximum 


values): 

i= — pPayv, Go (0) +7) ale = 1, 
G,(T) = max, 

r= Vv, r (0) =To 
r(T) =r 

Yaron’ t eae (11.36) 

Vv (T) = Vi, 

A=Aclt, w) + [A(t V, w) —Ao(t, w)18, A (0) = 
A(T) =—mR 


O<P(@)<1, O<V@<i1, 6() =1 or 0,/e (@)| = 1; 
B= 8Pmax/GoV marr 2 = &Pmax/Go, w = const). 


It is assumed here that when the engine is cut off, the value of 1 is 
dy (Aig = Aa (é,) <A4(t,V,w), a particular case of which is 4 = 0). In order 
to express this fact in the equations, we make use of the method outlined in 
note 2 of subsection 1. If we know that the thrust does not take intermediate 
values within the interval (0, 1), the singular regime for any optimum 
trajectory, we need not introduce the function 8(t). In the last equation 
it would have then been necessary to write P in place of 6. The absence 
of periods with singular control from the optimum trajectory, is, however, 
not obvious a priori. 

484 For problem (11.36), in addition to the optimum control variables P (1), 
V(t), 8 (2), e (t), optimum values of the parameters ay, (or Pmax, Vax, w ) 
must also be selected. If a,p and w are specified, problem (11.36) reduces 
to the following (cf. § 1 of Chapter Eight): 


=— pPO/V, G (0)=1, G(T) =max, 
r=V, r (0) = 1p, r(T)="1, 
= (a9P8/G) e + R, v(0)=vo, v(T)=Vis (11.37) 


A=ho+[4(V)—Ao] 8, A()=0, A(T) =—InR 
O<P(t)<1, O<V(Q)<1, 8) =1 or 0, 
|e ()| = 4). 
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Once (11.37) is solved, the functional G(T) = G, will be a function of 
the parameters a,,p and w whose optimum values are determined from the 
condition of maximum payload G, = G, (T) = G, (a, »,w) — y w)a/g. Problem 
(11.37) will be considered later. ; 

To analyze the structure of the optimum control, we require the absolute 
minimum of H (the maximum of G, is required) with respect to e, P, 6 and V 
(cf. (11.15)): 


H = {[— pee +F (Po-e)| P+ prlhV)— dol} d+ 
+ hopr + (Pr-¥) + (Bo R). (11.38) 


The momenta p,, pp and pa are determined as before by equations (11.16), 
and p, is given by 


pb, = —0H/aG = (p,-e) a,G-°P8, p, (7) = —1. (11.39) 
From the minimum of (11.38) with respect to e it follows that (cf. (11.17)) 
Re tie: (11,40) 
As in subsection 2 (cf. (11.19)), it can be shown that 


Py () <0, pa = const > 0. (11.41) 


Suppose at some instant p, (t) > 0; it follows that if H is a minimum then 
V = 0 (independently of the sign of p,) and P=6= 1, The regime P6= 1 
for V = 0 is physically absurd, and therefore we must have p, (t) <0 
everywhere. If we now assume p< 0, we obtain that V = 1 everywhere; 
this indicates a later cutoff of the engine (6 = 0) than in the case p, = 0. 
As aresult, the condition of specified reliability will not be fulfilled, it 
being assumed that inequality (11.6) is not satisfied. 

485 We shall now show that on the optimum trajectory the control variable 
P (t) cannot take intermediate values 0O<°P<1. Since P enters (11.38) 
linearly, intermediate values of P can only be optima when the coefficient 
multiplying P vanishes during some time interval (singular regime). But 
then §= 0, since p,> 0 (cf. (11.41)), i.e., the thrust P5 must be cut off. 
This is true for any maneuver in an arbitrary gravitational field. 

Having established the absence of a singular regime in the composition 
of the optimum control function, we eliminate 6 (t) in (11.37) —(11.39); 
when the product P5 appears we simply write P, and when the function 6 
appears without P we replace it by P. Taking (11.40) into account, that 
part of the function H which depends on the control variables V and P will 
be written as 


Hyp =(Hv— pe Z—dopr)P, Hy =—pp +h (t,V) re (11.42) 
From the condition for a minimum of Hy with respect to V it follows that 


V(t)=1 for h(t V) >Re 4) + Se (7 —4)- (11.43) 
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If condition (11.43) is not satisfied, there will exist at each time t an opti- 
mum intermediate value 0 <V(t)< 1, determined from the equation 


Van/av = —up/p, (O<V< 14). (11.44) 


Equation (11.44) can have several roots; in this situation we must select 
that value which gives an absolute minimum of Hy in (11.42). Zero values 
of V do not appear in the composition of the optimum control] function. If 


A (t,V) >> A(t, 1) + (Ppo/pr) (V* — 1), (11.45) 


condition (11.43) will be fulfilled along the entire trajectory, since p, < 0, 
Pu < O (cf, (11.39) —(11.41)). In this case the exhaust velocity nowhere 
takes intermediate values. 

The optimum thrust control function can only be a limiting control 
function (as proved above). The alternation of powered and coasting 
periods on the trajectory is determined by the relation 


p= {' at By — potoG"' — hop, <0, (11.46) 
0 at Hy — pyayG-!— dom, >, 


obtained from the condition of absolute minimum of the function (11.42) 
with respect to P, 

486 In order to fully solve the problem one must integrate the system of 
equations (11.37), (11.39) with the finite relations (11.40), (11.43)—(11.46) 
governing the control functions. 

Now consider the case of a limited acceleration a = a,P/G (instead of a 
limited thrust 0 <P <1). Here, problem (11.37) for the maximum of 
the terminal weight G, reduces to finding the minimum of the functional 
s T 
1 =\F dt G1 = Geom, 0<V<1, 0<a<a) (11.47) 


0 


(the functional (11.47) is obtained by integrating the first equation of (11.37) 
by quadratures, and represents a generalization of the characteristic 
velocity (8.13)). 

Similarly, we can prove the absence of intermediate values of the thrust 
acceleration 0 < a< a, in the composition of the optimum control function. 
Bearing this in mind, (11.37) can be used to represent the equations of the 
variational problem, where the first and third equations are replaced by 


i = 2,8/V (1(0) = 0, I(T) = min), v = a,6e +R. (11.48) 
The optimum thrust direction will be determined by the first relation in 
(11.17). The control variables V (t) and 6 (t) are found from the condition for 


a maximum of the functions (cf. (11.42)) 


Hy, = (Hv + pod — Appr) 8, (11,49) 
Hy = — aV4+ A(t, V) pa (pr < 0). 
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The optimum exhaust-velocity program is determined by relations (11.43) 
and (11.44) with pp, = — a, substituted in them; if 4/at = 0, the optimum 
exhaust velocity will be constant along the trajectory. 

The firing and cutoff times of the engine at which 6 = 1 and 6= 0 are 
found from a relation similar to (11.46): 


om =) at Hy + Pots — dopr > 9, (11,50) 
O at Hy + pyto— dom <0. 


§ 2. FORMULATION AND EQUATIONS OF THE 
VARIATIONAL PROBLEM FOR A COMPOSITE 
POWER-LIMITED ENGINE 


When the average number of failures per unit time A and the total time 
of motion 7 are large (so that the maximum number of failures Amex = 
= Amat > 1), a single-section propulsion system will be unable to ensure 
an acceptable payload level at a sufficiently high probability of successfully 
executing a maneuver (cf. Figure 11.9), In this case the propulsion system 
(or its least reliable elements) must consist of autonomous sections. The 
sections are identical, and the breakdown of any one of them leads toa 
deterioration of the engine characteristics (for instance, to 2 drop in the 
power of power-limited engines), but does not cause an interruption of 
engine operation, since all sections are connected in parallel. 

1. Expected failure times. To forecast the weight characteristics 
of the vehicle one must know how the number of operating sections 2 (:) 
vary with time. As in the first paragraph of this chapter, it is assumed 
that the failures of the different sections are random and form an ordinary 
Poisson distribution with no aftereffect. 

The average number of failures in one section per unit time, 4, is 


A= A(t, r, W)e (11.51): 


This quantity is taken as a function of the time ¢ and the position r of the 
vehicle in space. This assumption reflects the fact that failures can be 
caused by phenomena such as unsteady inhomogeneous meteoric streams, 
In addition, 4 is also a function of the structural parameters of the engine 
w. Thus, the structural parameters of the (cooling) radiator which deter- 
mine the probability of its being punctured by meteors, are the vulnerable 
area of the radiator cross section and the wall thickness, The case of an 
ideal power-limited engine is dealt with, and w determines the maximum 
power N,/n, per unit section at the beginning of the motion (4 is anondecreas- 
ing function of M)/n). 

If section j is put out of order at time t,, the probability R, (¢ — ¢,) that 
no more than k sections will break down in the interval (t;, t) is determined 
for a Poisson distribution by the following relation /11.5—11.8/: 


a 
2 (rm — pl 
Ry (t = ty) = a il (no —j—Hl * 
t t 


‘ exp[— (no —j — i) (2 at] (11.52) 


x [1 — exp (— ‘ at)| } 
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(ny is the total number of sections; if repeated failures are allowed in the 
sections, they are neglected in the calculation). 

The time at which the next failure occurs, t,,, will be determined from 
the condition that the probability of no failures (k = 0) in the interval (t;, ty.) 
is equal to a specified value R. Substituting k= O and ¢ = t,, in (11.52), 
we obtain (cf, (11.3)) 


baa 
R = exp[—(n—/) { nde]. (11.53) 
4 
It will be assumed that the next failure takes place at time t;,, determined 
by relation (11.53). Actually this is the least favorable case, since, with 
the same probability and according to formula (11.52), it can be claimed that 
no more than one failure occurs in the interval (t;, 7), which is larger than 
(t;, tj). A strict assessment of the probability of failures occuring will be 
given in the next subsection. 
The following expression is finally adopted for the expected failure time: 


4a 
V(t (t), t) dt n } ( O,1,..+ ) 


ee (11.54) 


} a0 (. 9a = cr Rf, Ce Fs) 


2g —m 


m 


{m <n is the total number of failures during the flight). 
2. Probability of the failures occurring. Relations (11.54) define 
some law to decrease the number of undamaged sections with time 


n° (t)=ny—j for t} Ct<tyy J =0,1,.. 2,2, tm = 1). (11.55) 


A specific law, n(#), governing the number of section failures, corresponds 
to the execution of each maneuver. This law differs from the expected law 
n* (t) ((11.54), (11.55)). Consider the problem of determining the probability 
with which inequality n(t) >r°(), OC t¢<T, will be fulfilled for any execu- 
tion of a maneuver. The fulfillment of this inequality guarantees that the 
actual working-fluid consumption for the entire maneuver will not exceed 
the value calculated according to the law nr’ (t); it therefore ensures the 
delivery of a payload no smaller than the design payload. It follows that the 
probability of satisfying the inequality n(t)>n’°(t) for 0<t<T can be con- 
sidered as the probability of the problem. 

Let A represent the event 


A:n@>n'(t) at O<t<T (11.56) 
where P(A) is the probability of its realization (the probability to be deter- 
mined), Take the following system of (m +1) events into consideration: 

Ag: (t) = at 0<t<h, 
Ai: n(t)>n—1 at both, 
SUE MS Sag Pk A el (11.57) 


An: 2(t)i>m—m at ta<ct<r. 
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Event A is the intersection (product) of these events: 
A= AgAy... Ajo ee Age (11.58) 


This is illustrated in Figure 11.10, where the occurrence of each event 
A;(j = 0, 1, 2) corresponds to a point representing it in a region which is 
shaded in a distinctive manner. The intersection of events A,, A,, A, is 
represented by the region possessing all types of shading (the common part 
of regions A), A,,A,); this region lies above the step function rn’ (t), 


q 


SS 


To, DOD: 
RRS REL 
‘7 \7\A 


SKK 


FIGURE 11.10. Step function n® (¢) representing 
decrease in number of operating sections with time, 
and regions corresponding to events Ae, Ai, Az, and 
A in (11.57), (11.58). 


According to the multiplication theorem (cf, for instance /11,6/), the 
probability of realizing an intersection of events (11.58) is 


P(A) = P (Ay... Am) = P (AmlAg+ ++ Ama) P (Ages Ama) =... 
; ... = P(A,) P(A,J/A,)... P (Ajl/Ag. . Aja) ess 
22. P (Am/Ay-» Ama)» (11.59) 


where P (A,/A,...Aj;-1) is the probability of event A; occurring when event 
Ay..-.A}4 has taken place (conditional probability). 

490 We now calculate the conditional probability P (A,;/A,..-.A;4). If event 
A,...A}, has occurred, the number of undamaged sections n(¢;) at time t; 
is equal to one of the / values 


n(t)) = m or ny—1, OF ry — 2,..., OF Mm — Yi — 1). (11.60) 


The event 4,/A,...Aj.4 can accordingly occur by one of the following 
transitions: 


(0) . (a) . (‘—1) 


(9) Ny My | Mg— A My— A) Q— fF +t—om—s+4 

(1) Ng Ng—h *ng—a-+ng—4—1 *ng—j +1—+-ny—/ 

ee ere Eee ee (11.61) 
(é) Ng>ngai . Ng — a> ng —a—i : 

(i — 2) Rony — ja" Ny— & > Ny — J 

() Rg? No] 


381 


(the column index a= 0,1,..., }/— 1 corresponds to the initial state n (t,) = 
nm —a, and the row index i= 0,1,..., j —ato the final state n (tj) = 

ng —a—i). , 

The transition 


n (tj) = Ngo —O Mr (tjy3) = rg —A2— 7k 


means that during the time interval t;< t < t;,,; exactly i sections will break 
down from among the (n, — a) undamaged ones at the beginning of the interval 
(it does not matter which ones). 

The number of different ways of distributing i breakdowns among (n, — a) 
sections is equal to Ci,., the number of combinations of i elements out of 
(mj — a) Since the manner in which the sections are put out of order is 
immaterial, All these combinations are equally probable, and the pro- 
bability of each of them occurring is 


p44 tha 1 
exp|— (ro — a — i) : nat] [1 — exp 5 nat] . (11.62) 


491 tf (11.62) is multiplied by the number of combinations, we obtain the proba- 
bility of the transition n (t) =n —a@ — n (tu) = mg —O@— i: 


P (ty —4—> Ng —4— t) = 


= Chy20xp|— (m9 —a—i) Taal — exp Taal : (11.63) 
4 3 


In order to determine the probability of the event A,/A,...Aj;4, we must 
sum (11.63) over i and a (by the rows and columns of (11.61)) so that 


j-1j—e 


P(Aj[Ay... Aja) = 2 i P(m— amy — a — I). (11.64) 
cand 


The required probability P (A) is found by substituting (11.63), (11.64) 
into (11.59) to obtain 


m j-1j—a tha 


P(A) =] {> F cheenp x[—(m—a—9 { nal][t— exp y 1 at] | 


fad “a0 10 


(Coa =1, to=0, tm = 7). (11.65) 


With this formula one may calculate the probability of any law n° (#) 
governing section failures occurring (i.e., the probability of the inequality 
n(t)>n’(t)forO0<t<T). We apply it to (11.53) (11.55). Substituting the 
integrals (11.54) inte (11.65), we obtain 


m jn1j—e os at 
P(4y— IT {2 2 ck (1 —n7)}. (11.66) 


To third-order accuracy relative to (1 —R) we may write (11.66) in the 
form (after summing and multiplying) 


P(4)= R— gay (1B) + 01d — AP (11.67) 
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If we require a high probability P (A) of achieving a solution near ‘to unity 
(this is the case. of practical interest); we must take (1’— R)< 1, according 
to (11.67). Then, with:second-order accuracy relative'to (1 —R); the °° 
probability P (A) of obtaining the solution as a whole for the law 2° (t) from 
492 (11.53) —(11.55) will coincide with the probability R of no failures in the 
(nj — j) sections during the interval (t;, t3): 


P(A) =P(n@)>n'(), CSR tha Rell Bs 
i 
R = exp|— (no—/) : nde] (11.68) 
4 


3. Weight relations. The engine section which breaks down at time 4; 
is cut off. This will generally lead to a change in the operating regime of 
the remaining sections and to a drop in the maximum power, where 


O<N() <Nmax (n()] OF OS ND<N, 
at 4%<t<tjyy, J=O0,1,...,m. (11.69) 


Here Nnmax [n (é)] represents the dependence of the maximum power on 
the number of operating sections, and N; is the power represented as a 
fraction of the initial power N,(W;<Nju<.-..<.N,=1). For completely 
autonomous sections, the relationship Npax {n (t)] is linear and given by 


Ninax In ea) | = [n ()/ngl N, or Nj= 1—- Jing. (11.70) 


If the broken down sections are not discarded, we obtain the equation 
governing the variation of the vehicle weight by integrating over segments 


ti tisa)s 


G Gs at yt 
@a(t+ Tait 2 \ <a). (11.71) 


The t; are interpreted here as the expected failure points (11,54), 
Formula (11.71) then yields the quantity (G,/G,)" which sets a lower limit 
to events with a probability not lower than 2, so that (G,/G,) > (G,/G,)°; 
in what follows we shall use the ratio (G,/G,)°. 

The engine weight G, does not vary in the course of the flight and is 
linked with the initial value of the maximum power N, by the relation 


G, = aNg. (11.72) 
The unit weight « is considered a function of the power per section N,/ny 
(nonincreasing function of N/n, Figure 2.96). 
As in the situation for which failures were not considered, one can use 


93( 11.71) to express the total relative weight of the engine and the required 
eo averdoed working-fluid reserve to perform the maneuver in the form 


4 ied 3 
Gut Ga=s7g76 + & (= 73, 4; at) (11.73) 


(the bars above the dimensionless variables are omitted here and below). 
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4. Formulation of the problem. . The minimum sum of the weights of the 
engine and the averaged working-fluid reserve, (11.73), is:used:as an-opti- 
mum criterion. This corresponds to a maximum payload, whose probability 
of delivery is not smaller than R. 

The total. weight .(G. + G,.) is monotonic decreasing with increasing ©, 
as seen from (11.73). The problem of finding the minimum of (G, + G,,) can 
therefore be split into two parts comprising (a) the dynamic problem, and 
(b) the weight problem. These problems are stated as follows. 

(a) For given quantities A,, N,, m and for a known relationship A(r, t, No/n), 
the power N (t) and the thrust acceleration a (t) must be found such that the 
sum of the integrals (cf. (4.11)) 


™ 
J=% | Fata nin, 


r=a+R, r(0)=r, 1(0)=Vo (11.74) 
r(T) =", r(T) =v1 
“O<NO<KN; at <t<tia, 7 =0,1,...,m) 


is a maximum for a specified dynamic maneuver (with a fixed probability). 
The quantities t; are determined from the isoperimetricity conditions (11.54). 

(b) For given values of G, and (N,/nm)min (minimum possible section size) 
and given relationships 


a =a (No/m), J = Jmin (No, Mo: Ad)» (11.75) 


we require the optimum power N, and number of sections m which minimize 
the function (11.73). 

In dynamic problem (a) (the variational problem), the engine parameters 
(the number of sections n, and the power N,) enter via conditions (11.54), 
which define the failure points t;. This problem is thus distinguished from 
problem (4.11) in which failures were ignored. The weight problem is one 
of a function extremum. Its solution depends on the specific form of 
relationships (11.75); an example will be given in subsection 1 of § 3. 

5. Equations of the variational problem (11.74). We assume for simpli- 
city that 4 is independent of the operating regime of the sections, i.e., of 
the intermediate values of the power. The effect of this has already been 
discussed in § 1 with respect to a single-section engine. 

The relative power N only enters the numerator of the integrand of the 
functional which is being minimized (11.74). The expected failure points 
(11.54) and the equations of motion (11.74) are independent of N, Therefore, 
in order to minimize the functional (11.74) the power N must be maximum at 
each instant, so that 
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N()=N; at t}<t< ti, = 0,4,....m, (11.76) 


i.e., the power is constant between failures, and drops at the failure points 
as the number di operating sections decreases, 
The problem then :.reduces to minimizing the functional 


radi ( wae (11.77) 
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(where WN (t) = N; is removed from the integral sign) relative to the differen- 
tial relations (11.74) and the isoperimetricity conditions (11.54). 

If, in (11.77)a= r —R, we free ourselves from the differential constraints. 
The isoperimetricity conditions (11.54) with the constant multipliers ,/N; 
are added according to Lagrange's rule to the basic functional (11.77). 

We require the minimum of the expanded functional 
ns 

\ {(@ —R)? + vA (r, t)] dt 
3 
(r(0)=19, 1(0)=vo, r(T)=11, (7) =i). 


~ bid 1 
FaN2 
2; (11.78) 


To solve the problem, we must find the extrema of this functional and 
obtain the conjugational conditions for them (the fact that the extrema r (t) 
have discontinuities of the second derivatives at t= ¢; follows from the 
presence of the weight coefficients v; in the integrands). 

495 Euler's equations must be fulfilled along the extrema (cf. (5.6)). These 
equations are 


“ a on 
——(a-R w= =0 
. See te (11.79) 
(a = r—R, 3 <Ct< ty, 7 = 0,1, ..., my Ve = 0). 
If the sum of the coefficients of the increments 6r and 6r inthe expressions 
for the first variation of the functional J is equated to zero at the points 
t=t;, we obtain the following conjugational conditions for the extrema: 


1 i 4: 
wr at = Wo ap y,"S “¥,, as (j= 14,..., m). (11,80) 


‘ 

The subscript j here indicates the time 4, and the superscript plus or 
minus indicates whether the value of the function is taken to the right or 
to the left of the discontinuity. Thus, the thrust acceleration and its 
derivative at the failure points decrease proportionally to the power, 
i.e., the exhaust velocity V = 2gN/aG suffers no discontinuity. 

If the average number of failures 4 depends on r, the points ¢; must be 
varied when forming the first variation of J. This yields the additional 
set of conditions 


v vO Nw, —N; 
ms (Ge —wE) + He Capt =o G=1,....m—4). (11.81) 


7 

The problem has been reduced to solving the system of differential 
equations (11.79) with the boundary conditions of (11.78) and the restraints 
in (11.54), (11.80), and (11.81). The inequality in (11.54) helps to deter- 
mine the total number m of sections which fail during the whole flight. 

6. Continuous approximation to the step function governing failures. 
For a large number n, of engine sections, the solution of the variational 
problem using the step function n°’ () (which governs the decrease in the 
number of undamaged sections) is complicated by conditions (11.54), 
(11.80), (11.81). However, if the number of sections is sufficiently large, 
so that n,— m‘S> 1, the step function in (11.54), (11.55) can be replaced by 
a continuous function, which is naturally free of these restrictions. We 
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therefore introduce the differential equation 
A (r.t) 0 A (11.82 
AA 2 (0)= mo (Ar = —In R = const). 82) 


The solution nr (é) of this equation approximates the step function n’ (2) 
from below (n (t) < n"(t)), and resembles it at the approximation nodes ¢ = t;. 
To prove this, we integrate equation (11.82) from ¢; to tj, so that 


= + \ Adt. (11.83) 


Replace » (t) by the step function n° (t) in (11.55), and the right-hand side 
by the corresponding expressions (11.54), 

Equality is satisfied with an accuracy of order 1/n3. It can be deduced 
from here that the decrease in the number of undamaged sections between 
any two failure points for the continuous (11.82) and the step (11.55) failure 
functions coincide for nm + oo. The solutions given in the next section show 
that the integral characteristics corresponding to both laws become similar 
from the value n ~ 10. 

For the continuous failure function (11.82) the problem reduces to one of 
finding the extrema of the following functional: 


= [ee ie (n 4 the, ON) ae 
0 


(r(0)=19, r(0)=vo, r(T)=11, F(T) = vi), 


Sat 


(11.84) 


where v = v(¢) is the variable Lagrange multiplier of the differential 
constraint (11.82), and N (x) represents the dependence of the maximum 
power Nmax/N, on the number of undamaged sections. 

The equations for the extrema of the functional (11.84) are (cf. (11.79)) 


r=a+R, Qe r(0)=v., r(T)=ry, r(T)=Vn 


a a 1 vn On 
ae (wees) nee (a- R) tan, or = 0, (11.85) 
Yang e+ eeay te “te 9%. VT) =O 


n= — re 7 (0) = no. 


Thus, conditions (11.54), (11.80), (11.81) are replaced by two first- 
order differential equations (cf. the last two equations of (11.85)). 


ae 3. SOME SOLUTIONS FOR MANEUVERS WITH A 


COMPOSITE POWER-LIMITED ENGINE 


In this section we give some analytic solutions of the equations of 
the variational problem obtained in the preceding section. 

The equations are simplified by means of two assumptions: 1) the 
gravitational forces are neglected (R= 0), so that the problem considered 
is that of a one-dimensional motion (along the Oz axis) between two points 
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of rest in a gravity-free field; 2) the value of 4 for one section is considered 
independent of r and #, i.e., A(r, t}) = Ay 

It is further assumed (except in the last subsection) that the sections are 
fully autonomous: 


N (rn) = n/ny. 


1. Step function governing failures. With these assumptions, (11.54) 
gives an explicit expression for the expected failure points 


“xT “T 
wot? P~ aS om (11.86) 


(j=0,41,...,m—1, * = Ag/Aof). 


tat = 


Integrating the equations of the extrema (11.79) over the segments 
ty<(t < t,and taking (11.80) and (11.86) into consideration, we obtain 


p= (t— Lin op (tL) tin, 


j-1 
= 7 [tos + iol + $4)]° 


a= (Fr) [a3 ttt 
j-1 


+ a0(2 Tone “Tr =] nts £80 tae 3 aime )}. 


The quantities a,and @ are determined by solving the system of linear 
algebraic equations derived from the boundary conditions z (0) = z (0) = z(7)= 
= 0, z(T)=1: 


(11.87) 


+ 6o[ 5 (Bt 5h) + 5(t— Ere] 
m1 | i 
EPS He 
+ (1 —ty)[m*2 + 5 (1-2) (7—ty)]} + (11,88) 


m—-1 


m1 J 
+ 60{(55) [2 tHe 28+ 85 2 ier l+ 
m—1 
+ (ttm) [AE (2 t+ tm) + 
+3 (1—Z)(7 — te) (T + 2m) |} = 


Using the second condition of (11,86), the total number of failures m 
during the whole time of motion is found from 


“fT t 
“ny 2, = ie = tS PS tar 2S te (11.89) 
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The minimum value of the functional J is expressed in terms of (xT/n)), 


Ng, M, Qo, Ao: ao 


ae (ao -+ aut)? + (do + dat) 22 — 22 
t aime 


no 


+ 

a (11.90) 
tama) J+ (1—- Z) er x 

X [(@o + Gotm)? + (@o + dotm) Go (T — tm) + Yaak (T — tn)?]. 


This value of the functional J, divided by the value of the functional r 
for the maneuver without failures, is 


IP =I | (Fe) >A, (11.91) 


and is shown in Figure 11.11 as a function of the parameter 1/« = (A%)/(— In R) 
for different values of n, (the solid curves). 


a / 2 3 4 V2 


FIGURE 11.11. Functional J/J* of dynamic problem (11.74) as 
function of parameter 4/x (ratio of maximum number of failures 
in one section Agax=AcT, to their allowable number A, = —In R) 
for fixed number of sections m9; maneuver is displacement be- 
tween points of rest (J* == 12 12/T*). Solid curves correspond to 
optimum thrust-acceleration program allowing for failures and 
dashed curves to optimum program when failures are ignored. 


499 Figure 11,12 represents an optimum thrust-acceleration program 
a(qias = a(t) |(Fr), (11.92) 


which takes failures into account (the solid curve). The function a’ (t) 
(cf. (5.33)), namely the optimum one when failures are ignored (the dashed 
line), is also shown in this figure. The dashed curves in Figure 11.11 
represent the functional which corresponds to this linear function a’ (¢) 
when failures are allowed for. It is seen that modifying the thrust- 
acceleration program enables one to substantially reduce the functional. 
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We shall now investigate how the number of sections n, influences the 
functional J. Two cases must be distinguished: a) 4) for one section is 
independent of the power of the section N/m; b) 4 decreases with decreas- 
ing No/m. Case a) occurs when the processes which cause the failures are 
independent of the engine scale; case b) 
corresponds, for instance, to meteoric 
punctures, where the number of punctures 
is directly proportional to the radiator 
cross-sectional area (4, ~A'No/nm, A= 
= const), The total initial power N, is 
considered fixed and the number of sections 
nis varied. Furthermore, we assume that 
the maneuver parameters are specified 
and that A is independent of m. In case a) 


this corresponds to x = —InR/{A,.f) = const 

(Figure 11.13, a); in case b) it corresponds 

to x° =— mM R/(’T) = const or x/n, = const 
FIGURE 11.12. Example of optimum thrust- (Figure 11.13, b). In the first case 
acceleration program a(t)/a* allowing for (Figure 11.13, a) the functional J slightly 


failures (solid curve) for maneuver of 
displacement between points of rest (no= 
2, x= 2/3, a* = 61/T?); dashed line re- 
presents optimum program when failures 
are ignored. 


increases with an increasing number of 
sections n,, but on the other hand if n, 
is increased we can perform maneuvers 
which are more strained from the point 
of view of reliability (i.e., maneuvers 
with a lower value of x; ofthe limiting curve 
m=n, in Figure 11.13,a, where m is the total number of nonoperating 
sections during the whole flight). In the second case (Figure 11.13, b) an 
increase of n, has a positive effect with regard to these two aspects in that 
both the functional J and the limiting value «/n, decrease. 

When considering the influence of n, on the functional of the dynamic 
part of the problem, one should not forget that a decrease of power N4/n 
in one section leads also to an increase in the unit weight a. This has a 
negative effect on the functional (11.73) of the full problem. A final decision 
on the optimum number of sections can only be made after the weight part 
of the problem has been solved (subsection 4 of § 2). 

We shall give an example of its solution. In place of (11.75) we take 


a =a’ (1 + 2 AN*/N,), a’, AN’ = const, and(11.90). 
The following numerical values are specified: 
@* = (a'/2g)J*° = 04 and AG, =a'AN* = 0.001. 


Consider once more the two cases indicated above, namely, a) 4% = const 
or * = —In Rd) = const, b) A, =A"a'N,/(G.n,); 4°, a*, G.= const or x = 
= — In R/T) = const, G,= YD = 0.216, 

The results for the minimum total weight (11.73) of the engine and 
working-fluid reserve with respect to G, = aN, and m are given in 
Figures 11.14, a and 11,14, b. The relationships between the payload G, and 
the parameter x have been replotted in Figures 11.15, a and Figure 11.15, b, 
where G, is represented as a function of the probability R of successfully 
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performing the maneuver when Amgax = const (R = exp [—xAmaz]). These 
figures indicate that the division of the engine into autonomous sections 
operating in parallel is not too efficient in case a) (when A, in one section 

is independent of the section size), but gives satisfactory results in case b) 
(when 4 decreases linearly with decreasing section power). 


pe 


ae 


FIGURE 11.13. Functional J as function of number n,of autonomous 
sections, plotted according to Figure 11.11 (total power No fixed), 

a) A, independent of No/n: b) 49 ~ 4°No/n; further explanations given 
in caption of Figure 11.11. 


503. 2. Continuous function governing failures, For constant A (r, 2) =A») 
equation (11.82), which determines the number of undamaged sections nr (2), 
can be integrated to give 


n (t\/ng = eM*T (x = — Ayo). (11.93) 


For the manéuver considered the functional J can then be written in the 
form (with fully-autonomous sections) 


T 
J=(eeerd: (20) =2(0)=2(7)=0, z(f) = 2). (11.94) 
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0. 02 W 0 2°" 


a 


FIGURE 11,14. Maximum payloadG,, optimum engine weight G,, and optimum number 
of sections no for displacement between points of rest (@* = (a®/2g) 12l'T-* = 0,1 is combi- 
nation of maneuver parameters l, T, and unit weight @® for section of unit size; AGy= 
0.001 is minimum section size). 

a) A, independent of section power No/n where *=~-INR/AT; b) Ao decreases linearly 


with decreasing power No/n, where % = —In R/A*T and 2° corresponds to section of unit size, 
on on 
a4 a4 
a3 a3 
@ a2) 
a a 
2 a5 _ a7 08 “5057 a aR 


FIGURE 11.15. Minimum payload G,, as function of probability R of successfully perform- 
ing a maneuver . 


a) Amax = AoTi b) Amax = 4°T (cf. caption of Figure 11.14). 


The optimum program a (t) is 


b x—(e*_—tyt_ yt 


g (f = 7s 2 (1— eNsy)_ x-W(eW*®_1)-1 


esr, (11.95) 


The minimum value of the problem functional is equal to 


= pret (1 ete — ay x (11.96) 


The relationship J (1/x) is shown in Figure 11.11 (the curve n — oo), 
It is seen from this figure that, beginning with n = 10, the exact value of 
the functional and its limiting value are quite close to each other. 

3. Round-trip flight. Let the total time 7 of the trip (from one point 
of rest to a second one, and back) be given in the form 


2(0)=2(0)=0, s()=1, #4) =0, z(T) = 2 (7) =0 
(0<4<7). (11.97) 
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This maneuver represents a rapid round-tripinterorbitaltransfer. The 
problem functional for a continuous failure function (11.93) consists of 
the sum of the two integrals, , 


a T 
[= ( aeteT dt 4. etdxT y Belt-tImnT de, (11.98) 
6 i 


whose extrema are described by relations similar to (11.95). By varying 
the time t, we obtain the condition for equality ofthe squares ofthe accelera- 
tions on the left and right of t,. From this condition the optimum value of 
t, is found when 


efeet 4 — et (tyr (oT— 1) eT — ep teint (11.99) 
a eT) lin 4) yg (ete =: ey (ew ae eX) —*2 ° 


504 The solution of this equation #, (1/*) is represented in Figure 11.16 by 
a dashed curve. It is seen that the outbound flight (0<t< 4) is faster 
than the return one (4; <t<T). This lack of symmetry increases with 
increasing 1/x, and is due to the following reason. 


FIGURE 11.16. Optimum time distribution 
between outbound ¢, and return flights 
(dashed curve), and between first ¢; and 
second powered periods (solid curves, 
where T,, is total engine operating time) 
as function of 1/x (ratio of maximum 
number of failures for one section Amay = 

= AeT to the allowable number A, = — lu R), 


On the outbound flight, the decrease in power is negligible, so that the 
optimum acceleration is higher than during the return journey. 

Such a thrust-acceleration program ensures a sufficiently-high exhaust 
velocity everywhere, i.e., a low discharge of working fluid. 

4. Motion with a specified time of powered flight. We introduce the 
condition of a specified engine operating time 7, <1 (§ 2 of Chapter Seven). 
We show that, as in the case when failures are ignored, there is just one 
coasting period during the middle part of the trajectory, i.e., 


a(t)=0 at 0< 4 <t< acl. (11.100) 


392 


It was shown in §-2. of Chapter Seven that the inclusion of a coasting period 
during a trajectory with an ideal power-limited engine worsens the charac- 
teristic. This is also true when failures are taken into account, and the 
failure probability for a cut-off engine is the same as for an operating one. 
We shall now examine the case when the failure probability is zero during 
the coasting period, and is constant and nonzero during the powered periods; 
thus . 


co aman at a+0, (11,101) 
0 at a=0. 


The expression for the functional when using the continuous failure 
function (11,93) has the same form as (11.98): 


ts T 
Ja) meron de 4 eter | seece-tver ae, (11.102) 
0 


ty 
505 ‘The terms not under an integral sign in the first variation of (11.102) are 
8 = etuT {{22 (aw + — ag) — (ay)] dty + 2082, — 
2 (al + Se af) 82, — [2z0 (a + Ze ao) — (aiP)*] 4 — 
. . 14 
— az, + 2 (a + Sr alt) dza}. (11,103) 


Here e® and a are the optimum programs of thrust acceleration during 
the first and second periods respectively, and are 


a (j= (of 2 ara) eit a® ®= (B® + bt) et PT yer (1 1. 104) 


The velocities 4,, 2, and the coordinates z,, z, at the limits of the coasting 
period are linked by the simple relations 


dy = ty 2 = 2, + (4 — 4) %, (11,105) 


If 4, and t, are varied independently in order to find the optimum duration 
of the coasting period, it follows from the equality 6J = 0 that 


2a [(a@ + se a) — (aye + Ze ae?)| — (af)? = 0, 
a = 0, a — al + (ty — ty) (ae ~ a ay) =0, (11.106) 
(ap +, ay) — (am us ag) = 0, 
These equations give 
aD =a®=0, (h—4)a9=0. (11,107) 


From the last condition of (11.106) we obtain 5? = 6? = 6,, and equations 
(11.107) then yield . 


byt, + 09 = 0, bt, +0 = 0, (4-2) b, = 0. (11.108) 
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We cannot assume 6,= 0, since it would then follow that o{? = of = 0, 
i.e., a(t) = 0. Therefore t, = 1%. This means that the optimum trajectory 
will contain no coasting periods if the engine operating time is unspecified 
(we recall that the probability of failures during the coasting period was 
assumed to be zero in (11.101)). If the duration of the coasting period is 
fixed t, — t,= T—T,, then 6t, = 6t,, and three relations similar to (11.106) 
yield 


By? _ Ly = ba, a = a? = by, 2b, + 2b,t + b, (T == T,) = 0. (11.109) 


506 integrating the equation of motion by parts, where a (¢) is determined by 
(11.104) and (11.109), we find the constants 6, and b, from the boundary 
conditions of the maneuver: 


1 
“Tt 


be ad— eT?) +b [1 — (1 + 4 eth 


bebe [($— 4) et (1 eter | 4 (11.110) 
to[(b—2)4(b a a)eren 
(1) (b—a)er] ane 


The optimum position of the coasting period is determined by the third 
relation of (11.109), where 8,/b, is substituted for from the first formula of 
(11.110), This results in 
T—T,)e * Tr, al a 
ar ra eee ley re (11.111) 

The solution of this equation t,/T = f (1/«, T,/T) is shown by the solid 
curves in Figure 11.16. It is seen that the distribution of engine operating 
time between the first and second powered periods is not symmetrical 
(as for the roundtrip flight). The duration of the first powered period 
is shorter, while for 1 = Oit was 4=/, T,. 

5. Nonlinear dependence of the power on the number of operating 
sections. Consider a power source which works like a Carnot cycle. 

The thermal energy source (the heater) at a temperature T, (maximum 
temperature of the cycle) provides the power N,. The unused thermal 
energy is radiated by the radiator at an average temperature T (minimum 
temperature of the cycle). If the work capacity of the radiator is impaired 
by meteoric punctures, the radiator is split into autonomous sections. 

A failure in each section leads to a decrease in the radiating area. 

The efficiency of the Carnot cycle (the coefficient of conversion of 
thermal energy into electric energy) is equal to 


a = 1—T/T,. (11.112) 
According to the condition of thermal equilibrium, the radiator must 
radiate a power (1— 1.) Na, i.e., 


eoST®T, = Nar (11.113) 
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507 where Sis the radiating area of the radiator and eo.is.the product of the 
emissivity and the Stephan-Boltzmann constant: 
From (11. 112) and (11.113) we obtain an expression for the electric 
power (which provides the thrust in the ideal case) 


N = 4,N, = eoST? (T, — T). (11,114) 


Let the maximum thermal power of the heater N;, its maximum temper- 
ature T;, and the initial radiator area S,be specified. The optimum values 
of the temperatures T, and T at each instant must be selected from the 
condition of maximum power (11.114), so that 


T(t) = Te at O<¢<7, 
VNa[eoS (Ts at Zh eoS (tT > Ni, (11,115) 
T(t) = 
” 24Ts at =r eaS () Te < Mas 


the temperature T = ¥/,T;, is considered to be allowable for the radiator. 
The control program of the thermal power is determined by relations 
(11.113) and (11.115) 


: at 41 eS (t)T! > Na, 


N,(t) = (11.116) 


NrS (tS. at eas (t) TH < Np. 


It can be shown that for given T, and MN, the initial radiator area S, must 
satisfy the inequality 


FF 005)Tx! > Na. (11,117) 


If this is not satisfied, (11.116) indicates that the thermal power of the 
heater will never be fully used so that a radiator of lower power, and 
therefore of smaller weight, could be used instead. 

Thus, the optimum control of the thermodynamic cycle of the power 
source must satisfy the following scheme (cf, (11.115)—(11.117)). The 
heater temperature T, is continually maintained at its maximum level Ts. 
The thermal power at the beginning of the motion is likewise a maximum. 
Punctures of different sections of the radiator are accompanied by a 
decrease in jts radiating area and an increase in the temperature T, until 
finally it attains the value T = ¥, 9 From this moment on, the radiator 
temperature remains constant, while the thermal power decreases propor- 
tionally to the radiating area, 

The decrease of the radiating area of a radiator consisting of a large 
number of sections is described by equation (11.82), where n/n, must be 
replaced by S/S,. For a constant probability of punctures we obtain 
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S (Sy = et”, (11,118) 
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A minimum functional :J:for.the maneuver:-of a displacement: between 
points of rest determines the following-optimum program of thrust accele- 
ration: , 


(1—2 Vv) (byt bt) at O<t<t, 


a(t) = 
- eT (by + byt) at t£<r<?r. 


(11,119) 
Here 
«© {27 *q\-L 
v = Na ( gr eoSeTs') <1, 
t,=—x*Tinv, *=—Q)A* (8) T/noInR 


(11.120) 


(d° (6) gives the dependence of the average number of punctures of a unit 
section per unit time on the wall thickness 6; Q, = kS, (0<#< 4) is the initial 
vulnerable area of the radiator), 

As soon as the constants b, and }, are found from the boundary conditions 
(11.94), we can plot the relationship J (v,*). From the condition of minimum 
total weight (11.73) we must then determine the optimum values of the initial 
radiator area S,, the wall thickness 6, the number of sections n,, the maxi- 
mum thermal power Nx, and the maximum temperature T;. In order to 
conclude this solution we must know how the average number of punctures 
per unit section depends on the wall thickness 4’ (6) and the dependence of 
the propulsion system weight on all the parameters listed above, i.e., 

Gx = Ge (Nas Tas Soy 5, %)- 


§ 4. OPTIMUM PROBABILITY OF EXECUTING 
‘ A MANEUVER 


We have so far treated the optimization problem for a fixed probability 
of performing a maneuver, The formulation guaranteed that each maneuver 
would be successful with a probability R. Consider now the transportation 
problem, We wish to deliver a very large payload at the terminal point 
of the trajectory, so that the maneuver has to be performed repeatedly; 
alternatively, we can consider the problem of regularly supplying a station. 

509 It was seen from the solutions given in §§ 1 to 3 that the probability of 
successfully executing the maneuver each time is increased by reducing the 
payload which is delivered at the end of every flight, i.e., we must increase 
the number of successful trips to carry out the transportation problem. If 
the probability of successfully executing the maneuver is decreased after 
each flight, the number of successful journeys must therefore be increased. 
On the other hand the number of unsuccessful trips will increase, and the 
total number of journeys from some instant on will once more increase. 
Therefore there must exist some optimum probability RA of executing the 
maneuver at each stage; this optimum value always lies inside the interval 
(0, 1), since Yor R= 0 the percentage of successful trips is zero, while 
for some value 0 <R< 1 the payload vanishes. 
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1. Formulation of the transportation problem. The treatment is based 
on a scheme of independent experiments. The parameters of the vehicles for 
each maneuver are considered identical, and the outcome ofa journeyis con- 
sidered independent of the preceding outcomes.* Each i-th trip can have two 
outcomes: either the payload is delivered at theterminal point of the trajectory, 
or it isnot. These are two incompatible elementary events, and they form 
a full system of possible events. If the probability of the first event is R, 
the probability of the second event is 1- R. 

The outcome of the i-th journey will be characterized by the random 
variable G®, which is the weight delivered at the terminal point for this 
trip. If we are successful, the weight 6” will equal the payload G, to be 
delivered after each journey; if we are unsuccessful, the weight ¢® equals 


zero, In this notation the first elementary event will be G = G,, and the 
second one G = 0; the probability of these events is written in the form 
P(G®=G,) =R, P(G?=0)=1—R. (11.121) 


We recall that according to §§ 1 to 3 the probability R and the payload 
G, are linked in that G, decreases with increasing AR (cf. for instance 
Figures 11,19 and 11.15), 

Two different formulations of the transportation problem are considered 
(in both cases the takeoff weight of the vehicle and the maneuver parameters 
are considered as fixed). 

510 a) We require to maximize the mathematical expectation of delivering 
a total load Gz at the terminal point over a fixed number of trips n>1. 

b) We require to deliver a maximum total load Gg over a fixed number 
of trips n with a specified probability Ay. 

The mathematical expectation of delivering a load G; enters formulation a) 
and therefore the problem can only be solved on the average taken over 
a very large number of journeys (n> 1 or Gy3>G,). In formulation b), 
on the other hand, we have a specified probability R, for any number of 
journeys. Formulations reciprocal to a) and b) may also be used; we shall 
deal with them in subsections 2 and 3. 

In treating these two problems it will be assumed that we know the 
solution G, (R) of the problem for maximum payload at a fixed probability 
of executing the maneuver each time. Otherwise the variational problem 
must be written according to the given optimum criterion (cf. subsection 2). 

The transportation problem can also be examined in terms of the cost 
criterion, as in § 1 of Chapter Ten. The cost of a successful trip equals 
the cost of the vehicle without the payload (assuming that the vehicle is 
used only once). For an unsuccessful trip we must add the cost of the 
damage, here taken equal to the value of the payload (proportional to G,). 
The vehicle cost is linked with the weights of its main components via 
formulas (10.1) to (10.4). 

Formulations a) and b) given above are easily rephrased in cost terms. 

a) To minimize the mathematical expectation of the transportation cost 
of a specified load Gr. 

b) To minimize the transportation cost of a given load Gz with a specified 
probability Ry. 


* This implies, in particular, that the vehicles are not used repeatedly. 
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2. Maximum mathematical expectation of the total load (Problem a)). 
The mathematical expectation* of the value of the total load Gz delivered 
over rn trips is 


(Gz) = Be" = 2G) = >i [RG, + (1— R)-0] = nRG, (11.122) 


i=1 


(the mathematical expectation of a sum of random variables is equal to the 
sum of their mathematical expectations). 

It is seen from (11.122) that problem a) is independent of » and reduces 
to finding the minimum mathematical expectation with respect to the 
probability R for the weight G” to be successfully delivered in one trip: 


S11 


<6) = 7<Gr)= max RG, (R). (11.123) 


’ For a known relationship G, (R) this is a problem of maximizing a function 
of one variable. If the relationship G, (R) is unknown, we must write out 
the full variational formulation. To that end we introduce the instantaneous 
value of (11.123) for a single-section engine (§ 1) 


Gy, = ehG, (6), (1 1. 124) 


t 
where G,(t)=G.+G,(t), A(t)=§ dt, A(7)=—InR. At the end of the 
Qo 


journey <G™), coincides with (11.123), and the problem reduces to maxi- 
mizing the final value of (11.124), To obtain Mayer's formulation, we 
express (11.124) as the differential equation 


£ 6% AG. Get, <6 ing = Fo (0), Gar = max, (11,125) 


and add this to the system of equations governing the variational problem to 
maximize the payload G, = G, (fT) for a fixed probability R. The boundary 
conditions G,(T) = max and A(T) = —InR must then be replaced by G, (7) = 
= opt and A (7) = opt. For an ideal power-limited engine (11.11) the new 
variational problem has the following form: 


SG =e [se.— (G, + G,)* ais)67), 


G 2 WN 
(G19 = Ge (0), (E> =r = max, 
Gy = — Cet GF a(w) a 
G,, 2g N' 

G.(0) +G. = 14, G.(T) = opt, (11,126) 
r=, r (0) = Yo, r(T) =", 
v=ae+R, ¥ (0) =o, v(T) =i, 
A=hk(t, N, w), A (0) = 0, A(T) = opt 


« (a(t)>0, OL NH<1, le(t)|=1, Gx, w = const). 


The procedure used to determine the optimum control variables and their 
properties in (11.11) applies to (11.126) as well. We shall therefore restrict 
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Designated by the symbol ¢ ». 
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ourselves to the example of finding the maximum of (11.123), where G, (R) 

is taken from subsection 2 of § 1. Figure 11.17 shows the mathematical 
expectation of the weight <Gxz) per 

trip (as a fraction of G,), as a function 
of the probability R of successfully 
executing the maneuver. The data 
given correspond to Figure 11.9, 

The curves are distinguished by the 
values of the parameter Amax = Amal" 
which is the maximum possible number 
of failures during one flight. The solid 
curves correspond to the problem of 

a displacement between points of rest, 
and the dashed curves to the problem 
of a velocity build-up. The optimum 
values of the probability R and the 
maximum values of the weight (Gz), 
which correspond to the maximum 


0 42 W UW a R 


FIGURE 11.17. Average value of payload deliv- points in Figure 11.17, are given in 
ered in one trip at terminal point of trajectory, Figures 11.18 and 11.19 as a function 
as function of probability R of a successful trip of Amax for different values of the 


for fixed maximum number of failures Ayay 
Solid curves represent displacement between 
points of rest; dashed curves represent velocity 
build-up. 


maneuver parameter * (cf. (11.33), 
(11.34)). For the same values of Amax 
and ®*, the optimum probability R 
and the maximum weight (Gs) for the 
problem of flights between points of 
rest (the solid curves) are substantially higher than for the problem of 

a velocity build-up (the dashed curves). 

Consider now another formulation of Problem a), namely, to find the 
minimum mathematical expectation of the number of flights which are 
necessary to deliver a specific load Gz; we shall show that the two formula- 
tions are equivalent. 

The number of successful trips necessary to deliver a load G, is* 


n, = [Gz/G,} + 4; (11.127) 


the mathematical expectation of the total number of trips is (by definition) 


(ny = 3 Pa, Pa =P(S 6° > Gz, 36" <x), (11,128) 
i= 


n=Ne i=l i=! 


513 where P, is the probability that the necessary number n, of successful trips 


is attained at exactly the n-th trip (not earlier and not later), This means 
that (n — 1) of the first (n — n,) journeys are unsuccessful, and that the r-th 
one is a success. Such a situation can be achieved by Ca4* equally-probable 
combinations, and the probability of each of them is (1 — R)”™"R™. 
Introducing the notation i= n—n,, we can write formula (11,128) as 
(ny = BD Gay +9 (i — Ry’. (11,129) 


* The symbol [@,/G,] represents the integral part of the number G,/G,, i.e., the nearest whole number 
smaller than G,/G,. 
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Note that the series on the right-hand side of (11.129) represents the expan- 
sion of [1 — (1 — R)]"™*” and so the mathematical expectation of the total 
number of trips will equal* 


(n>) = nJR. (11.130) 


Substituting the expression for z, from (11.127) into (11.130), and discard- 
514 ing the symbol for the integral part, we obtain (rn) = G: RG,. For a fixed 
value of G,; the minimum of (<n) with respect to A is attained when the 
product RG, isa maximum. This means that the solutions of the problems 
to minimize (n>) and maximize <G;) coincide with an accuracy of up to the 
difference between the fraction G;/G, and its integral number (when Gz > G, 
this difference is immaterial). 


“i 08 12~«6~ Anas 
FIGURE 11.18. Optimum probability of suc- FIGURE 11.19. Maximum mathematical expec- 
cessfully executing maneuver at each trip tation of delivering load in one trip, as function 
(Problem a)) as function of maximum number of maximum number of failures Ayay for fixed 
of failures Ajay for fixed values of maneuver values of maneuver functional @*. Solid curves 
functional ®*, Solid curves represent dis~ represent displacement between points of rest; 
placement between points of rest; dashed curves dashed curves represent velocity build-up. 


represent velocity build-up. 


a 
OF G6 GF & 0G = R G&G & a7 2s a R 


FIGURE 11.20. Maximum number & of unsuccessful trips among n trips (with probability Ro) 
as function of probability ® of successfully executing maneuver in one trip. 


© Relationship (11.130) can be written directly if one proceeds from the statistic definition of the probability. 
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3. Maximum total load for specified probability of achieving the solution 
(Problem b)). We guarantee witha probability R, that amongz trips there will 
be no more than *# <n unsuccessul ones. The probability Ry consists of 
the probabilities of the events forming the given one: 


k r n . 
Ro = 3) Pn’ Pr’ = P( YG” = (n—i)Gs), (11.131) 


i=0 7=1 


where P) is the probability that i trips will be unsuccessful among rn. The 
latter can be achieved in Ci ways. The probability of requiring all of them 
is the same: ({ — R)'R”’, therefore P® = ci (1 —R)'R™'. Substituting this 
expression into (11.131), we derive 


n k 
Ro=P (GP > (n— HG.) = Yaa i AyR (11,132) 
icaQ 


(in — 
j=. ( 


(the binomial distribution for the scheme of independent tests /11.6/). 


OTe U8 Oe 6 Ane oe IE i hes 
FIGURE 11.21. Optimum probability of success- FIGURE 11.22, Maximum value of load deliv- 
fully executidg maneuver in each trip (Problem b)), ered in one trip, as function cf Aggy for fixed 
as function of maximum number of failures Ajax values of @*, Ro, andn. Solid curves repre- 
for fixed values of maneuver functional @*, pro- sent displacement between points of rest; dashed 
bability Re, and number of trips n. Solid curves curves represent velocity build-up, 


represent displacement between points of rest; 
dashed curves represent velocity build-up. 
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515. For given R, and n (11.132) determines the relationship between the 
probability R of one successful execution. of the maneuver and the number 
of unsuccessful. trips 4: k=k(R, Ron) (Figure 11.20). 
516 According to (11.132), the total load Gy delivered over n trips will not 
be less than 
FO" > (Wh) Gu (11.133) 


i=md 


with a probability R,. Therefore, Problemb) reduces to finding the maxi- 
mum value of the right-hand side of inequality (11.133) with respect to the 
probability R of a single successful maneuver: 


Gy = max [n — k(R)] Gx(R). (11.134) 


A solution of (11,134) for the relationship G, (R) from Figure 11,9 is given 
in Figures 11,21 and 11,22. These show the optimum probability R and the 
maximum value of the total load Gz for one trip out of the n made, asa 
function of Amax— the maximum possible number of failures during a single 
flight. 

The magnitude of the load Gr/n decreases as we increase the probability 
R, of attaining the solution. The probability decreases when increasing the 
total number of trips n. For large n the solution of Problem b) (Figures 11,21 
and 11.22 for n= 50) approaches that of Problem a) (Figures 11,18 and 
11.19), 

When studying Problem b) equivalent formulations may be used in 
addition to the one studied here; e.g., to deliver a given load with a specified 
probability Ry over a minimum number of trips x, or, to ensure a maximum 
probability R, of transporting a specified load Gg over a fixed number of 
trips n. 

Additional information on reliability questions as applied to flight 
mechanics can be found in /11.9—11,11/, 
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Chapter Twelve 


EXTRA WEIGHT REQUIRED FOR TRAJECTORY 
CORRECTION 


517 The subject of trajectory correction embraces a very wide circle of 
problems. These include: 

1) Study of the perturbing factors which affect the vehicle during flight; 
estimating the deviations from the required trajectory. 

2) Investigating the accuracy required to carry out the required trajec- 
tory; decision on the necessity of a correction, 

3) Measuring the parameters of the actual trajectory and processing 
the results. 

4) Determining the control function which ensures a given accuracy 
when executing the required trajectory with minimum weight. 

The full treatment of these problems lies beyond the scope of this book. 
We have accordingly given a very extensive (but by no means complete) 
bibliography of the papers dealing with them /12.1—12.103/, 

In this chapter we shall consider the question of assessing the fuel 
requirements for a trajectory correction, as applied to an ideal power- 
limited engine, For this the problem reduces to determining the minimum 
mathematical expectation of the increment in the integral of the square of 
the thrust acceleration. Errors in the execution of the optimum thrust- 
acceleration program, errors in the measurements of the coordinates and 
velocities, and deviations from the initial conditions are taken into account. 
The probability characteristics of these random variables (the mathematical 
expectation, the correlation function, the dispersion) are considered as 
known. Restrictions are imposed on the dispersion of the final deviations 
of the coordinates and velocities. 

The vehicte trajectory is corrected by successive discrete corrections 
of the thrust program of the continuously-operating main engine; these are 

51g based on measurements taken at specific instances of time (the correction 
points). The optimum distribution and optimum number of correction 
points are selected from the condition of minimum mathematical expecta- 
tion of the increment in the problem functional /12.62, 12.69/. 


§ 1, ERRORS WHEN IMPLEMENTING THE THRUST- 
ACCELERATION PROGRAM, AND DEVIATIONS 
FROM THE REQUIRED TRAJECTORY 


1, Errors in the thrust acceleration. The extremal a (t) which was 
found by solving the variational problem to minimize the functional J 
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(Chapters Four and Five), will probably be achieved with some errors 
6a = a (t) — a® (£). (12.1) 


This leads to a deviation in the actual trajectory r (t) from the required 
one r (t): 


bor (t) =r (t)— P(t), dar (t) =r (t)— 1 (t). (12.2) 


Assuming these quantities are small, we can express them by the linearized 
system of equations 


ar = 6a + (OR / Or) -d,r. (12.3) 


To obtain analytic results, we neglect the second term on the right-hand 
side of (12.3), i.e., we assume 


dar = 8a. (12.4) 


For the same reason we take as the initial undisturbed motion the 
displacement in a gravity-free field between two points of rest located 
at a distance 1 apart during time T (5.33): 


a(t) = ge (12x), 2) = 1 (3-27) as 


When finding the average deviations 6,r, 6,r caused by the errors 6a, the 
probability characteristics of the latter must be known, i.e., their mathe- 
matical expectation and their correlation function. Suppose these character- 
istics are specified, for instance 


M [&e (t)] = 0, 


12.6 
K [6a (t), 8a (¢’)] = o2A (t) A (t') eve, ee) 


519 Here M and K represent the mathematical expectation and the correlation 
function; o, and 6¢ can be interpreted as constants, characterizing the 
accuracy and response of the control system which implements the thrust- 
acceleration program; 4 (t)is a nonrandom known function, determined 
by the type of control, where A (t) = a (t) when the control is based on the 
relative deviation, and A (f) = const when it is based on the absolute deviation 
(in what follows A (t) = J/T*). 

2. Mean square deviations from the required trajectory. We calculate 
the mathematical expectation and the dispersion of the deviations 6,7 and 6,2. 
The operators of mathematical expectation and integration are commutative 
/12.4/, and therefore 


' (12.7) 


at} beat = y ae Mt (bo) at =0. 
0 0 


The dispersions of. 6,7.and 6,2 will differ from zero; using once more'the 
commutativity of the operators, we. obtain 
t t : 
D[8g2 (t))-= M [Bot (t) 8a (t)} = m{(§ ba(t) dt) (§ da(t) at) fs 
co) Qa 
¢t t t 


t 
= MS at { a(t) a(t) at = § ae | [da (t) 0(f)] dE. (12.8) 


Q 0 
The last integrand represents by definition the correlation function (12.6), 


and therefore 


T? “a 
0 


t t 
D [bat (t)] = pr 08 d\ ehxmiag, (12.9) 
cy 


If this integral is calculated and a similar procedure is carried out for 6,2, 
we obtain the final expression for the dispersions of the random deviations 
(12.2), caused by errors 8a of the type (12.6): 

D [8qu (t)] = 208 [x — 8 (1 —e-*")] (» =F ta f.0= £\, 

D [8q8 («)] = = 620 (® — 38 [#/a-c® + Ore-V + BF (1 —e*%)]} (12,10) 


(6-4): 


Deviations from the required trajectory are caused not only by the errors 
6a, but also by the inexact fulfillment of the initial conditions: 


520 


dor =r (0)—F,, Sor = r (0) — rp. (12,11) 


The errors 6,r and 6 r are considered as independent random vectors, 
whose components are not correlated and are distributed about zero with 
known mean square deviations; for one-dimensional motion it is assumed that 


M (8,2) = M (8,8) = 0, D (692) = a? 


Ov? 


D (6s) = 03,. (12.12) 


If at the end of the motion the expected deviations of the actual trajectory 
from the required one exceed the given allowable deviations 5rmax and 6rmax, 
the trajectory must be corrected during the motion. In the example con- 
sidered, this correction becomes necessary when the inequalities | 


2028 + 03, < 6r%4,5 5020 + 02, + of, < 855,55 (12.13) 


are not fulfilled. These two inequalities result from adding the dispersions 
D (,v) and D (6,2), D (8s) and D (5,)s), where the deviations 6, and 6, are 

independent and D (6, + 5.) =D (6,) ++ D(6,). The terms of order 6? and higher 
are neglected here, since it is physically obvious that &<T, or 6 = 647T<1. 


§ 2, OPTIMUM CORRECTION PROGRAM 


1. Measurement of the coordinates and velocities, We shall assume 
that inequalities (12.13) are unsatisfied, i.e., that the trajectory must be 
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corrected during the motion. To do'this, we must know the true values of 
the coordinates and the velocities. Single measurements are not accurate 
enough for this purpose; it is, therefore, assumed that measurements are 
taken regularly and often; the results of the measurements taken during 
the time interval t.,to (i= 1,2,..., m) are taken as the readings at 
time 4, and averaged. A certain error nevertheless remuins, 


bari = p(ti)—F (ti), Oats =p (4) —F i), (12,14) 


where p (t) and p (t;) are the radius vector and the velocity vector obtained 
as a result of the method used to obtain the readings corresponding to time 
t, and the averaging of the measurements, In the example considered it is 
assumed that 


M (6,0) = M (6,8) = 0, D (ar) = (o80)*, D (Bnsi) = (08)? (12,15) 
s2l and that the errors 6,4, 5:4 (i= 1,..., m) are not correlated. 

The mean square errors inthe measurements 0%), of} depend on the length 
of the averaging interval (¢, — #,). As this interval increases they will 
decrease at first, due to the elimination of random errors, and then 
increase, due to the effect of the errors $a¢ introduced by the engine (which 
become significant as the time interval increases), By averaging the 
measurements at the times 4 (i= 1,..., m) we know, to a certain degree 
of accuracy, the deviations of the actual trajectory from the (i — 1)-th 
required trajectory, 


Ar, = p(ti)—r (ty), Ary = p (4s) — rr (t)). (12,16) 
: 2, Optimum corrections of the thrust-acceleration program, The 


corrections of the thrust-acceleration program a” () are selected from 
the general optimum condition. The optimum correction 


Aat = att (t)— alt» (t), (12.17) 
calculated for time ¢, (the i-th correction) must ensure a minimum of the 
functional 

T 
‘ J ardt, (12.18) 


+ 


which corresponds to a displacement between the points in the phase space 
{p (ts), p (4)}and {r,, 7,} during a time interval At, = 7 — 4. 
’ Jt is thus required that the correction Aa (2) of the thrust acceleration 
makes the deviations Ar, and Ar, vanish at the end of the trajectory using a 
minimum of energy. The vehicle does not need to be placed on the required 
trajectory before the end of the flight. 

When calculeting the corrections Aa‘ (?) it is assumed that no errors 
are introduced. For one-dimensional motion in a gravity-free field the 
correction of the acceleration program is 


dai) = ma 2rat Angee — (tg am)]. (12.19) 
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The program executed in the interval of time between ¢ and #,, is a (0); 
at time ¢,,, it is replaced by a new optimum program a” (1), etc, 

3. Increment of the functional, The expression for the functional J for 
a motion with errors and corrections can be written as 


m ‘441 
J=% { (af) + 6a)’dt = (t9 = 0, tm = T*), (12.20) 


i=0 ts 


In a gravity-free field the equations for the optimum corrections Aq are 
linear, Therefore 


a! (t) = a (t) + Aa (t) +... + Ac ), (12.21) 


which enables us to transform the functional (12.20) into the form 


AJ =I —Jy=7 {2 (3 N a AaiPde + 5 aSade] + 


my 
+2[3 j Aas( 3} Aaj?) ay + 2 \ Aaa az] re 
+ [2 >> Jaana» dt+ 3) (Aai?)* de + j (82)¢de} : (12.22) 
where 
y= 1 (aster =. (12.23) 


If AJ/J,<1, and we restrict ourselves to the linear terms in AJ/J,, 
we obtain approximate expressions for the weight components in the case of 
a motion with corrections (cf, (4.15) to (4.17)) 


Ga (1 —VO)?— Aw ®(7e—1). 


CG. = (VO — 00+ 49 (Fra 1), (12.24) 
Guo (40 = SAV, Oo =F Jo)- 


When maximizing the averaged quantity G, a distribution of the correction 
points %(i=1,..., m) must be determined and a number m of such points 
chosen so that the mathematical expectation AJ is minimized when satisfying 
(on the average) the specified accuracy at the end of the motion. 

In order to calculate M (AJ), we require the mathematical expectation 
of the integrands in (12.22). These expressions represent the corrections 
Ma), the errors 6a, and their products. According to (12.19), the correc- 
tions Aa depend on the total deviations Av,, As,, These consist of the 
deviations caused by the errors 8a, and the deviations of the (i — 1)-th 
and i-th measurements. 
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With relations (12.2), (12.4), (12.14), and (12.16) it can be shown that 


Av, = 0 \ 8adt + 8qr1 + Snvi-n, 


M4 
*, t: 


As; = 7 \ dt y badt + 8,5; — bnSt-1 — bys (Ti — Tia) 


4 Tia 


(12.25) 


The mathematical expectation of the terms contained in the first brackets 
of (12.22) is zero, since the integrands of these terms are linear relative to 
the random variables Ap;, As,, and 6a, whose mathematical expectations 
vanish (12.6), (12.7). 

Since the random deviations a(t) on each side of the points 1; are not 
correlated when passing to the new program a), 


K (8a (t), Sa (t')] = 0 
at ta CTC, Fav’ oy, i-;, (12.26) 


and so we obtain the same result for the second bracket of (12.22) as well 
because the superscripts of the factors in these terms differ by more than 
unity. On the basis of (12.25), this means thatthe factors are not correlated, 
and that the mathematical expectation for each of them vanishes. 

The first two terms in the last bracket of (12.22) are expressed in terms 
of the deviations Avjn, Av, Asi, and As; in the forms 


\ AaiAal-) dz = i 


% 


4212 4 [ AsjAs,_, AsjAx,, 
Tri —t, L&—t4)? 2(14—1,_,) 


sea i) tae (A aoe | 


1-1, / 24 —%,) AL 


1 
‘ 123 4 As; As,Ao; | 41 
(Aas de = om a eee ee +e Avt]. (12.27) 


ui 


ad The mathematical expectation for the increment of the functional is therefore 


equal, with an accuracy of order 6, to 


M(AJ) = 1212 “or {2 [ sot et 88+ 26: —1) + 


4 io? (herr — OR? SP-C | 
Toa BG pte ies Gow Jt 
2 (one (om) 
fee cer ang ati 
61°) == Sop, of) = 6p, joint * (12.28) 


1-%y 


At the end of the motion (t = 1) the trajectory must enter the specified 
region of terminal values of the coordinates and velocities, i.e., the 
expected deviations from the required trajectory at the end of the motion 
must have an upper bound. This condition is expressed, similarly to (12.13), 
in the forms 

20 (4 — +. (m))2 << $y2 
nhs FES Maas (12.29) 
$ 020 (1 —tma)® + (06m)? (1 — ty)? + (ot)? < O58. 
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4, Optimum distribution of the correction points, The inequalities 
impose restrictions on t, when investigating the minimum of M (AJ) with 
respect to w(i=1,..., m). 

If measurement errors are neglected (of = of =0) and if the initial 
conditions are considered to be exactly satisfied (0, = 0, = 0) we obtain 
the geometric progression formula for the optimum distribution of the 
correction points: 


1—thy 


Ei ont = ( ea aoe = tnt (i=1,..., m). (12.30) 


The minimum value for the mathematical expectation of the functional 
increment of J for the specified number of correction points 


M (AJ)ain = "pa 02 (3801 + 75) | (12.31) 
pr =m [2 (1 — ty) —3 (A — ty) + 2 (1 — Ta) MO — 4] 


is monotonic decreasing with increasing m, and 
lim gi = —In(1 — tp) (12.32) 
mo 


525 (cf, log (1+9,) in Figure 12.1,a as a function of m and (1-—1,)). It is also 
seen that 9, decreases with an increase in (1 —t,); therefore the optimum 
point for the last correction must be located when the vehicle is at the 
maximum possible distance from the end of the trajectory and must be 
compatible with the above inequalities, where 


802 V 652 
(1 — Tm)opt = min {8 = : 3. se ‘ (12.33) 


For a constant finite dispersion of the measurement errors (a =4a,, 
o®) =o,, i= 0,1,..., m) the optimum distribution of the correction points 


FIGURE 12,1, Mathematical expectation of increment of functional J necessary for 
correcting trajectory of ideal power-limited engine, as function of number of correction 
points m and of interval (1 — t,,) between last correction and trajectory end. Maneuver 
is that of displacement between positions of rest, where 9, is dispersion factor of errors 

in executing thrust-acceleration program, 9, is dispersion factor of errors when measuring 
velocity (cf. (12.31), (12, 34)). 
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will not be expressed by a formula as simple as (12.30), and must be 
determined linearly. If we use (12.30), the manner in which M (AJ) depends 
on m and (1 —-1,,) is preserved (Figure 12.1, b), so that 


M (AJ) = Fe fot (5-091 + 15) + ots + 208(1—t9)} , 
Q@=m([2(1 ~~ tm 3(4 — tm) 20— tm) *™ —4), (12.34) 
Gs= (1 — tay — ta) — 1] + 2d te) 


526 We shall discuss the results obtained. Optimum correction in the 


formulation given here involved an a priori selection of the weight relations 
(which are optimum on the average) and the optimum thrust-acceleration 
programs (which ensure the maximum payload), 

For exact measurements the optimum distribution for the correction 

points is given by the geometric-progression formula (12.30). The correc- 
tion points are more closely spaced towards the end of the trajectory. 
The point at which the last correction must be carried out should be as 
far from the trajectory end as is compatible with the condition that the 
trajectory end lies within the specified region of terminal values of the 
coordinates and velocities. 

The concentration of correction points near the end of the trajectory 
is wholly natural. At the beginning of the motion we have ample time to 
correct deviations from the required trajectory, and can tolerate large 
deviations without using the corrections Aa (12.19) very much. This 
means we may fly a longer time during the intermediate stages without 
correcting the path than we can toward the end of the motion. Such spacing 
of the correction points was also obtained in /12.14], which treats the 
impulsive correction of ballistic trajectories. In the case of an impulsive 
correction an error is only introduced at the times of applying the impulses, 
while in our case the error is continuously accumulated, independently of 
whether or not a correction is made. Therefore, in the case of exact 
measurements no optimum number m of correction points exists. 

If, however, the dispersion of the errors differs from zero and depends 
on the intervals between the correction points, it follows from (12.28) that 
an optimum number of correction points exists for which M (A/J)has a 
minimum. 
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Part Ill 


ESTABLISHING OPTIMUM SOLUTIONS 


Chapter Thirieen 


ANALYTIC SOLUTIONS OF THE EQUATIONS 
OF DYNAMICS 


529 ‘The variational problems formulated in the first two parts generally 
lead to complex systems of differential equations. It is almost always 
impossible to establish optimum control functions and optimum trajectories 
of mction in analytic forms for true gravitational fields. Analytic solutions 
are however of particular interest in view of their greater clarity and the 
possibilities they offer of parametric analysis, 

These undoubted advantages led to the development of different methods 
for obtaining explicit solutions. Naturally, these solutions are obtained at 
the price of replacing the true gravitational field by a simpler one, and of 
deviations from the optimum criterion of the control functions. 

The first of these simplifications affects the result relatively little. 

In fact, the motion of the spacecraft in the complex field of several gravi- 
tational centers can be split, with sufficient accuracy, into stages in each 
of which only one of the centers is considered as acting. Thus, the transfer 
of a low-thrust vehicle from the artificial-satellite orbit of one planet to 
that of another one in the true gravitational field can be split into two zones: 
a zone of motion in the field of a planet under the perturbing action of the 
Sun and the other planets, and a zone of flight in the field of the Sun under 
the perturbing action of the planets. In each of these zones perturbations 
may be neglected and the gravitational fields considered as central (cf, 

the Appendix for more details). 

The latter assumption is adopted in this chapter, The equations of 
dynamics are written for two-dimensional or three-dimensional motion 
in a central field. The differential equations are hence simplified, but 
not sufficiently so to yield explicit expressions for the optimum control 
functions and trajectories, 

To achieve this aim we shall consider control functions which are, 
generally speaking, nonoptimum but enable us to obtain exact or approxi- 
mate formulas which govern the motion, Each such solution represents 
an elementary space maneuver, where the specified maneuver is split into 
elementary ones. The control functions and the trajectory of the motion 
thus obtained will be nonoptimum, but will nevertheless supply information: 
about the main features of the maneuver. 

The following space maneuvers are usually considered for vehicles with 
low-thrust engines: interplanetary transfer from the artificial-satellite 
orbit of one planet to that of another one (Earth— Mars, Earth—Venus); 
variation of the satellite orbit in space; holding a specified orbit under the 
action of perturbing influences caused by the noncentral effects of the ~_ 
gravitational field of the planet, the atmosphere, etc. 
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These maneuvers will be called complex maneuvers. They are split into 
elementary ones: escape in a central gravitational field from a circular 
initial orbit, the inverse maneuver, i.e., capture of the vehicle by the ; 
gravitational field into a circular orbit, transfer between circular 
coplanar orbits, rotation of the orbital plane, altering the satellite position 
on the orbit and changing the orbit elements (major semiaxis, eccentricity, 
inclination, apogee and perigee radii, focal parameter), etc. Some of these 
maneuvers are described in the Appendix. 

Attention is paid mainly to elementary maneuvers with a specified 
orientation of the thrust-acceleration vector of constant magnitude a; the 
acceleration vector, as arule, has some specified direction: radial, 
transverse, tangential or normal to the trajectory, perpendicular to the 
instantaneous orbital plane, constant in space, etc. 

This chapter aims at describing the solutions of the equations of 
dynamics for the cases listed; preliminary data on the form of the equations 
of motion are given in § 1 of the Appendix. 


§ 1. RADIAL ACCELERATION (a,= 0 in (A. 9)) 


1, Equations and integrals of motion. For a,= 0 the system (A.9) has 
the form* 


U,V, = a, + v2 /r—A/r*, 


DD, = — UVa [r. 


(13.1) 


The second equation expresses the law of conservation of angular momenturr 
(A. 12); its solution is 


7 ve = Mir. (13.2) 


With the aid of this expression for v, the first equation of system (13.1) 
may be represented in the form 


di M? 1 


r 


If the thrust acceleration is constant (a, = const), this equation is 
integrable and yields : 


— 4,ro. (13.4) 
Here vy9; To, M = vgoryare the initial motion parameters. If the initial orbit is 
circular, ice., m= 1, = 0, ve = 1, equation (13.4) simplifies and gives 
the radial velocity in the form 
Bp = tb V —£42 42, 7—1—1 = 
3 - : 
=4Y ™r—1)(r—n) —r9), (13.5) 


In this chapter the equations are presented in dimensionless form: the transformation to dimensionless 
variables is described in § 1 of the Appendix, 
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where 


= 1+ Vi—8a, 1—V1—8ay (13.6) 


a= 
4a, : 4a, 


These expressions show that different regimes of motion exist depending 
on the magnitude and sign of the acceleration ¢,. For a,< 0 the motion is 
bounded (4 >r>r,> 0) for “sa >a, >0 it is likewise bounded (1<r<7r,< 2); 
for a, > /, it is unbounded (r > 14). 

The last regime was studied in /13.1/ for the problem of escape from 
a central gravitational field. The motion with low values of the radial 
acceleration (a, < /,) was studied in /13.2/. A general study of the regimes 
was undertaken in /13.3/, where formulas were derived for the angle @ and 
the time ¢ as functions of the radius r (cf. also /13.4, 13.5/). These 
formulas have the form: 


for a,< 0, 
tn se = 
a t= [ru (B, 4) + (1 r3) E(B, k) + 
=e (1 — re) sin 28 | (13.7) 
2Vi—-sintp |’ 
ee ee EM eeu oy eee 
o=\iao Geen OS Py x(B,—2 , k) FQ, |, 
where 
_ 4—r, — rik? sin?B+ re , 
B= ae PS Semper 38) 


for 0<4,<%, 


vz ryF (B, k) — (r1 — 1) EB, & 
t= mea" (B, :) (1 ) (8 )1, (13.9) 


_ V2 me 
se rev ca 
where 
= 2p. r= (re—1)sin®B +45 (13.10) 
fora,='%,, ° 
9 = 2(o+*/,Intg(n%/4+)}, 
where 
sinkE =r —1, tg? =r — 14; (13.12) 
for a, > “Va, 
t=) [Set Vi— wai BF, + EQ, a fads 
@ = aresin (k sin B) — he k), 
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where 


4 


2 
=e? “= gr: (13.14) 


In formulas (13.7) to (13.14) we employ standard symbols for the elliptic 
integrals of the first F (f, k), second E (f, k), and third x (f,a,%) kinds. The 
integration constants are selected with the aid of the initial condition 
t= =0; r, and 7, are the roots of the equation for the radial velocity 
(cf, (13,6)). 

2. Build-up of a parabolic velocity. For a, > /, the motion is unbounded, 
and therefore the corresponding regime can be used to analyze the maneuver 
of parabolic velocity build-up from an initial circular orbit /13.1/, 

If we substitute the expressions for the velocity vector components v, and 
ve from (13,2) and (13.5) into (A.11) for the energy Z, we obtain the energy 
as a function of the radius r: 


E=a,(r—1)—/, (13.15) 


ee (the initial value of the energy in dimensionless units is E, = —, for r,= 1). 
The following relation between the radius at the terminal point r,, and 
the value of the radial acceleration is derived from the condition of a 
parabolic velocity build-up ( #, = 0): 


m=it+s- (13.16) 


The maximum value of the terminal radius is 7, = 5 (a, = ¥,) and its 
minimum value is 7,=1 (a= 0c). The time t, and the angle 9, at the end 
of the maneuver are found from formulas (13.13) and (13.14), if we replace 
rby 7. The radial and transverse velocity components at the terminal 
point are determined by the expressions 


- Va, +a _ _ 2a, 


YUL——T7ea,* Y= TP o,* 


(13.17) 


The values in (13.16) and (13.17) for a parabolic velocity build-up with 
constant radial acceleration are correct for a, > /,; smaller values of a, 
correspond to bounded motions. Unbounded motion can also be obtained at 
low values of the acceleration (a, < /,), if its direction is reversed at 
appropriate points of the trajectory. 

The solution of the problem to build up a parabolic velocity with low 
alternately positive and negative radial accelerations is given in /13.6/ 
and /13,7/. Following the treatment in /13.7/, we consider a geometric 
curve of the square of the eccentricity vs. radius. When deriving the 
formulas we do not assume an initial circular orbit. 

In the Appendix (cf.. (A.21), (A.22)) the eccentricity e is expressed as 
a function of the perihelion radius r, 


ex 1, (13,18) 
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With the energy equation one may link the perihelion radius with the 
instantaneous radius r and the radial velocity v, so that 


oo M4 Mt 
Baste ore por: (13.19) 
whence 
s? = Mv + ( —*y. (13,20) 


534 This is a basic relation in the following discussion, Figure 13.1 shows 
the curve of zero velocity in (7/M®, e®) coordinates (the solid curve), As 
r --oo the curve approaches e?= 1 asymptotically, and intersects the 
horizontal line e? = 1 at r= 1/,M", In the absence of a perturbing accelera- 
tion the motion shown on the curve corresponds to a finite (for e4< 1) 
or infinite (for e* >1) displacement along the horizontal line. 
The derivative de%/dr is (using equation (13.3)) 


a = 2M*a,, (13.21) 


from which, for a constant value of a,, we obtain 
e? = e, + 2Ma, (r — r,). (13.22) 


The motion under a perturbing acceleration of constant direction 
corresponds to a finite or infinite displacement along a straight line of 
2M*a,. In Figure 13.1 a trajectory with constant radial acceleration and 
direction is represented by the line 
1—2, where point 1 is the perihelion, 
and point 2 is the aphelion of the 
perturbed orbit. Here the motion 
oscillates along the line 1 —2, and 
the maximum value of the eccentricity 
is attained at point 2 when 


ez; = 6; + 2M°a, (r, — ry). 


0 2 77M? If the perturbing force changes 
FIGURE 13.1. Square of eccentricity e? vs, re- sign at point 2 (a, < 0), the value . 
lative radius r/M?. of the eccentricity on such an orbit 


(point 3) exceeds the previous maximum 
(point 2). Repeated execution of such 
a maneuver 1—2, 2—3 ensures the build-up of a specified eccentricity 
for an arbitrarily low perturbing acceleration, In this manner one may 
control a parabolic velocity build-up (s* = 1) using a radial acceleration 
lower than the limiting value (a, < "/,). 
The same effect can be achieved if instead of reversing the acceleration 
we introduce coasting segments, as shown in Figure 13.1 (the segments 
1—2—2'—3'), 
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It has already been established that the limiting value of the constant 

535 acceleration for building up a zero energy from a circular orbit is , in 
dimensionless units (the radius and time on this circular orbit are taken 
as measurement units). At take-off from an elliptic orbit the limiting 
value may be higher. Figure 13.1 shows that the worst conditions in 
this sense occur on the right-hand branch of the curve of zero radial 
velocity (at the apogee) when the slope is maximum r,/M? = 1.5, e4 = /, at 
which a, = 4/(27M‘4). 

3. Orbital transfer. Examples of transfer to the orbits of Mars and 
Venus with a constant radial acceleration are given in /13.3—13.5/. So 
that the transfer orbit might have a zero radial velocity at the orbit of 
Mars or Venus, we must have an acceleration lower than 1}, (bounded motion), 
In view of condition (13.2), the transverse component of the velocity cannot 
be made equal to the circular velocity on the destination orbit by selecting 
any magnitude or sign for the thrust acceleration. Therefore, the velocity 
of the vehicle relative to the destination planet always differs from zero. 

The orbital transfer to the orbits of Mars and Venus with a radial acce- 
leration was also studied in /13.8/; in that paper the magnitude of the 
acceleration is not constant, however, but is proportional to the radial 
distance, i.e., a, = br. 

The case of a variable radial acceleration, ensuring a constant radial 
velocity, 


v, = const, a= 4 (13.23) 


is examined in /13.7/ in addition to the case of constant acceleration. 
The motion with a radial acceleration given by 
a= 3 (13.24) 
was studied in /13.9—13.10/. 

This thrust acceleration holds for vehicles with solar sail set perpen- 
dicular to the solar rays (cf. § 4 of Chapter Nine). 

The equations of motion (13.1) with the acceleration in the form (13.24) 
describe a Keplerian trajectory with a different gravitational constant 
(replaced by a). 

Let the vehicle be placed initially on a circular orbit of unit radius. 
The eccentricity s and the semimajor axis A are (cf. (A. 21) to (A. 23)) 


aq 4 
s=77 A= T=Tya=aI' (13.25) 


It follows that when a,< 0.5 the flight trajectory is an ellipse, when a) = 
0.5 it is a parabola, and when a, >0.5 it is a hyperbola. 

For transfer between the circular orbits r>= 1 and r, >1 along an ellipse 
which is tangential to the circular destination orbit at the apogee, we require 
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a = (7, — 1)/2ry. (13.26) 


The flight time is then Y2r,/(r, + 1) times larger than the flight time along 
the corresponding Hohmann ellipse, and the final velocity is Yr, times larger 


416 


than the circular velocity. at radius Peat 7 
from ‘the Earth orbit to the Mars orbit on the quantity a ‘is shawa. ‘in 
Figure 13.2. Pe 


0 YW G2 @3 04 a, cm/sec* 


FIGURE 13.2. Dependence of flight time from 
Earth orbit to Mars orbit on ag (a, = ao/r?). 


4, Variation of the orbital elements, The angular momentum M and 
the radii of the points situated at maximum and minimum distances from 
the center, 7, arid r, respectively, remain fixed for trajectories with a 
constant radial acceleration. These properties follow from Subsections 1 
and 2 of this section. 

If the unperturbed orbit is circular or quasicircular (e, <1), and the 
perturbing acceleration is low (a, < /,), the greatest difference between 
the maximum and minimum radii is 


Tz —1 = 2a,, (13.27) 


and the maximum value of the eccentricity, determined by eebrereion (13,20 
is then given by 


®max = 20, (13.28) 


(in (13.27) and (13.28) the minimum distance, equal to the radius of the 
unperturbed orbit, is taken as unit length). 

The line of apsides, defined as the line connecting the points situated at 
maximum and minimum distances from the center, shifts by 2ne, radians 
per revolution under the action of a low radial acceleration. 

The results described here have been obtained by many authors. 
Reference /13.2/ uses the expansion in terms of the small parameter a,in 
the expressions for the variation, of the orbital elements. In /13.11/ the 
Krylov — Bogolyubov method was applied to-equations (A.26). The results 
obtained in /13.11/ coingide with those of /13.2/, except for one conclusion 
regarding the regression’ of the’ line of apsides. Another method, that of 
varying the parameters (as applied to the analysis of altering the orbital 
parameters) is described in /13.12, 13.13/. The results obtained in these 
papers also agree with those presented above. 
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§ 2, TRANSVERSE ACCELERATION (ar = 0 in (A. 7)) 


1, Equations of motion. When only the transverse component of the 
thrust acceleration is preserved, equations (A.7) reduce to 


To ot 1 
eo (13,29) 
qr — 2rp + ag, 


If g is eliminated from these equations, a single cubic equation 
results for r given by 


2 tnt age. (13.30) 


2, Parabolic velocity build-up. The above-mentioned paper /13.1/ 
treats the problem of building up a parabolic velocity from a circular orbit 
under the action of a low constant transverse acceleration (¢, <1). The 
initial conditions of such a motion are 

ro = 1, r(0) = 0, g = 1. (13.31) 

The initial value of the second derivative r,, which is required when 


solving equation (13.30) instead of system (13.29), is found from the first 
equation of (13.29) 


T) = 0, (13,32) 
It is assumed in /13.1/ that for small a, the term r?r in (13.30) is 


considerably smaller than r, and so can be neglected. A simple differential 
equation is then obtained whose solution is 


= (1 — agt)", (13.33) 


The remaining parameters of motion 7 (¢), r(), g(t), p (t) are now expressed 
using this result in the forms 


7 (t) = 2ay (4 — agt)*, 7 (t) = 6a (1 — agt)-*, (43:94) 
P(t) = (ae)? [1—(1—aot)"], p(t) = (1—agt)?. 


538) In polar coordinates r (9) the orbit equation takes the form 
r= (1 — dag); (13,35) 


for low a, the orbit is a shallow spiral. 
According to (13.34), the initial values r,, 7, differ from zero: 


7p = 2d, 7» = 6a?, (13.36) 


which contradicts the initial conditions (13,31) and (13.32). 
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At the point of parabolic velocity build-up ( £,= 0) the parameters of 
the motion are 


=, fy 


T=a} (1— (2a4)""1, Qi = (4g)? 3/2, = aa (13,37) 
n= (2a) ’ ry = (2¢,)", Th = 3a. 
The term rr*, which is neglected in equation (13.30), is larger than r at 
the final point, at which 


ryt = Vy (Qay)-, ry = (2a). (13.38) 


This implies that it is incorrect to simplify differential equation (13.30) 
for the final part of the trajectory. 

The motion described by (13.34) is characterized by the equality of the 
centrifugal and gravitational accelerations (rq? = 4/r*) at each point. The fact 
that the second derivative + does not vanish along the whole trajectory 
indicates that the first equation of (13.29) is not quite satisfied. If, in 
addition to the transverse acceleration component, we introduce a radial 
component a, = Fr = 6a% (1 — agt)*, the solution obtained above is the exact 
solution of equations ( 13.29) with components a@,,a,. During the initial 
stage of the motion the component a,, taken in this form, is of second-order 
magnitude as compared with a,. On that part of the trajectory where the 
velocity approaches the local parabolic velocity, the radial component a, 
becomes commensurate with the transverse component a,(cf. /13.14—13.16/). 

3. Representing the solution in series form. A different approach 
is suggested in /13.17/ with regard to determining the characteristics of 
the motion with transverse acceleration. Using the method of variation 
of the parameters, one may express the functions r(), r(t), M(t) = 7 (t)9 (t) 
as a power series in the small variable a,: 


r(t) = 41+ a, (2t— 2siné) + a3 (8¢* + 3t? cont — 
—tsint~—4sin?¢+ 2cost—2)+4..., 
r(t) = a5 (2— 2 cost) + a9 (6¢ + 5¢ cost — 3t? sin t — (13.39) 
—3sint—8sintcost) +..., 
M (t) = 1+ agt + a8 (® + 2cost--2)+... 
727 These functions exactly satisfy the initial conditions (13.31), and appro- 
ximately satisfy equations (13.29) (with an accuracy of order a3), 
4 similar approach is used in /13.12, 13.13/; a correction to solution 
(13.34) was obtained in /13.18/, 
4. Variation of the orbital elements, The eccentricity of the osculating 
ellipse for motion along the spiral (13.34) is a monotonic function of time 
given by 


& = Jay (1 — at); (13,40) 


for motion along the trajectory described by expressions (13.39), it isa 
periodic function of time 


8 = dag [sins |. (13.41) 
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The maximum increment in the radial distance Ar per revolution at take- 
off from a circular orbit of unit radius is equal to /13.11/ 


Ar = 4nag. (13.42) 


§ 3. TANGENTIAL ACCELERATION (y = 0 in (A. 16)) 


The tangential direction of the thrust-acceleration vector is the direction 
nearest to the optimum in the problem of parabolic velocity build-up from a 
circular orbit. It was shown in /13.19—13.20/ that the acceleration vector 
of constant magnitude in the optimum build-up program lies at any instant 
between two directions: the tangential and the transverse; it coincides with 
the latter at the final point of the maneuver. If the acceleration is constant 
and directed tangentially throughout the motion, the difference between the 
escape time and the optimum escape time does not exceed 0.5% for values 
of ain the range 0 <a< 0.1. Over the same range of values of the 
acceleration magnitude the difference between the optimum and.the trans- 
verse program is less than 8.5%. These results were obtained in analytic 
form; the calculations /13.31/ corroborated the values given (cf. § 3 of 
Chapter Six). 

Similar results were obtained in /13.22/; these dealt with transverse 
and tangential programs for a thrust of constant magnitude. 

549 1. Equations and integral of motion. For a tangential direction of the 
acceleration vector system (A.16) has the form 


(13.43) 
dr dr \2 1 [fdr \2 
“(ar—1—-G)]=F (le) 1]: 
Here the derivative dr/ds replaces the functions of the angle ¢. 
The initial conditions for the problem of parabolic velocity build-up 
from a circular orbit are 
r=1, dr/ds=0, v=1 at s=0. (13.44) 
The first equation of (13.43) can be integrated in an explicit form for 
the case of an acceleration of constant magnitude; allowing for the initial 
conditions (13.44), we obtain 
Yt = i/r + as— 4. (13.45) 
This equation shows how the energy E varies along the trajectory, 
E=as— (13,46) 


the length of the transfer trajectory is 


5, = 4/(2a). (13.47) 
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Note that the tangential direction of the acceleration corresponds to 
the maximum rate of energy increase, where E = av (cf, (A. 14)). 

When the expression for v* is substituted into the second equation of 
(13.43), we obtain a second-order differential equation for r(s) with initial 
conditions (13.44), 


[Ser—1+(Z)]@+ 2ras— 1 = (EY —-1. (13.48) 


System (13.43) was reduced to this form in /13.23/. 

2, Approximate solutions of (13.48). For small values of the argument 
s(s<1) the solution of equation (13.48) can be represented as a power series 
ina, The first three terms of the series have the form /13.23/ 


r=1-+ 2a (s— sin s) + 
+ 4a? (s? + 1/45? cos s — 1/,5 sin s + 2coss— 2) +... (13.49) 


The first two terms of expansions (13.39) and (13.49) are alike; it follows 
that the transverse and tangential acceleration programs yield the same 
functional expressions for r at low values of the argument ¢ or s (at the 
beginning of the motions =~, since ds/dt = v~1), 

Similar expressions were obtained in /13.24, 13.25/, where the para- 
meters of motion were expressed in terms of 9, the angular displacement. 

With the aid of (13.49) one may find the first two terms of the expansion 
for the velocity magnitude v, so that 
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v=1—a(s—2sins). (13.50) 


It is seen from (13.49) and (13.50) that the motion is oscillatory. 
Oscillations with a period of revolution 2x on the initial orbit, are super- 
posed on the average motion (7 =1+2as, v=1—as). These oscillations 
originate from the mutual transitions of kinetic and potential energies. 

An interesting fact is that the centrifugal and gravitational accelerations 
on the average trajectory are equal with an accuracy of order a?: vr = 4/r, 

A simple analytic expression for r was suggested in /13.23/, where 


r= (1 — 2as)7. (13.51) 


This formula is obtained by eliminating the term (d*r/ds*) r in (13.48) (con- 
sidering it as small compared with unity). A similar method was studied 
in the preceding section in connection with expression (13.33), and the 
comments made there apply to this case too with no basic modifications. 

3. Asymptotic solutions of the acceleration problem. The problem of 
accelerating from a circular orbit under the action of a tangential accelera- 
tion was solved in /13.26/. The final position of the motion is character- 
ized by a specified energy, which is not necessarily equal to zero (accele- 
ration to hyperbolic velocities). 

The analysis starts with a system which describes plane motion in 
osculating variables: 


2p . __ 2sinv 


ae tee (13.52) 
: e+ cosy -_ Vp __ 2sinv 
e= 2—— — 4, Ve ae 
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where p is the focal parameter, e is the eccentricity, g,is the angular 
displacement of the perihelion, and v is the true anomaly. The velocity v and 
the radius rare determined by the formulas of the unperturbed motion 


raph, PHY Fl tet t 200089) (13,53) 


(all parameters in (13.52) and (13.53) are dimensionless). Equations (13.52) 
and (13.53) represent a particular case of system (A. 37) in osculating 
variables for a tangentially-directed thrust-acceleration vector. 

As in /13.25/, we made the substitutions 


v = (2a)"V, r= (2a)""R, p = (2a)""n, t = (2a)""t. (13.54) 


System (13.52), (13.53) is then transformed into 


dx de _e&+cosv 
en a a” Vv’ 
qd, sinv dy Vn sinv 
ak. = Ve ’ < Rt — Te (13.55) 
eee ist = 1 2 2 
(R= 7h V= qitte + 2e cos v)) 


The time t and the angle 9, do not appear on the right-hand sides of (13.55), 
and the system can therefore be split in two parts. The first part is 


de _e+cosv 


ax x! 
eos SVT oF + Be cosy (1 + © cosy)* V1 — cosy + (13.56) 
1—cos?v . 
+ He 3 


é 


the second is 


dt ye ES 

—= =z (1 + 8? + 28 cos v), 

Pe x (13.57) 
id sinv 

an ne ° 


The solution of the second part is obtained by quadratures after solving 
the first one, which is a closed system of equations and determines « and 
cos v as functions of x. 

As a result of transformation (13.54) the acceleration a is eliminated 
from the right-hand sides of the equations of motion; on the other hand, 
it is easily seen that the initial conditions represent the problem of accele- 
rating from a circular orbit. Asa result, two motions starting from the 
same circular orbit with different values of a can be described by the 
same equations, but with different initial conditions. 

The solution of the problem of accelerating with a low tangential acce- 
leration possesses one important feature: the trajectories corresponding 
to different vaiues of a differ little from one another and from the universal 
trajectory starting from the gravitational center. This universal trajec- 
tory may be divided into parts corresponding to different initial conditions 
in accordance with a specific rule. However, the boundary conditions 


eS 
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are then only approximately fulfilled in that the initial orbit is not a circle, 
but an ellipse of small eccentricity (which decreases as the acceleration 
grows smaller). : 

The existence of a universal trajectory was established by Perkins /13.25/ 
by numerical analysis. The universal trajectory was plotted in /13.26/; 
we shall follow the treatment given in that paper, and give the results 
obtained in it. 

It is convenient to split the required trajectory into three characteristic 
portions. The first portion, the beginning of the trajectory, is described 
by an asymptotic solution for small x(x <1, and also e<1, cos v<1); 
the second portion, the middle of the trajectory, is determined by numerical 
analysis; the third portion, the end of the trajectory, is described by an 
asymptotic solution for large x (x51, and also e>1), 

For small « the asymptotic formulas for the quantities e, cos v, 1, 9. 


have the form 
e=7? > et, 


k=9 
cosy = XS) vant, 
7 13.58) 
®, = — 3.40942 + xf) prt, (13, 


k=0 


= 1.34571 + nth Sat, 
kag 


The values of the expansion coefficients e&. x, 9, t are given in Table 13.1. 


TABLE 13,1. Expansion coefficients for formulas (13.58) 


k "k ‘rk | % | tk 
1.0-10° 1.0-10° —0.5-10° —2.0-10° 
—6.0-10° —3.0-10 2.75-10 —4.285714-40! 
3.53-40? 3.177-108 —4.835417.10! | —5.75-10° 
‘5.0216 -104 —6.58080- 105 4.292169.108 3.604946 .102 


1.271935 .107 2.162289-108 | —8.098106-10° | —5.110699-10* 
—5.007378.10° | —1.051549-10s 2.555165 -108 1.2841759-107 
2.829338 -1012 7.073346 +108 | —1,204903-402 | —5.010652.10° 
—2.173519-1095 | —6.303206-1018 7.935154 -10'8 2.819974 - 1013 


AQ srw oS 
l 


For large x the expansions of e, cosv, t, 9, are 


e = 0.76649n + Ser, 
k=1 
cosv= Sivsc¥, 
kaa (13.59) 
,, = — 1.5708 + x4 > 92", 
k=0 ; 
T= — 1.6114 Por. 
. 7 
544 The coefficients of the series are given in Table 13.2. 
The functions e (x), cos v (x), @. (x), v(x) for intermediate values of x are 
given in Table 13.3, together with the corresponding values of twice the 
total energy given by 


1=—. (13.60) 
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TABLE 13,2. Expansion coefficients for formulas (13.59) 


"k 


—4.58000-1072 
6.80189-1072 
—8. 45172-1074 
8.85247 -10-2 
—4, 86283-1072 
—9. 64784-1071 
4.43942.-10° 
—1.10624-102 
2.41182-402 
10 | —3.13246-401 
44 2.90194-101 
12 4.76253 -401 
13 | —1.71363-102 
14 5.27883 - 102 


WCOONBAPwNeE Oo 


TABLE 13.3, Parameters of motion in intermediate region 


SooooHoe Oh ON oS onNomonb ORES sUBASBBREEEERBBRSESS 
oO 
bo 
an 
-_ 
we 
pe] 
oO 


| ed ed al ed ad 


Ye | % 
- —1 .30465-10° 
9.416000-4107? 0 
—2.04057 - 10° —7.74093 -10-2 
3.38069. 10° —3.20210-1071 
—4.42624-10° 1.05876 -10° 
2.91770 -10° —2.39421 -10° 
6.75349-10° 4, 44336 - 100 
—3.55154-10? —6.81926-10° 
9.95619-10! 7. T4454 -100 
—2..11182-102 —2.45367 -10° 
3.44538 -10? —1 ..89947.101 
—3. 48233 -102 7.31602-101 
—2.29129 - 102 —1.79535 - 10? 
2.39908 - 109 3.41319-102 
—7.91825-108 —4.90991 - 402 


0.041095 


’ 
7 
k 
~ 


1,53298-10° 
0 


—7.40216.107 
5.44150-107! 
—3.77374-1071 
—1.23027.1072 
8.58759-1077 
—2.41946-10° 
4.80913 -10° 
—7.51642-10° 
8.38035 -10° 
—1.84542-10° 
—2..32322-101 
8. 44939-4101 
—2.00619-10? 


—53.3820 | —4.97871 | —9.99900 


—38.0922 —4.42754 | —8.33161 
—28.8661 —3.99908 | —7.14013 
—22.8710 —3.65360 | —6.24594 
—18.7539 —3.36729 | —5.54979 
—15.8022 —3.12493 | —4.99214 
—13.6115 —2.91623 | —4.53507 
—11.9390 —2,73398 | —4.15334 
—10.6343 —2.57297 | —3.82936 
—9.58789 | —2.42927 | —3.55073 


—1.69604 | 5.23819 | 411.6675 
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FIGURE 13,3. Functions e (1), t (7), 0 (2). FIGURE 13.4. Function cos v(m), 


FIGURE 13.5. Function @, (x). FIGURE 13.6, Radius R and energy y as func- 
tion of time +. 


-0° 

2’ 

-30° 
3st Se WS 3 TS 
FIGURE 13.7. Velocity V as function of FIGURE 13.8. Polar angle as function of 
time +. time t, 
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Figure 13.3 shows the functions e (x), t (x), 4 (x) and Figure 13.4 illustrates 
cos¥v(x), The function 9, (x) is shown in Figure 13.5, and Figures 13.6 to 
13.8 present the dependence of the dimensionless radius R, the energy n, 
the velocity V, and the polar angle @ on the dimensionless time t, The polar 
angle 9 (p = 9. + v) is measured from the direction corresponding to an 
infinitely large value of x; the value + = 0 corresponds to the point at which 
the parabolic velocity is attained (= 0). 

Note that the velocity V decreases at first, and then starts to increase 
in the vicinity of the parabolic velocity. 


‘206-04 -l2.0 02 046 Ub = 


FIGURE 13.9. Trajectory when accelerating 
with tangential acceleration; values of para- 
meter a marked on trajectory; e is the point 
where parabolic velocity is attained. 


Figure 13.9 presents the trajectory of the motion in (z,y) coordinates 
(z=R cosg, y=R sing); the values of x are marked on the trajectory. The point 
at which the parabolic velocity is attained is characterized by the following 
values of the radius & and the velocity V: 


R = 1.24259, V = 1.26846. (13.61) 


We shall now consider how to plot the trajectory whilst accelerating. 
This corresponds to a specified initial radius To» an acceleration a, anda 
terminal energy E (7, a, are dimensionless quantities) where the universal 
trajectory is used. 

The radius of the initial circular orbit r, is equated to the initial value 
of the semimajoraxis A, for the osculating motion; the dimensionless 
quantity A,is 


Ag = Ay V 20/k = ro V 2a/k (13.62) 
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(kis the gravitational constant of the central body; k = fm). From A, we 
find the dimensionless energy m, where 


No = —1/Ay (13.63) 
The final value of this energy 7, is given by the formula 


tm = 2E,/Y Dka. (13.64) 


The given trajectory whilst accelerating is represented by either the 
54g dimensional parameters r, a, #,, or the dimensionless parameters 1, th, ' 
and represents the part of the universal trajectory (cf. (13.58), (13.59), 
Tables 13.1, 13.2, 13.3) from n =m ton = H. 
The dimensional time of motion 7 and the increment in the angle g, are 
determined by the relations 


T =(t%—%) aes (13.65) 
AQe = Pri — Prov 


where %, ty, Po. Par are the values of the dimensionless time and the angular 
position of the perihelion. These may either be calculated from the 
asymptotic formulas (13.58) and (13.59), or taken from the values 1, in 
Table 13.3. 

As an illustration, some results in /13.26/ are given. Table 13.4 gives 
the time of accelerating to the parabolic point 7, and its distance from the 
center r, for trajectories which start from a circular orbit. This orbit is 
situated at a distance of 500 km above the Earth surface; the dimensional 
acceleration a is the parameter of the table. 


TABLE 13.4. Trajectory parameters of parabolic-velocity build-up with 
tangential acceleration 


a{mm/sec*]| +, [109-m}] 1 [days] |] @[mm/sec?]} vr: [10°+ten] 


T (days) 


4. Motion along a logarithmic spiral. Consider the equations of motion 
(A. 17); a particular solution of these equations is 


y=0, 
a= Fain 6 exp (— 29 tg %), 
D = 09 8xP (—} ote), (13.66) 


8= 3) = const, 
r = exp (9 tg th), 
2 3 
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the initial conditions are 


t = 0, 9 (0) = 0, r(0) =4, v(0) = x. (13.67) 


549 In this case the thrust-acceleration magnitude varies as the inverse 


square of the radius (cf. (13.66)), 


sin %, 
=e, (13.68) 
and the initial acceleration is 
a, = + sin %, (13.69) 


where the direction of the thrust acceleration is tangential. The velocity 
magnitude » is. given by 


v= dr, (13.70) 


If 40, then the radial velocity component is never zero throughout 
the motion, while the transverse component differs from the circular one; 
if 4, = 0, the motion takes place along a circular orbit of unit radius, and 
there is no perturbing force. As % — '/,x the trajectory degenerates into 
a straight line and coincides with the radius vector. The results described 
are in /13.14, 13.27, 13.28/. 

Examples of the solution of the problem of orbital transfer from an 
Earth-satellite orbit to a Mars-satellite orbit are presented in /13.28/; 
the angle 4, varies when passing from one stage of the motion to another. 
In /13.29/ the logarithmic spiral is used as the base trajectory when 

, applying the method of varying the parameters, An analytic solution 
of the equations of motion, near to the logarithmic spiral, is given in 
/13.30/; unlike the latter solution, this one has the same number of 
constants as the order of the system of differential equations. Here the 
acceleration is directed tangentially and varies roughly as the inverse 
square of the distance from the center. 


§ 4. NORMAL ACCELERATION (y =2/2 in (A.14)). 
BINORMAL ACCELERATION (a, = 0, ag= 0 in (A. 37)). 


1. Equations and integrals of motion with normal acceleration. System 
(A.14) is much simplified when » = 442 (the thrust acceleration is perpen- 
dicular to the velocity in the orbital plane): 


E= i 
ee | (13.71) 
. M SS 
550 2 h 
' Since v= V2, + 2/r (cf. (A.11)), the integral of the last equation is 
1 ¢ ars 
= M,——\ ——— 13.72 
M(r) = My v3) 3th ( ) 
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For «a = const this yields elementary functions /13.31/. 

2. Properties of the trajectories of. motion with normal acceleration, 
Since the total energy is constant, E = £,, escape fromthe gravitational 
field is impossible since the motion is bounded. The distance from the 
center r lies within the limits rom <r< Tmax, Where froin and Pax are” 
the roots of the equation 


M? (r)/2r? — 1/r = Ey. (13.73) 


If the initial orbit is circular (r, = 1, Ey = —/,, My = 1) the following 
approximate formulas for raax- Mmm, and ema, are obtained for small values 
of @ /13.32/: 

Tmax aga ’ 


Man =~ 1 — 4a?, 


max = 2a. 


(13.74) 


At the point of the trajectory where r= rain = 1, the quantities Mand e 
return to their initial values 


Fmin = 1, Mmax = 1, Emin = 0. (13.75) 


The length 4 of the semimajor axis of the osculating ellipse (cf. (A.23)) 
remains unchanged throughout the motion, since the energy £ is constant: 


A = —1/(2E,) = const. (13.76) 


If the acceleration direction is reversed at those points of the trajectory 
situated at maximum and minimum distances from the center (jy = ¥/44n2y = 
= 0), the eccentricity corresponding to such a motion has a maximum 
increase /13.31/. In the limit the orbit can be transformed into a segment 
of a straight line of length A with the perihelion at the gravitational center. 

3. Equations and integrals of motion with binormal acceleration. For 
az = 0, ag = 0 the thrust-acceleration vector is perpendicular to the plane of 
the instantaneous orbit, It follows from system (A. 37) that the parameters 
determining the orbit geometry in the plane are invariant. These are the 
length A of the major semiaxis, the eccentricity e, and the time 7, of 
passage of the perihelion in the absence of forces corresponding to er and 
a». The remaining equations for the inclination i, the longitude of the 
ascending node 2, the argument of the perihelion 9,, together with equation 
(A. 38), describe the rotation of the orbital plane. 

The problem of rotating the orbital plane under the action of a binormal 
acceleration has been studied in numerous papers /13.17, 13.32—13.36/. 
The authors of /13.17, 13.32, 13.34/ used a system of equations like (A.37) 
with osculating variables in their analyses. In /13.33/ a system ofequations 
with mixed variables (A. 44), (A.45) was selected, Circular and elliptic 
take-off orbits were considered there, and the Krylov — Bogolyubov averag- 
ing method was used in the latter case. In /13.35/ the equations of motion 
were represented in spherical coordinates (cf. (A.5)); we shall follow 
this paper in our treatment. 
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The orbital plane is defined by the radius vector and the velocity vector. 
It is therefore possible to immediately establish two facts arising from 
the given acceleration. First, the acceleration has no radial component 
(in spherical coordinates a; = 0, since the binormal acceleration is perpen- 
dicular to the radius vector). Second, the equations of motion (A. 5) 
possess an energy integral (the work done by the binormal acceleration is 
zero, since the acceleration vector is perpendicular to the velocity vector). 
From these conditions we obtain 


E =, (° + rg* cos? @ + 79%) — 4/r = const, (13.77) 


and 


agrp cos 8 + aero = 0. (13.78) 


From the second relation the components a,, a7 may be expressed in terms 
of the binormal acceleration vector ae (e =+1 is the orientation of the 
acceleration vector relative to the instantaneous orbit): 


jp ee pe ene (13.79) 


1 a . 
V 63+ @* cost @ V 69+ pcos! é 
The equations of motion (A, 5) then reduce to 


7 — rq? cos*@ — ré#=— +, 

aed 
rary (13.80) 
276 + rg?sin® cose + rf = ——2eee0s0 __ 


V 6° + 9 cos? 8 , 


Suppose the motion starts from a circular orbit located on the equator: 


‘ 2rp + rpcos@— 2rpbsind = — 


a 


r (0) = (0) = 4, 7 (0) = (0) = 8 (0) = 6(0) = 0, (13.81) 


system (13,80) is then transformed to 


r=i, 
g*cos?@ + 6? = 41, (13.82) 
6+ (1 —6*)tg@ = ae V1 — 63. 


If ae = const, the last two equations can be integrated to give the explicit 
relations /13.35/ 


@ = eresin[ Ty (1—cos T+ a |, 


(13.83) 
Vitasin Vi + at 
@ = arctg = . 
+cos V1-+- a% 
For «<1 we obtain the form given by L.A. Simonov, namely, 
sin @ = ae (1 — cos 2). (13.84) 
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4. Properties of the trajectories of motion with binormal acceleration. 
It follows from (13.83) that the angle 6 is a periodic function of time with 
a period 7, and an amplitude 6nax, where 


_ 2 = A 2a 
Tv. = Vira’ Omax = aresin pe (13.85) 
The trajectory of the motion is a small circle of radius r, given by 
1 
pel 1 ry 
ro EH (13.86) 


whose plane is inclined to the initial plane at an angle ig, so that 


tg = "/yOnax at scat (13.87) 
ig ='Yan—"faOmex at a>1;J 


at the end of the period 7, the trajectory of the perturbed motion returns 
to its starting point. 

If the action of the perturbing acceleration is interrupted at the point 
@ =Onax, the orbit will be rotated through an angle i, relative to the initial 
orbit. 


553¢ 5. CONSTANT ACCELERATION VECTOR 
(ay=a.=0, ae=a— const in (A. 3)) 


1, Equations and integrals of motion, If the thrust acceleration has a 
constant magnitude and is directed along one of the coordinate axes, the 
equations of motion are integrated by quadratures /13.37/. 

Let the acceleration vector be directed along the z-axis; equations (A. 3) 
are then written as follows: 


- ee a 
sgn cial Seri, 6 Ro ca (13.88) 
(r= V2? + y*? + 2%, a = const). 
System (13.88) has three first integrals: the energy integral 
F@+y +) —l—ar=8, (13.88) 
the angular-momentum integral (projection on the z-axis) 
2y —yz = — My (13.90) 
and a third integral 
oe 3 4 
grr— = — 5az'— 5-art— 2Ez =B. (13,91) 
We introduce the new variables 
u=r—eft, ver+e2, } (13.92) 
cosw =y/Vy?+ 2%, sinw =2/Py*+ 2 
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and replace differentiation with respect to the time ¢ by differentiation 
with respect to the variable t, where 


dt = dt/r. (13.93) 


The initial system can then be reduced to quadratures, in which new 
variables u, v,w, t appear in the forms 


dv _ 
{ VV (») 0) =t+%, 


Vim Tt (13.94) 


where 


V (v) = av? + 2Fv? + 2(1 + B)v — MG, | (13.95) 


U (u) = — au® + 2Eu? + 2(1 — B) u — M2. 


Relations (13.94) define the functions » (1), u (t),w (t). The relation between + 
and ¢ is derived from (13.93), and is 


t=1,\(u+v) de. (13.96) 
o 
Using this relation, we may transform to the functions 7 (0), u (t), w (). 
Inverting formulas (13.92), we obtain expressions for z, y, z in terms of 
v(),u(),w (t). These are 


y = w(t) v (t) cosw (t), (13.97) 


zt =*/2[u(t)—v(é)], 
z= u(t) v(t) sinw (é). | 


The problem has thus been reduced to quadratures. Note that the integrals 
in (13.94) are elliptical. 

2. Classification of plane trajectories. If the motion takes place in the 
(z, y) plane (i.e., 2 =0), then M, =0,w—=w,=0, and the polynomials V (v) 
and JU (u) can be represented in the forms 


V = av (v — 2») (v — 2), } (13.98) 
“UO = — au (u— uz) (u— us), 


where 


v= G I-E+ Volt Bh, 
vy = +[—E— VE*— 2a + BD], 
us =+ [E+ VE? +2000 —B)], 
us = 5 (E—VE*—% 1 —B)}. 


(13.99) 


Figure 13.10 presents four classes of trajectories of plane motion: 
a) unbounded self-intersecting trajectories, which do not enclose the 
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gravitational center; b) unbounded self-intersecting trajectories which 
enclose the gravitational center; c) unbounded nonintersecting tra- 
jectories; d) bounded trajectories. 


c d 


FIGURE 13.10. Classification of trajectories of plane motion with constant 
acceleration vector. 


555° The regions which can be attained are limited by parabolas in the (z, ») 
plane given by 


3 — = = 
e+y £=b | (13.100) 


V2?+ y*7+2¢=0 = const. 


The constants which define these parabolas take the values up, v9, ug, ug, Us 
The first four values are given by (13.99); the last one corresponds to the 
case vy = oo, 

Consider the case of an initial circular orbit. Let 9 be the angle made 
by the initial radius vector with the acceleration vector. When the following 
conditions are fulfilled simultaneously, 


é 


a<%, a? —a(2—cosg) + 4 >0, (13.101) 


the motion is bounded. For a >1/, the motion is unbounded for all values 
of 9. 

If p= 0, the motion is bounded for 0<a<¥,; the maximum value of 
the radius for @=0.5 is rmx =~1.4. 

If g =x, the motion is bounded for 0 <a< %/, — Y20.086; the maximum 
radius for @ = 0.086 is roa 3.4. 

A possible application of this solution is to calculate the trajectory of 
an Earth satellite subject to the action of radiation pressure. 
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Chapter Fourteen 
FUNCTIONAL NUMERICAL METHODS FOR 
ESTABLISHING OPTIMUM SOLUTIONS 
on The variational problems described so far can be represented in the 
following general form, 


Consider a dynamic system described by n differential equations in 
terms of the phase coordinates a (@): 


a= fz, Un 4), 
(i,7 =0,4,...,.n; k=4,....m O<St<T). (14.1) 


We require the control functions u; (t), which ensure an extremum of the 


functional — the terminal value of the coordinate 2,(7)— and transform the 
system from a given initial state 


2 (0) = Z_ (iEI,) (14,2) 
to a given final state 


a(T)= 2, (UEJ,). (14.3) 


a 


This is the formulation of Mayer's classic variational problem. Another 
classic problem of variational analysis (already met with above) is the 
Lagrange problem, which is formulated as follows. Consider a dynamic 
system described by n differential equations interms of the phase coordinates 

54 = fir (Zjy Urey t) G,j=4,....n; k=4,...,m). (14.4) 


Control functions u, must be established which ensure the extremum of 
the integral functional 


T 
J =) @(e, up, 6 dt (14.5) 
0 
and which transform the system from a given initial state 
z, (0) m= Zig (ek) (14.6) 
to a given final*state 


a(7)=2z, (jE). (14,7) 
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557 The Lagrange problem (14.4) —(14.7) can often be reduced to a form 
“which is freé of the differential constraints (14.4). The extrema of the 
integral functional 


T 
J= ( (2), 24, 21,..., 24%) de (Gé=14,...,n) (14.8) 


must be found which satisfy the boundary conditions 


2; (0) = Zio 2 (0) = Zio, -- +s 2 (0) = Zr, 
a (T) =z, 2(T)=2n,..., AO? (7) = fe a 
(§=1,....7) 


(we have written here the full system of separated and symmetrical boundary 
conditions). 

These variational formulations can be reduced by means of the formalism 
of Lagrange —Euler or Pontryagin to solving boundary-value problems of 
ordinary differential equations. Such problems have the general form 


B= filet) (if =41,---9n) 
2) =20 @=1,2,...,]), (14.10) 
af) = 2 GES). . 


Numerical methods of solving the variational problems (14.1) —(14.3), 
(14.4) —(14.7), (14.8) —(14.9) are classified into direct and indirect ones. 
Those belonging to the first class are based on various iterative processes 
of successively decreasing (or increasing) the functional; indirect methods, 
on the other hand, start by reducing the variational problem to a boundary- 
value problem like (14,10). 

The methods of solving the above-formulated problems are described 
in this chapter and in the following one. Chapter Fourteen deals with 
functional analysis, and Chapter Fifteen with analyses which use just a 
finite number of dimensions. The general ideas are illustrated by examples 
from spaceflight mechanics. 

The list of methods is by no means exhaustive. Analyses based on 
dynamic programming /14.1—14.5/ are not considered, neither are those 
based on the optimum principle /14.6/, etc. The ways of solving linear 
problems are also not looked at since these are rarely encountered in 
spaceflight mechanics. 


are § 1. STEEPEST DESCENT IN PHASE SPACE 


The main feature of those methods is the direct study of the first 
variation of the functional in order to determine the conditions of steepest 
descent (or ascent) to the required value of the functional at each step of 
the iterative process, These methods are divided in two groups: descent 
in the space of the control variables, and descent in the phase space. The 
method of steepest descent in the space of control variables is applicable to 
the problems of Mayer (14.1) —(14.3) or Lagrange (14.4) —(14.7); the first 
variation of the functional 5z, (7) or 6/ is expressed in terms of the variation 
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of the control functions 6u,(#). The method of steepest descent in the phase 
space is applicable to the Lagrange problem in the form (14.8) —(14.9) with 
no differential constraints and control functions; the first variation of the 
functional 6J is expressed in terms of the variation of the phase coordinates 
6z,(t), It is this difference which led to separate treatments of these two 
essentially similar methods. The steepest descent in phase space is 
treated in this section, and the steepest descent in the space of the control 
variables in the next one. 

The method of steepest descent was suggested in 1908 by Hadamard for 
solving the problem of a clamped plate. Later, Courant /14.7/ pointed out 
the possibility of wide applications of the idea of steepest descent in a 
functional space. During the years 1945—1948, Kantorovich /14.8—14.10/ 
formulated the method of steepest descent as a functional analysis of 
quadratic functionals. He proved the convergence of the method and 
established its rate of convergence. The generalized method, proposed 
by Kantorovich for quadratic functionals, was examined in later papers 
/14,11, 14.12/. Finally, it was suggested in /14.13/ (cf. also /14.14/) 
that the method of steepest descent in phase space be applied to arbitrary 
functionals, and not only to quadratic ones. The same paper gave some 
estimates of the convergence of the method, which were then generalized 
in /14.15/ to the case of multidimensional functionals. 

The results of applying the method to numerical analyses of variational 
problems in spaceflight mechanics are described in /14.16, 14.17/. 

1. Algorithm of the method. We shall describe the functional analysis 
of steepest descent in phase space for the following simplest case of the 
Lagrange problem (14.8), (14.9). 

The extrema of the functional 


T 
J = | O(@, 2,0) a (14.11) 


S22 must be found, where the function z (t) takes the following values at the ends 


of the interval: 
z(0)= a, 2(7) =. (14.12) 
Boundary conditions of this type are called separated and symmetrical; the 
general form of separated and symmetrical boundary conditions is given 
in (14.9). 
Assume that a zero approximation z (¢) for the extrema of functional 


(14,11) is known and satisfies the boundary conditions (14.12). We represent 
the next approximation in the form 


2 (t) = 2 (t) + 62 (2). (14.13) 
The boundary values of the functional 6z (t) are then equal to zero, i.e., 


8z (0) = 62 (T) = 0. (14.14) 
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The variation of the functional, caused by the small variation 6z () satis- 
fying conditions (14.14), has the form 


T 
8s = | £0 (ty b2 (ty dt, (14.15) 


) 


where £ (t) is the deviation ofthe Euler equation on the trajectory 2(t), 
such that 


d a 


EO (t) = 2B [20 (Q, 2 0), 41-5 > [20 (t), 2 (t), e). (14,16) 


Integrating (14.15) by parts and using (14.14), we obtain the following 
expression for the variation of the integral: 


T 
=—{[) 20 (a4 c] 62 (t) dt. (14.17) 


The constant ¢ in the integrand of the outer integral is arbitrary in 
the sense that the variation 6J is independent of it. This can be established 
by calculating the derivative 
a6 ¢ 
: { 82 (t) at = — 82 (7) + 62 (0) 20 (14.18) 


0 


(the last equality in (14,18) follows from boundary conditions (14.14)). 
We select the following expression for the variational derivative 6z (f): 


829 =A[) 2) dt +e]. (14,19) 


560 : 
Integration of this expression yields 


tema ta{§[\ 2c ar]art al. (14.20) 


We determine the constants ¢ and ¢ so as to fulfill the specified boundary 
conditions (14.14); this gives 


cy = 0, ex — 4.4 [20 (npar]at (14.21) 
and 
tt Tet 
82 (t) = 4 {{ I Ee (x)dt]ae — F\ } EO (x) dx|at}. (14.22) 


For a given value of 6z (t) the variation of the functional 6/ will either have 
a sign opposite to that cf the parameter 4, or vanish independently of the 
value of 4. In fact 
T ¢ 
y= —2\[ E(t) de +c] dt, (14.23) 
oO 
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so that 
a<0 at ADO, 
éJ>0 at 4<0, (14.24) 
sJ=0 at EO(x)=0 


If we want to decrease the functional J, it can be achieved by taking 6z (t) 
in the form (14,22) and selecting a small positive value for the parameter A 
(small so that we do not overstep the limits of applicability of the formula 
for the first variation). 

The expression in curly brackets in (14.22) is the functional gradient; 
the parameter A defines the length along the gradient. 

Writing (14.22) in the form 


6z (t) = An (2), (14.25) 


where 
tt 


nt)= V\S E® (2) ax|ae — - 


t 
(Sz Eo (x) ar] lat, (14.26) 


ain 


we obtain the following expression for the first approximation zr (2): 


z(t) = c(t) + An (0. (14.27) 
ei The function 4 (t)is fully determined by the zero approximation 21) 
(cf. (14,26)), and the parameter 4 remains arbitrary. The latter can be 
taken at each step as equal to a small magnitude so selected as to remain 
within the limits of applicability of the linear representation of the functional, 
There exists another possibility as well — to select the parameter 4 at each 
, step of the process from the condition for a minimum functional J. 

The functional (14.11) corresponding to the family of functions r(é), 
where 7 (t) is taken in the form (14.26), depends on the parameter 4 alone. 
The condition that the functional has a minimum with respect to AJ = 
= J [r(t) + An(z)] has the form 


x a ( E@ (t, A) q(t) dt = ( [ { EM (x, Aydt + Its E (x) de + c|de = 0. (14.28) 
a7 0 } 


0 


Here 
EO (t,4) = @ (eo 4. an, 2 + An, t) — 


P(e + An, 2 + Oi, t) (14.29) 


If 7 = 0, then £® = FE and the derivative (dJ(/d4a) <0. When the deviation 
of the Euler equation E vanishes identically, the derivative dJ@/d, is zero 
for any value of the parameter 4, 

The algorithm of the method of steepest descent in phase space can 
therefore be formulated as follows: 

At each step of the iterative process (14.27), the func- 
tion y(t) must be calculated from the deviation of the 
Euler equation (14.26) and the parameter 4 from the con- 
dition that the derivative (14.28) vanishes. 
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2. Computational procedure. Expression (14.26) for the function y (2) 
can be transformed into 


(14.30) 


We obtain (14.30) by integrating (14.26) by parts; the partial derivatives 
60/42, aD/az enter the Euler operator as in (14.16). 

562 The calculation of » (t) reduces to finding the integrals from tables of 
the functions zt), 2(f), Instead of storing the values of 2(t) in the 
computer memory, we may use numerical differentiation to find #(t) from 
the existing values of z(t), 

According to the definition of the algorithm, at each step of the process 
we must determine the minimizing value of the parameter A once the 
function y(t) is known. To calculate the minimum of J© with respect to ’ 
to a given accuracy, we need a special iterative process, such as Newton's 
method, or the method of secants as applicable to equation (14,28), It is 
frequently expedient to ignore such a labor-consuming procedure and to 
determine the minimizing value of the parameter 4 by some simpler method. 
We suggest here one such method. The value of the functional J for 1 = 0 
is known from the preceding step of the iterative process. Calculate J for 
4 =i and }=A'', where 4’,4’’ are some trial values of the parameter. 
Through the three points in the (4,/) plane, A=0,J=Jy A=A', J =J 
=", J =J"’, draw a second-order parabola, and hence find the minimizing 
value of A, 

The process can be considered as completed if the increment of the 
functional AJ at the last step does not exceed the specified accuracy, 

i.e., when 


JAS} <e, (14.31) 


3. Generalization of the algorithm. Consider the case when the value 
of the function z (t) at the end of the interval ¢ = T is not specified, and 
has to be optimized in the sense of the functional J. The algorithm must 
then be altered as follows. 

The variation of the function 6z (t) must vanish as before at the beginning 
of the interval, while at its end it must differ from zero, so that 


&z (0) = 0, 62 (T) #0. (14.32) 
We add a new term to the variation of the functional 64. This was absent 
in (14.15). The new form is 
T 


) 
87 = | EO (bz (t) dt + ae 1 ( ee = 25 (T),821=82(7)) . (14.33) 
a 2 1 


Integrating (14.33) by parts, we obtain the variation 8 similar to (14.17): 


a = a [Seo (x)dv+ o] 8z(t) at ne (j E(t) dt + 2" 4: ¢| az. (14,34) 
00 0 7 
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563 The variation 8J-is independent of the constant ¢ in (14.34); this can be 
proved by calculating the derivative d8J/ac (cf. (14.18)). 
We select the variational derivative 5z in the form (14.19) as before, 
and the final value of the variation 6z, in the form 


bn, —AT BO (d+ 2S" +c]. (14.35) 


The expression for the variation 6z(t) is given, as above, by (14.20); 
we determine the constants ¢ and ¢, in this formula so that the boundary 
conditions (14.32), (14.35) are satisfied; we obtain 


q=0,co—s 


T ,, Tet 
: 7 {+ +\ #0 (t) at +7) [he (x) de ].ae} (14,36) 


and 
t ¢t 
bz (t) = a{([\ Bo (x) at] at — = 
sia a ay 


—$t 


i[ E® (x) ar] dt — 
E 


. 
(0) 

\ @ (de— 52S ait 

0 
For such a choice of 6z (é) the variation of the functional 6J will either 

have a sign opposite to that of the parameter A or vanish, whatever the 

value of A; in fact 


ae 2 = (0) 
; = —af{l[( zo arte] at — [| BO (t)dt + 2 +e]h, (14,38) 
038 r : 


so that 
6J <0 for A>0, 
éJ>0 for 1<0, (14,39) 
8J =0 for E(t) =0 and a@oysaz, = 0. 


The last equality in (14.39) is the known condition for determining the 
optimum value of z (7). 

The parameter A in (14.37) is found using the same considerations as in 
Subsection 1. 

The method of steepest descent described in the first subsection can be 
generalized when the integrand depends on derivatives of order higher than 
the first, provided appropriate boundary conditions for these higher 
derivatives are added. The method can be extended for functionals depending 
on several unknown functions. 

4. Example. Consider the problem of determining the minimum of the 
integral functional 


T 
= Vet oft tr + ty (2 + yeh at (14.40) 
0 


with boundary conditions 


z(0) =4, y(0)=0, z(0) =0, ¥ (0) = 14, 
z(T) =rycosq,, y(T) =r sing, (14.41) 
a(T) =—r;"singi, y(T) =—r" cos q. 


This variational problem deals with finding the optimum trajectories 
and optimum operating regimes of an ideal power-limited engine (cf. 
Chapter Five). The calculations are carried out for r,= 1.52; the values q, 
and f are the parameters of the problem, 

The variational problem (14.40) —(14.41) belongs to the Lagrange type 
without differential constraints, where the boundary conditions are separated 
and symmetrical. We shall describe the procedure of ame method of steepest 
descent in phase space for this problem. 

From the known zero approximation z© (#), y© (), satisfying the boundary 
conditions (14,41), we determine the functions 4, (), ny (i), which vanish at 
the ends of the interval together with their first derivatives. Thus, the 
expression for nz has the form 


ette Tre Tttt 
) y =f (Sf eran — =e (75 {\ e2ae— 24 Vf aeraee) — 
9000 000 vo00 (14,42) 
e Tit? re Trt i 
My apa 3 
(0) (haan) eran 
oo00 000 
where 
ED = (Fagg t Fe) P12, ¥ 20 (1), FO), 
(aras at (14.43) 
=[z42@+ ye? + fyty@t+y yer. 
on The expression for n, is obtained if z is replaced by y. 
At the next step of the iterative process we have 
M(t) = 2O(t) + Ans (2), y(t) = y(t) + Ayny(2)- (14,44) 


The descent parameters A,, A, are found from the condition for a minimum 
of the function J°)(A,, 4,) at the given step, i.e., when 


AF 0, = 0, AJM, = 0. (14.45) 


We represent the double integrals in (14.42) as follows: 


rr oy af 
\\22ae = oe )— (0) +4) SP ae —1 5 2S (0) (14.48) 
oo ov 


(and a similar expression in the variable y). The functions 2(), y(t) and 
their second derivatives z (#), y(t) appear here, while the third derivatives 
z(t), ‘y(t)and the fourth ones 22), y(t) are absent from the right-hand 
side of (14.46). 

When determining the functions n, (4), ny (ft) by (14.41) and (14.46) numerical 
differentiation may be avoided if at each step we store the second derivatives 
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z(t), y () together with the functions z (4), y(t). Similarly, we must store 
the second derivatives 1, (t), ty ().together with the functions Ne (4), Ny (2) 
(cf, the discussion in Subsection 2), The expressions for Ter Me, given by 
(14.42) and (14.46); are written as (the expressions for n,, 4, are obtained 
by replacing z by y) 


t t 
nem t( Maat eltedt — togtt — + ciet®, (14,47) 
0 
where 
t 
(0) (0) (0) 
M,(t) = I oe. a— (ea a 
0 
8 ¢/2 
‘c= pr \ ($7 —4) Mat. (14,48) 
ie 
Cox = pr \ (2t— T) Mat. 
0 
566 The functions taken for the zero approximation are 
ps peace aint cs eg 
2 (r1.cos @: — 1) ae Sin Qi 8 
; ee aus. (14.49) 
y(t) = t+ (SS ee et 
2r; sing; —T COB Pi \ 4g 
‘ = TT 7pm )! 


_ These functions are the solution of the variational problem (14.40) —(14.41) 
for the case of a gravity-free field (cf. Chapter Five). 

This iterative process turns out to be very efficient when applied to 
problem (14,40) —(14.41). One case (i.e., one pair of values 9,7) can be 
calculated in 1 to 2 minutes on the M-20 electronic computer to 
4—5 places. 

- The convergence of this method is illustrated in Figure 14.1, where the 
abscissa represents the iteration number, and the ordinate gives the corre- 
sponding value of the functional; the discrete points are linked by a continu- 
ous curve, Oncurve l, 9,= 1.047, T= 3.456; on curve 2, 9,= 3.141, 

Tr = 3,456. 

In both examples, the optimum trajectory in a gravity-free field (14.49) 
was selected as the zero approximation. The comparison of the number of 
iterations in both cases enables us to estimate the rationality of the given 
zero approximation: the shorter the trajectory and the shorter the time of 
motion along it, the better the approximation to a central field by means 
of a gravity-free field. 

The variations of the parameters 9,, fT used in the calculations were 


O<gi Sa, OST Ka, (14.50) 


The attempt to use (14,49) as the zero approximation for angles 9, >x 
encounters the following difficulty. It appears that the functional studied 
possesses more. than one minimum at these angles of flight, and the use of 


267 the solution in a gravity-free field as the zero element yields values of the 


minimum exceeding the expected ones. This means that it is impossible 
to use a single zero element over the whole range of variation of the 
parameters. 


J 

(2) 
3765 
8760 
3755 
FIGURE 14,1, Decrease of functional J as FIGURE 14.2, Optimum trajectories in gravity~ 
iterative process progresses, by method of free (1) and central (2) fields forg,=2, T = 2, 
steepest descent in phase space. Curve 1: and optimum trajectory in gravity-free field (3) 
@,= 1,047, T = 3.456; curve 2: 9,=3.141, for p,= 5.23, T= 4,92, 
T = 3, 456, 


This is illustrated in Figure 14.2, which represents the optimum trajec- 
tories in gravity-free and central fields for the case 9,= 2, T= 2, and the 
optimum trajectory in a gravity-free field for the case 9, = 5.23, T= 4.92. 
The latter does not envelop the origin of coordinates; this can serve as an 
external indicator of the unsuitability of the given trajectory as a zero 
element for an iterative process, 

The following method is recommended when finding the initial element 
in parametric calculations. Let the optimum trajectory be known for some 
values of the parameters, and suppose we want to establish a new optimum 
trajectory for values of the parameters near to the first ones; the boundary 
conditions on the new trajectory differ from the old boundary conditions. 
We transform the old trajectory, for instance by multiplying it by an 
arbitrary function differing slightly from unity, so that the given boundary 
conditions are satisfied on the new trajectory. This trajectory can then be 
used as a zero element, 


§ 2, STEEPEST DESCENT IN THE SPACE OF 
CONTROL VARIABLES 


The method of steepest descent in the space of control variables /14.18 — 
14.30/ is based on the variational approach suggested in a paper by 
D.E. Okhotsimskii /14.31/. The first application of this method to 
numerical analysis concerned selecting the optimum control program 


' for the inclination of a solar sail /14.20/. The control function (the 
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orientation of the sail) was not constrained in this case. The same applies 
to problems of selecting the optimum thrust direction for transfer between 
orbits in a central field /14.28/, and also to the problem of a parabolic - 
velocity build-up /14.29/. 

568 A generalization of the method for constrained control functions is 
given in /14.19, 14.21, 14.30/, while /14.25, 14.26, 14.32/ contain a 
‘development of the method for problems with phase constraints. 

1, Algorithm of the method for problems with a free trajectory terminal 
point. We shall describe the algorithm of the method for the Mayer problem 
(14.1) to (14.3). In this section the trajectory terminal point is considered 
as free, and only one control function is considered for simplicity. 

Consider the dynamic system described by the differential equations and 
the initial conditions 


2,= fy(ap u, 2), 2 (0) = tig (i. f = 0,1,....n, 0K ET), (14.51) 


We require the control function u (?) which minimizes the functional a, (T); 
the end of the time interval t = Tf is specified. 

Suppose the zero approximation for the control function uv (#) is known, 
and that the trajectory 2((t) which satisfies the initial conditions (14.51) 
has been plotted for this function, where 


a(0) = Zig. (14,52) 
We represent the first approximation to the control function in the form 
u(t) = u (t) + du(t), (14.53) 


where 6u(é) is the variation of the control function. 
‘ The functions 2 (¢) corresponding to uw (t) can be rzpresented in a form 
similar to (14.53), 


a(t) = 2(t) + 82; (t), (14.54) 
where 6z;(é) are the variations of the phase coordinates. 


The initial system (14.51), linearized with respect to 6u (t), 62,(), yields 
the equations 


<r aff? ay? 


bz, = >) 5; daj+—z- bu (i= 0,1,...,0); 
j=0 
af ay 
(= = Fe La?” (0, w (), th Ce) 
ayo a 
FE = Hi (2, v.11). 


569 ‘The initial conditions for 62 (t) are (cf. (14.52)) 
6z, (0) = 0 (i = 0,4,..., 7). (14.56) 
Introduce the linear system of differential equations 


P=—Da-p, (§=0,1,....7), (14.57) 


conjugate to the linear system (14.55). The main property of (14.55) and 
(14.57) is that 
a a 


d 
dt Tn 


(14.58) 


ib: 
wv 


With the aid of the initial conditions (14.56), we can write this equality 
in the integral form 


n n af? 


T 
S} pySzy = { Pa 
0 


i=0 i=0 


 budt. (14,59) 


If the boundary values of the functions p; of the conjugate equations are 
specified at the end of the interval (at ¢ = T) in the forms 


Po(T)=1, p(T) =O (i =14,..., 7), (14.60) 


the formula (14.59) yields a value for the increment in the functional 6z, (P), 
corresponding to the increment of the control function 6u (t), given by 


n af 


T 
(7) =| 9) a5 
0 


i=0 


bu dé. (14.61) 


Now select the variation of the control function Su in the form 


af 
dat) 2a Ba: 


t=0 


(14.62) 


The variation of the functional will either have a sign opposite to that 
of the parameter A or vanish, whatever the value of 4; in fact, 


sesiry=—a4 (3 Gea t, (14.63) 


82) (T)<0 at 4>0, 
62) (T)>0 at 0, 
Zo ( )> a BS a? (14.64) 


= 0. 


62, (T) =O at Sa 


i=0 


Ou 


The structure of (14.62) chosen for the variation of the control function $u 
is the same as for the variation 5z in the method of steepest descent in phase 
space (cf. (14.19)): one factor indicates the direction of the ascendent in 
the space of control variables, and the other factor determines the length 
of the step along the ascendent. 

The particular value of the parameter 4 will depend upon the condition 
for a minimum functional 2 (T) at the given step of the iterative process. 
The functional 2%? (7) corresponding to the family of control functions 
(14.53) with variations 6u taken in the form (14.62), is a function of the single 
parameter A: 


= flay 22 Fp, 2 zi 5a); x; (0) = Zin G7 =0, 1,...,7). (14.65) 


i=0 
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The latter is determined from the condition for minimum 2!” (T) using 
any numerical method (cf. § 1, Subsection 2), 

We shall now formulate the algorithm of the steepest descent in the 
space of control variables for problems with free trajectory terminal points. 

The Cauchy problem for the initial system (14.51) is 
solved with the aid of the known function uw). The result 
of this solution, i.e., the functions 2, is used to de- 
termine the partial derivatives af/az; so that the func- 
tions p,(t) of the conjugate system may be calculated; 
the Cauchy problem for system (14.57) with boundary 
conditions (14.60) is solved here by the inverse process, 
The variation 6u(t)is then expressed in the form (14.62); 
the parameter 4 is determined from the condition for a 
minimum functional 2@(r) at the given step of the process. 

2. Control function with constraints, If the control function is con- 
strained by 


Unin (t) <u () < Umax (t), (14.66) 


the algorithm described above is altered as follows. 

We establish u(é) by the rule given in the preceding subsection, and then 
assume u(t) = umn (t) in those segments where u® (t) < umn (t), and u(t) = 
= Umax (t) in those segments where u™ (t) > umax (t). In other words, the 
segments of the curve u®(t) which overstep the boundaries are cut off. 

571 3, Algorithm of the method for problems with fixed initial and terminal 
points of the trajectory. We shall now describe the method of steepest 
descent in the space of control variables for the general problem (14.1) to 
(14.3); here z,(T), as before, is the function which is being minimized; the 
values of the phase coordinates at the end of the motion are specified by 


y= fy (jy Uy £) (i, {= 0, 1,...,2), 
HO) = 26 (i=0,1,...,7), (14.67) 
a4(T) = Zy, Zo (T) = min (i =4,...,7). 


We start by describing the method of penalty terms, as suggested by 
Courant /14.32/. 

We form the following function composed of the final coordinate values 
/14,32, 14.18, 14.21, 14.27/: 


P [xo {T), 21(T)s ~~ +» Zn (T)] = 20(T) + 5} Gm [ts (T) — zy), 
dm > 0. (14.68) 


When the final conditions 2; (T) = z, are satisfied and the required 
minimum z, (Tf) is attained, the expression P (Tf) also has a minimum which 
coincides with that of 2 (T). 

We now look for the minimum of P (T) by simultaneously selecting values 
for the free parameters g, which make the differences z,(T)—zy, vanish. 

To that end we adjust the method to include a process which successively 
increases the parameters g,. Suppose the initial approximation for the 
control function u(t) is known. For small positive values ¢, we determine 
the control function u(t) for the problem with a free terminal point by using 
an iterative process such that (14.68) is minimized (cf. Subsection 1). 
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If we take the control function u™ (#) as the next approximation and choose 
parameters gq‘? which exceed the corresponding values at the first step, 
e.g., a (qv? > qf, ..., gi? > 9), the procedure may be repeated. Minimum 
P(f) is given by the solution in the limit gf = 20 /14.33/. 

The sequence q®, qi’, ..., ¢@ is determined by the specific conditions of 
the problem. Asa result, the trajectory terminal point can be considered 
as free at each progressive step of the process (0~J-—+...—). In the 
algorithm of the method, given in Subsection 1, we must alter the boundary 
conditions for the conjugate system to read 


pi (T) = 6P/da, (T). (14.69) 


Note that if some of the final values of the phase coordinates are free 
according to the conditions of the problem, the corresponding terms will 
not figure in the expression for P. 

Another way of satisfying the specified boundary conditions is now 
described /14,19, 14,22 —14.24/. 

Let the zero approximation for the control function u(t) be known, and 
assume that the trajectory z{ (f) has been calculated from this function. 
The initial conditions on the trajectory are satisfied exactly, and the final 


values differ from the specified values by the small magnitudes A‘, so that 


2 (0) = 2 (§=0,4,....7), (14.70) 
a (T) = 24 + AY (i=1,...,0). 


The order of smallness of these quantities must be such as to ensure 
that the variation in the control program 6u (t), necessary for correcting 
the final conditions, is situated within the limits of accuracy for the linear 
representation, 

Consider n+1 conjugate systems of type (14.57) and final conditions 


OS ee 14,71 
P; maf, at i=m (i, m=0,14,....”) 


(the superscript without parentheses, m, gives the number of the system). 
With these systems, n+1 integral relations similar to (14.61) may be 
derived: 


3 af? 
Zo (T) = p? bu dt, 
da. (14.72) 


Ms TMs 


82m (T) = 


Clan OL 


(0) 
pp cl bude (m=1,...,2). 


Tr 
os 


We determine the function 6u (t) which makes 42, (T) negative and ensures 
that the final conditions for the phase-coordinate variations are satisfied: 


52 (T)<0, bz, (7) = — An (m=14,...,n)- (14.73) 


Consider the Lagrange function 


Tr n of 0) n n af) n i 
K= 4D vege out Dy de Dt PPG bu) dt + St aml (14.74) 
® i=0 m1 i=0 m=1 


447 


373 If the variation of the control function 6u (#) is selected so that the n final 


conditions in (14.73) are satisfied, the Lagrange function X coincides with 
the variation of the control functional 6z, (7). Choose the following expression 
for 6u (é): 


(5 pe? Hi cline > NmA®, (14.75) 
1=0 m=1 i=0 m=1 
If the parameters (4 and v are fixed, the Lagrange multipliers A,,..., An 
in (14.75) may be selected so that the final conditions in (14.73) are satisfied. 
In fact, the multipliers 4,,...,4, are determined from the system of linear 
equations 
n Tron n 
(0) . 4) m 3f{) = 
> hm VASE 4 (Sr) y pp )ae] = 
m=1 o i=0 37=0 
_ Ao nt FOF ( ma no Of = 
= Ap — (3 ars 7 Be ph )dt (k= 14.4450). (14.76) 


This system is obtained from (14.73), if é6u is replaced by (14.75) under 
the integral sign. 

We now determine the parameters A and v which make the Lagrange 
function X negative for any value of the deviations A®; according to the 
previous note this means that the variation of the control functional 6z, (T) 
is negative. For selected 6u, (14.74) takes the form 


n 


— af ( 5 me + 3} bn yet Sade + 


o iso m=1 


+¥ hie 1S hn nee 01? at), (14.77) 


o i=0 m1 


A value of 4> 0 and the parameter v are required so that the second 
term in (14.77) becomes negative. The determination of v is linked with 
the difficulties of multiple choice, since the multipliers 4,, depend on v 
according to (14.76). 


If Ao = 0,..., A® = 0 then X <0 independently of the value of v. The 
solution of the problem is attained when the following set of conditions is 
realized: 

Of, = oft 
png sO (m=1,....”), aE =0. (14.78) 


574 Unlike the preceding case, the parameter A is not selected from the 
condition of minimizing the control functional 2? (T) at the given step of 
the process, but from the following considerations. The smaller the value 
of 4, the smaller the length of the step and the smaller the increment in 
the functional. On the other hand, if the parameter Ais too large, the 
length of the step is large and the accuracy to which the linear equations 
(14.55) describe the motion oversteps the specified limits; moreover, the 
fulfillment of the final conditions (14.73) in a linear formulation does not 
guarantee that the final conditions are properly satisfied to the given 
accuracy; this imposes an upper bound on the parameter A. It is therefore 
best to take the parameter 4 as equal to its upper limit, which generally 
depends on the properties of the specific problem. 
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4. Generalization of the procedure for arbitrary boundary conditions. 
The analysis described in the preceding subsection can be generalized to 
the case when some relations between the coordinates at the end of an 
interval are specified rather than the coordinates themselves; 


pila (7)... tn (T= 0 (i= 41,...,8<n). (14.79) 


The formulas which have to be altered are (14.68), (14.71) —(14.73). 
Expression (14.68) is replaced by 


t 
P {zo(T), 21(T),.. +) tn (T)) = 20(T) + Y) amiPhe (14,80) 
m=. 


Instead of (14.71), we must write the boundary conditions for the system 
of conjugate functions as 


14 at i=0, ay (i = eee 
= ™ a ‘ 14,81 
P= {0 ee ee oe ae ( ) 
expressions (14.72) for the terminal values of the coordinates are then 
replaced by 


j _ Tr pale 

xo (T) = f 3 peo bu dt, 
aa (14,82) 
=(>7 mole budt (m=1,....n), 
0 i=0 


and in (14.73) we will have A® = yp. 

5. Algorithm of the method for problems with free termina) point and 
free time of motion. So far, the beginning and end of the time interval have 
been assumed given. There are however many problems in which the time 
T at the end of the motion is unspecified. The class of problems of maxi- 
mum rapid action belongs to these. 

Suppose the results obtained above are generalized to the case of a free 
trajectory terminal point and unspecified duration time T of the motion. 

If the functional being minimized has the form (cf. (14.68)) 


Plzg (T), 24 (7), - «1 En (T), TI, (14.83) 
the values x, (7), 2,(7),..-,2.(7),7 are free. The value 7 at each step of 
the iterative process is determined as that point ¢ = fT at which the function 


P(t), calculated along the trajectory, has a minimum. Suppose there is 
only one such point on the trajectory; then 


P [0 (€)s 21 (O)s- ++» Bn (Os t] = Fe + %2 SF fy =0. (14.84) 


The increment in the functional 6P (7), which is caused by an increment in 
the control function 6u (#), is written as 


<, ap ) (0) 
8P (2) = 3 aacry Onu(T) + (3 sey fr) + Ee ar (14.85) 
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(the superscript 0 indicates as usual that the functions were calculated from 
the zero approximation for the control function u ()). Since in a zero 
approximation the time T is likewise determined from condition (14.84), 
the variation of the functional becomes 


n 
ap 


The boundary conditions for the conjugate system of equations are (cf. (14.69)) 
apo 
nT) = Ba, (T) i. (14.87) 


The distinguishing feature of the method for problems with a free trajec- 
tory terminal point and free duration time is that the latter is determined 
by (14.84) after the control function has been found ‘at the given step of the 
iterative process. . 

It may happen that (14.84) is not satisfied in the region over which the 
control function is defined, i.e., that the length of the time interval over 
this step exceeds that over the preceding step. This does not occur when 
the region over which the control function is defined is not smaller than 
the maximum value of the interval at all steps of the iterative process, 
Consequently, we must refine the process of finding the variation of the 
control function at each k-th step. Thus, the control function itself alters 
over the interval Tnx to TY), This can be carried out if the conjugate 
system is integrated not only inversely from ¢ = T#) to t= 0, but also 
directly from ¢=T*) to t=Tymax. It is true that the value Tmax cannot be 
exactly established beforehand. 

6. Examples, The method of steepest descent in the space of control 
wariables can be illustrated by two examples given in /14.20, 14.26/ 

(cf. also /14.27/). 

The first of them /14.20/ deals with the transfer between the circular 
orbits of the Earth and Mars using a solar sail. The variational problem 
consists in determining the optimum program of the sail orientation (i) 
to ensure a minimum displacement time 7 between the two circular orbits. 
The equations of motion and the boundary conditions are, in dimensionless 
variables (cf. Chapter Nine), 
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r= Up 7r(0)=1, r(T) =n, 
2 
by = 2 [cosy] +—2=—4, v, (0) =0, v, (7) =9, (14,88) 
Ve = — sin wp cos? yp — at » ve (0) =4, ve (T) = 77%, 
T =min. 


The angular displacement of the vehicle is not specified; examples are 
given for r,= 1.52, a,= 0.17 (= 0,1 em/sec?). 

The second example /14.28/ involves interorbital Earth—Mars transfer 
with a constantly-operating thrust of fixed magnitude (cf. Chapter Six). 
In the variational problem we must determine the optimum direction of 
the thrust vector @ (t) which minimizes the time of displacement between 
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two specified-points on circular orbits. The-equations of motion and the 
boundary conditions are 


r=0,, r(0)=1, r(T) =r, 

Q = vet, 9(0) =0, (7) =%, ; 

: 2 14.89 
ve t+ SS, », (0) = 0, »v, (T) =0, ) 


ve (0) = 1, vy (T) = rh, 


T= min; 


577 the quantity @, is the initial thrust acceleration (a9 = gP/G)) and py is the 
reduced mass discharge (u» = gq/G,). The values used in the example were 
a) = 0,846 -10-4g, po= 1.29 -10-3 days-!. 

Both (14.88) and (14.89) belong to the class of problems of maximum 
rapid action; the procedure for solving such problems was described in 
Subsection 5 of this section. Both methods described in Subsection 3 are 
used so that the given boundary conditions are satisfied. 

In (14.88) the boundary conditions are satisfied by a similar method 
to the conventional one of steepest descent (formulas (14.71), (14.75), (14.76)); 
in (14.89) they were satisfied by the method of penalty terms (formulas 
(14.68), (14.69)). A way of selecting the coefficients g, is suggested in 
/14.28/. Towards the beginning of the process the values of g, are small, 
and after the 25-th step g,, increases proportionally to | 2? (T)— zy . 

Figures 14.3, 14.4 represent the programs y» (¢) of the sail orientation 
and the trajectories which correspond to the zero approximation (0), the 
first (1) and second (2) steps of the iterative process, and the final (oo) 
solution of problem (14.88). 

Figures 14.5, 14.6 give @(f), the thrust-vector direction, and the trajec- 
tory corresponding to the zero approximation (0), the second (2) and 
seventh:(7) steps of the process, and also the final (co) solution of problem 
(14.89) with a free angular displacement q,. 


: f* aS 


¢ 10 20 HO 400 Kd t, days 
FIGURE 14.3. Programs 4 (t) of sail orientation FIGURE 14.4. Flightpath corresponding to 
corresponding to zero approximation (0), first (1) zero approximation (0), first (1) and second 
and second (2) steps of iterative process, and final (2) steps of iterative process, and final solution 
solution (oo), by method of steepest descent in (00), by method of steepest descent in space 
space of control variables, of control variables, 
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578 The functionals of the problems, i.e., the times of motion 7 are given on 


the horizontal axes of Figures 14.3, 14.5. 

Although problem (14.89) requires a much larger number of iterative 
steps to achieve the required accuracy, the total calculation time for the 
method of penalty terms is smaller than for the conventional steepest- 
descent method. This is because the latter method requires time-consuming 
operations to determine the Lagrange multipliers Ay, ..., An. 


FIGURE 14.5. Programs 8 (t) of thrust-vector FIGURE 14.6. Flightpath corresponding to 
direction corresponding to zero approximation (0), zero approximation (0), second (2) and 
second (2) and seventh (7) steps of iterative pro- seventh (7) steps of iterative process, and final 
cess, and final solution (co), by method of steepest solution (oo), by method of steepest descent 
descent in space of control variables. in space of control variables. 


7. Constraints on the phase coordinates. In addition to a free terminal 
point (14.51), the Mayer problem also has a condition that the combination 
of phase coordinates and control variables be limited in value. 

In this new formulation we require a control function u(t) which makes the 
control functional z,(T) a minimum, while satisfying the following inequalities 
along the trajectory: 


Gmin <P (Zj, ut) < Pmax- (14.90) 


Analytic solutions of variational problems with phase constraints are 
given in /14.33/ and /14.25/; numerical solutions are described in /14.18, 
14.26, 14.32/. 

Following the treatment in /14.26/, we now classify these constraints. 

Let inequality (14.90) be a phase constraint of zero order when the 
control variable 9 figures explicitly in the function u, i.e., (@p/du)=: 0, 

A phase constraint of the second order is when the control variable u 
appears explicitly in the first full derivative with respect to time of the 
function 9, i.e., (@9/du) #0, etc. 

579 The phase constraint of zero order is the only one which can be treated 
as a constraint of the control function. If the substitution 


v=@ (Zz; u, t) (14.91) 


is introduced, we may express the control variable u in terms of », 2;, t 
(assume that this can be done analytically) so that u =» (z;, v. t); the control 
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variable », which is constrained according to (14.90), will now appear 
in (14.51) instead of u. 

If wis not constrained, such a substitution leads to the Mayer problem 
with a constrained control function »; the method of solving this problem 
is given in Subsection 2. 

Suppose u is constrained together with v. We split the interval [0, T] into 
three types of segments. In the first type of segments the control variable u 
takes a boundary value, and » lies within the permissible range of values; 
in the second type of segments » lies on the boundary and u lies within the 
permissible range of values, while in the third type, u and v are both 
located within their range of values. The first and second types of seg- 
ments do not overlap. The idea underlying this method of solving the 
Mayer problem (14.51) with a constraint on u and a zero-order phase 
constraint on »v is described below. 

In the first type of segments the variation of the control functional is 
expressed in terms of the variation u (t) and is determined by the optimum 
variation of this control variable. For the second type of segments the 
control functional is written in terms of the variation of v(t) and is deter- 
mined by the optimum variation of v(f). In the third type of segments both 
control variables u (t) and »(t) can appear in the expression for the variation 
of the control functional. The method of solving the Mayer problem with 
a constraint on the control variable is known (cf. Subsection 2), and there- 
fore we may establish the optimum control for each segment, allowance 
being made for the corresponding constraint, Unlike (14.57), the following 
conjugate system is introduced: 


: 7 af af Lag | ag 
P= Ya] tt Su (= re ake (14.92) 


j=0 


Po(T)=1, p(T) =0 G=1,..., 2”). 


Here 6 (t) is the Dirac function, taking the value 1 over segments in which 
the solution is governed by the constraints » = gam, v= Qmax, and the value 0 
over segments in which the solution is governed by the constraints uv = umin, 
u= Umax. Over segments in which neither u nor v are constrained, the 
function may be taken as equal to either 0 or 1. 


580 The variation of the control functional 6z, (7) is expressed as 
2 9 2 ag | ag 
é@(T)= | Yrs| > (ze / F—) 82,5 + bu] at. (14.93) 
0 i=0 j 
Taking into account that 
2 ap) aq 
6v = > Fey Ott Ge bus (14,94) 


the variation 6z, (7) can be written in the form 


Tin (0) 
8a)(T) = \ > ps (808/(09'%/du) + u (1 —8)] ae. (14.95) 


o i=0 
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Suppose there are no constraints on the control variables u and 7; we 
then select the following expressions for the variations of the control 
functions 6u, 6v: 


at &(t) = 0 
n af? 
bu=—Ay 3a 
at 6(t)=1 (14.96) 
aq 2 ar 
bv = — hea Dy Pa 


i=u 


The descent parameters A,, A, are linked by the continuity condition of the 
variation 6u at the points where the function 6 (t) changes value; att = ?’, 
where 6 (¢) jumps from 0 to 1, this relation is written as 


éu (t' — 0) = du(t' + 0), 


bu (t’ + 0) = dv(t’ + 0)/(Gp/du)’ — (2 ~) bx; (14.97) 
i=0 2 
and 
bi ag y 
> (aay) & 
i=0 
Yala) 
i=0 


(the primes indicate values corresponding tot = t’). 

581 For »v (é) unconstrained and u(t) constrained, we must write 54 (¢) = 0; 
this case corresponds to a constraint on the control function u(t), considered 
in Subsection 2, 

’ For u (é) unconstrained and »() constrained, we must put 6 ()=1. Any 
further step depends on whether we are able to find an analytic solution of 
the equation »=9 (z, u, t) for u. If this is possible, the problem reduces 
to the preceding case; if not, the following procedure has to be followed 
(cf. Subsection 2). 

The variation 6y is taken as (cf. (14.96)) 


ag 2 af a9 2 af 
—AF- Sas. if Gav Sy sf <Pmaxs 
1=0 i=0 
; : oo) 7 af 14.99 
v(t) = Guar — 0, if v1 22 pO Sa, ee?) 
i=0 


: ap 2 af 
Puin— Vv, if min > VO — AP SY py aa? 
i=0 


where the parameter Ais kept small so that the problem has a linear repre- 
sentation. For a known function 6v(t) (cf. (14.69)), (14.94) determines the 
variation of the control function 6u in terms of the variation of the coordi- 
nates $z,, This expression is substituted into (14.55) andthe Cauchy problem 
(14.55) —(14.56) is then solved. The solution for the functions 6z,(#) is used 
to determine the variation of the control functions 6u (£). 
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Note that :the control function u (é) which was found satisfies constraint 
(14.90). only. to:a linear approximation. 

Consider again the problem in which u (é) and. v () are > both. constrained. 
If. v(t) is unconstrained at the beginning of the trajectory (0<t<t'), we may 
put 6 (t)= 0 in the first segment and calculate the variation 6u (t) at each 
time t using formulas similar to (14.99). At the same time we may integrate 
the Cauchy problem (14.51) with the known control function uw) and test 
inequalities (14.90). Suppose ¢ = t’ is the first instant at which one of the 
inequalities (14.90) is not satisfied. We then put 6 (#) = 1 and determine the 
variation 5v(t) by formulas (14.99). At ¢= ¢’ the variation 6u (t) must be 
continuous (cf. (14.98)). At each instant we may calculate du (f) from the 
known function 5y (t), according to the rule given above. We then test 
whether u (t), the function obtained, satisfies inequalities (14.66). In this 
way the required solution is obtained by alternating steepest descents in 
the u (¢) space and the » (¢) space. 

This algorithm for the solution is suitable for variational problems with 
zero-order phase constraints. 

For arbitrary phase constraints, we may obtain optimum solutions using 
a penalty function /14.18, 14.26, 14.32/. 

An equation for the penalty function z,,,is added to the initial system of 
differential equations (14.51), 
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Ines = K () (@ — Omm) (Pmax — 9), (14.100) 
where K is defined as follows: 


K (9) => Ki =const at e< Pam 


K (9) =Ki=const at 9> max (14,101) 
K(9)=0 at Pain< P< Pmax- 
Let 
Znat (0) = 0; (14.102) 


the value zn (7) < 0 will then characterize the extent to which inequalities 
(14.90) are violated. If zn. (fT) = 0, then according to the definition of K (9) 
inequalities (14.90) will be satisfied everywhere in the interval [0, T). 

We determine the control function u (f), which minimizes the control 
functional z, (f) and ensures a zero terminal value of the penalty function 
Tri (7), i. e., 


tnx (T) = 0. (14.103) 


When condition (14.103) is satisfied inequalities (14.90) will also be 
satisfied. 

8. Numerical methods based on Pontryagin's maximum principle. 
In this subsection a method is described which is similar to that of steepest 
descent in the space of the control variables and based on the maximum 
principle /14.21, 14.35/. 
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Consider the Mayer problem witha free terminal point (14:51). In order 
to solve it by Pontryagin's method we form the Hamiltonian H and write the 
equations for the momenta p, as 


H= s Pdi (ty, u, t), 
i=0 


14.104 
= oH 2 af; ( ) 
Pi=— Ge = — Bi PYG 
jo 
ae The terminal values of the momenta p,(F) are 
po(T)=—1,p(7T)=0 (i=14,...,27) (14.105) 


(compare the terminal values of the functions of the conjugate system (14.60); 
in Pontryagin's method the momenta are normalized so that the momentum 
corresponding to the control functional is negative at the terminal point). 

So that the functional 2, (7) attains a minimum, the optimum control 
function u (f)must maximize the function H, where 


Uopt (t)—> max H (x, Py, u, t). (14.106) 
u(t) 


The following algorithm for solving this problem was suggested in /14.21, 
14,35/. 

With the specified zero approximation for the control function uv (t), 
the Cauchy problem may be solved directly for the system of phase variables 
(14.51). Hence, the values of the phase coordinates 2 (t) are obtained at 
each point. With the known 2 (£), u© (4), we now solve the Cauchy problem 
inversely for the equations governing the momenta (14.104), (14.105); as 
a result we obtain the functions p{ (4). The control function at the next 
step, u® (), is found from the condition of maximizing the Hamiltonian H, 


max H (2) (f), pi (t), u™, t), (14.10%) 
u(t) 

A modification of this algorithm is suggested in /14.21/. If the control 
function u (t) which maximizes the Hamiltonian (cf. (14.107)) is represented 
by a, the next approximation can be expressed in the form 


u® (2) = u (t) + A [a (t) — uO (2). (14.108) 


The parameter 4 is found from the condition for a minimum control func- 
tional at each step of convergence of the process. 
We now discuss the rate of convenience of the method (cf. /14.35/). 
The increment in the functional Az, (7) caused by the variation of the 
control function $u (t) is given by 


Tr 
Az (T) = — j LH (20, pi, w®, 2) —H (2, pu, 1] dt—Z, (14.108) 


where L is the residual term, assessed as follows: 


T 
[L1<A({ Ju) — wo (4)} ae)? (14.110) 


o 
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(4 is a fixed constant related to the constants in the Lipshitz conditions 
for the functions f, and @H/dz,). At each step of the iterative process the 
control function u™ (t) (or a(t) in the modified method (14.108)) is selected 
from the condition for a maximum H with respect to u. This method, 
with an accuracy of up to high-order infinitesimals relative to |u™ (t) — u (é)|, 
thus ensures a more rapid variation of the functional as compared with 
the other methods, which only allow for the first variation. The smallness 
of |u™ (¢) — u (t)| is understood here in the sense of the integral norm 
figuring in the estimate of the residual term (14.110), i.e., the magnitude 
[u® (t) — u (t) [can be finite, but only during a short time interval. 

The method can be applied with no modifications whatsoever to problems 
with constrained control functions. 

Note that for right-hand sides of (14.104) of the form 


Ne 3} a(t) 25 + bela, t) (14.111) 


j=0 


the above iterative process is expressed in one step. In fact, the phase 
coordinates z; and the control functions u do not appear in the differential 
equations for the momenta (cf. (14.104)) 


n 
P= — Di app; (14,112) 
3=0 


therefore the functions p;(t) are found by solving the Cauchy problem for 
(14,112) with boundary conditions (14.105) once only by the inverse process. 
The optimum control function u (é) is determined from the condition for a 
maximum of 


Dd, P(t) Bi (u, €). (14,113) 
i=0 
This method can be applied to Mayer's problem (14.67) with fixed initial 
and terminal points of the trajectory by using the method of penalty terms 
(14.68). The terminal conditions for the momenta (14.105) are then replaced by 


po(T)=—414, p(T) = oe (i=4,....7) (14.114) 


(the expression for the function P is given by (14.68)). 

585 An application of this method is described in /14.35/; the same paper 
gives suggestions about programming the method with a view to saving 
memory space. 


§ 3. NEWTON'S FUNCTIONAL METHOD 


The solutions 2;(f) of the boundary-value problem (14.10) to which the 
variational problems are reduced must satisfy differential equations as 
well as initial and final conditions. Two types of iterative processes can 
be used to solve the problems. The first type consists in exactly satisfying 
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the initial and final conditions, but only approximately satisfying the 
differential equations at each step; the exact solution is approached during 
the iterative process, and the accuracy is evaluated in terms of the norm 

in the functional space. The second type consists in exactly satisfying 

the differential equations and the initial conditions at each step ofthe process; 
with each step the final values z,(T) approach the required values z;,, and 

the degree of approximation is assessed in terms of the norm of the finite- 
dimensional space. 

In this subsection Newton's functional method described and its 
generalization with respect to iterative processes of the first type. The 
algorithm is derived for the generalized functional method of Newton; 
the traditional method of Newton is obtained as a particular case. 

Newton's functional method was studied in /14.10, 14,13, 14.36/, 

1. Algorithm of the method. We describe the algorithm of Newton's 
generalized functional method applied to a boundary-value problem of 
the first kind for a second-order differential equation: 


=f (z,2,0; 2(0) = 2%, 2(T) = x (14.115) 


The functional, the distance in the functional space z(t), is defined by 
Fs - 
= y [z— f(z, 2, t)]*de. (14,116) 
0 


The functional tends to zero when the boundary conditions (14.115) are 
satisfied; this will indicate that we are approaching the required element 2’ (2). 

Suppose we know a zero approximation to the required solution, z® (t) 
say, which satisfies the boundary conditions. The next approximation is 
represented in the form 


2 (t) = 2 (t) + 62 (2). (14.117) 


586 The function 6z (¢) has a norm which is small compared with the norm of 
x) (2), We select the following boundary values for 6z (2): 


8z (0) = 62 (T) = 0. (14.118) 


The variation of the functional J caused by 6z (é) is 


” (0). 
as = 2 Go 1)(08 — 2 az — 0 be) at; (14.119) 


az 


here 2, 7, af@/az, af/dz are functions of t calculated at z = 2) (#). 

From all the variations 6z (¢) which satisfy the boundary conditions (14,118) 
we select a variation which decreases the value of the functional z (¢) 
calculated according to the zero approximation 6z (t), i.e., we choose one 
which makes the first variation 6J negative. 

Such a variation is given by the function 6z (t) subject to the conditions 
af . 
a —— dz 


bd 


oie 


az — dz = —A (2 — Ff), 82(0) = dz(T) = 0, (14,120) 
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where 4 is.a positive parameter. 
Introduce a function 7 (#) defined by (cf. (14.25)) 


9 (t) = Sz (ty/05 (14.121) 
relation (14.117) is then rewritten as 
x) (1) = 2 (t) + An (1), (14.122) 


and the differential equation and boundary conditions (14.120) become 


jE n= — 2941, 10) = 0(7) =0. (14,123) 

Thus, the procedure for determining the function 6z (t) is split into two 
parts; the determination of 7 (t) satisfying conditions (14.123), and finding 
the parameter 4. When solving the boundary-value problem (14.123) for 
linear differential equations one can use the P-process (''progonka' 
process) or any other suitable method (cf. for instance /14.37—14.39/). 
The determination of the parameter 4 is linked with the solution of the 
following problem for a minimum. 

Assume that the function 7 (tf) has been found from (14.123); the dependence 
of 2“ on ft and Ais then known, and the functional J is a known function of 
the parameter 4. We look for a value of 4 which minimizes the integral 
(14.116) at the given step of the process; 


Tr 
Jmia = min { [2 + AR— Fle + An, 2 -+ An, A)]*de. (14,124) 
a 
0 


This method for determining the parameter A is similar to the one used 
in the method of steepest descent to find the descent parameter (cf. (14.28), 
(14,65)). 

The iterative process considered can be formulated as follows: 

At each step of the process, described by an expression 
like (14.122), the boundary-value problem must be solved 
for the linear equation (14,123)where the coefficients and 
the right-hand side are determined by the results of 
the preceding step;the value of the parameter A must 
also be found using a numerical method and condition 
(14.124). 

If the initial differential equation (14.115) is linear, the iterative process 
degenerates into a single step, andthe minimizing value ofthe parameter A 
is unity. In fact, when the function fis linear with respect to the arguments 
zand z, J (A) takes the form 


JA) =F (1 — ay, (14,125) 


where J is the value of the integral (14.116) calculated by the zero approxi- 
mation (4 = 0). The minimum of J (4)is attained for 4 = 1 and is equal to 
zero; this corroborates the opinion advanced above. 

For an arbitrary non-linear equation (14.115) the relationship J (A) 
contains other terms, in addition to the first term J® (4 — 4)*, depending 
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on powers of 4 higher than the first; the coefficients multiplying the powers 
of 4 decrease ag the expansion of f in terms of the linear terms 2-2’, + — 2 
improves. In the course of the iterative process J (A) approaches the form 
(14,125), and therefore the minimizing value of 4 approaches unity. 

If the parameter 4 is taken as unity in all iterations for an arbitrary 
non-linear equation, the proposed method reduces to the traditional functional 
analysis of Newton. 

The method can be generalized to cover non-linear differential equations 
of arbitrary order, and also a system of equations. The functional being 
minimized can be represented respectively by the integral of the square 
of the deviation of the differential equation, or by the integral of the sum 
of squares of the deviations of the different equations comprising the system. 

2, Example. To illustrate the rate of convergence of the proposed 
method, and to compare it with other methods, we consider motion in a 
central field. 

588 The transfer between given coordinates in a central field is described 
by the system of two second-order differential equations 


— ke (+ yh", 2 (0) = a, z(T) = 4%, 
as, hy (2? + y)rh, y (0) be Yo y (L) = Ye (14.126) 


Unlike the scale which is usually adopted (cf. the Appendix), the time 
unit is here taken as 100 average solar days, while, as before, the astrono- 
mic unit is taken as the unit of linear distance; the coefficient & is then 
k= 2.9591, 

Following the treatment in /14.17/, the initial and final coordinates 
and the times are defined by 


z (0) = 0.99850, 2 (2) = —1.3558, | (14.27) 
y (0) = 0.07407, y (2) = 0.96570, 


and the zero approximations z (2), y (¢) are 
inn(2—¢t in nt 
20 (= EGR 5, 4 BOM, 
eeu idl : 
(= Sia vo + Ste aoa 
(n = 1.0462). 


The iterative process of Newton's generalized functional method is 
given by 


2D (t) = 2O (¢) + Ang (2), YY) = y (t) + An, (0. (14,129) 


The functions », (¢), ny (f) are found from the solution of the boundary- 
value problem 


- oxo ax a 
Nx +e Ne + oy = (0) — x), nx (0) = Nz (2) = 0, 


. ey ey ” 
ty + “ag Ns + a WwW = —yo—Y, ty (0) = ny (2) = 0, 


(X= ke (2 + 2, -Y a hy (e*@ +), 


(14.130) 
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and the parameter 4 from the condition for a minimum of the expression 


2 
min |{{2-+ Atie + X (2 + Anas y® + Ary)l? + 
0 
+ 1Y + My +¥ (2 + Ans, y + Any) ]"} de. (14,131) 


The linear boundary-value problem (14,130) was solved by the method of 
conjugate equations /14.39/; the minimizing values of the parameters 4 
59 gore simultaneously obtained while plotting J (A). 
The following results were obtained by this method. 


TABLE 14.1. Decrease of functional for progressively higher itera- 


tions in Newton's generalized J{*),,, and traditional J, func- 
tional methods 


eon 0 |: | = | 3 

I ont 12.346 | 7.0862 | 0.25858 osea02-10- 
Je, | 12.346 (Ne 460.12 | 29.233 | 4.0145 

Ireration 4 | | 6 | 1 

Je ont | 0-565-40-8 | 0 | 0 | 0 
I, | 3.3005 | 20 0.030773 | ses7e-10~ 0.52063-10-¢ 


7] a2 a4 SS 10 M2 
FIGURE 14,7. Variation of the FIGURE 14,8, Example of how relative value of functional 
minimizing parameter i as J* depends on parameter A for first, second, third 
a function of iteration number iterations, using Newton's generalized functional method, 


k according to Newton's gen- 
eralized functional method. 
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The rate of convergence of the process is described by Table 14.1, 
which gives the values of the integral J at each step k (the second row Jy Lop:). 
For comparison, the third row of the table gives the values of the functional 
J which are obtained by the traditional Newton's method (J,.,). It follows 
from the data of the table that if the parameter A is chosen according to 
(14,131) we reduce the number of iterations by three. 


FIGURE 14.9, Trajectories corresponding to first and second steps of Newton's 
generalized method (1, 2), Newton's traditional analysis (3, 4), steepest-descent 
method in phase space (5, 6); symbol 0 indicates initial trajectory, and symbol 
oo indicates solution. 


Figure 14.7 shows how the minimizing parameter 4 varies at each step 
of the iterative process (the discrete points are connected by solid lines). 
At the beginning of the process 1< 1, and at the end 4 ~ 1; this corroborates 
the opinion advanced above. 

The dependence of the integral (14.127) on the parameter 4 is shown in 
Figure 14.8 for three steps of the process. The vertical axis represents 
the integral as a fraction of its value at the given step for 4= 0 (this value 
is designated by J’). 

Figure 14,9 gives the trajectories corresponding to the first and second 
steps of Newton's generalized method (curves 1, 2), Newton's traditional 
method (curves 3, 4), and the steepest-descent method in phase space 
(curves 5, 6), The initial trajectory, common to all three methods, is 
designated by the symbol 0, and the solution by oo, The data concerning 
the method of steepest descent are taken from /14.17/, where it was used 
when minimizing the action integral (cf. § 1 of this chapter). 
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Chapter Fifteen 


FINITE-DIMENSIONAL NUMERICAL METHODS 
OF ESTABLISHING OPTIMUM SOLUTIONS 


In this chapter we discuss finite-dimensional methods of establishing 
optimum solutions. Two approaches are available to reduce the 
variational problems (14.1)—(14.9) into a suitable form so that these 
methods may be applied. The first replaces the functionals by 
functions of a finite number of variables, e.g., the Ritz method, the 
method of polygonal lines, etc; the second consists in reducing the varia- 
tional problem to a boundary-value one and finding the finite number of 
missing initial conditions (cf. the beginning of Chapter Fourteen). 

The chapter is divided into two sections: in the first the most common 
finite-dimensional methods are described, and in the second, methods 
of reducing the variational problems to the required form are outlined. 


§ 1. MINIMIZING A FUNCTION SUBJECT TO 
ADDITIONAL CONSTRAINTS 


The function of n variables, 
J=J (ay. - +) Zn) (15.1) 
must be minimized subject to the additional constraints 
(ty. TA HO (FF Hit,...,b<n); (15.2) 
the variables z,,..., 2, vary within an unbounded region. 
It is assumed a priori that (15.1), (15.2) has a solution, and that it is 
unique. 


The required point z{ is found by an analytic method using Lagrange 
multipliers 4;. A new function, 


z 
E(t, «4 Epi Bay «oy i) =F (2) + SE Ap (2), (15.3) 


j=1 


is formed and the conditions for it to be a minimum with respect to the Xe 
are written: 


Be, — te + Ge, = (é=1,...,2). (15.4) 
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The system of n equations (15. 4), together with the / equations (15.2), 
determine the unknowns zj,..., 23 %4,-.-,4,;. We write these two groups of 
equations as the one system 


f(z) as 0, (i,j = 1,2,..., m), (15.5) 

where 

1 = Ty, ee oy Zn =TZy, Inv => An eo. «> Znst = Loa 

ar ar 
ft Ba tn = gyre fr = War sos fast = hr 
(m=n+l]). 
If J (z,,...; 2%) is a quadratic function of its arguments, and ¥,(z,,..., 2) 

are linear functions, system (15.5) is linear in the variables 7,,...,%,,..., 


Z,,1. To determine the minimum subject to additional constraints, in this 
case reduces to solving a system of linear algebraic equations. 

1. The gradient method. In the absence of additional constraints (15.2), 
the gradient method, as applied to minimizing the function J (z...., z,), 
consists of the following. 

From a known zero approximation for the arguments z 
derivatives of the function being minimized: 


" we calculate the 


(0) 
a _ a ., 2); (15.6) 


On; Oz; oes a 


the first approximation is represented in the form 


m _ 0), a7 
te hae (15.7) 
The parameter 4 is determined from the condition that the function 
(0) =) 
(Pr (15.8) 


be a minimum at the given step of the iterative process. 

Two modifications of this procedure are suggested when solving the 
original problem (15.1) —(15.2). 

The first modification consists in replacing the constrained minimum 
problem (15.1) —(15.2) by an unconstrained minimum problem by means of 
introducing penalty terms (cf. § 2 of Chapter Fourteen). We form the 


auxiliary function Y (z,,...,z,) with coefficients g¢,>0 j=1,...,), 
t 
¥ (ay 6 oy Bn) =F (ay «oo Zn) + DY GPRS «+s Bn) (15.9) 
j=l 
and minimize the new function Y (z,,..., 2) by the gradient method described 


above (15.7) —(15.8). The coefficients q; are also successively increased. 
The second modification resembles a method described in § 2 of 

Chapter Fourteen. We shall consider the simplified case, when the zero 

approximation 2 exactly satisfies the additional constraints 


wz) =y=0 G=4,...,0. (15.10) 
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Represent the unknown z, at the initial step of the process in the form 


= 29 +62 (i =1,...,n). (15.11) 


The variations of the functions J and ; caused by the small increments 62, 
can then be written as (restricting ourselves to the linear terms of the 
expansions) 


n 
IM — Jo xal = >) oa, btn 
oe (15,12) 


n 


a (0) 
pO — yw dy, = DM an, Gad. od. 
a 


The variations 5z,;are determined from the condition that the variation 6J is 
not positive when the following additional relations are satisfied: 


(0) 
oy w= Maso Gat. ad. (15.13) 


t=1 


As in § 2 of Chapter Fourteen, we form an auxiliary function with Lagrange 
multipliers 4; given by 


(0) 
raat Dat = 3 (2 - WY a (15.14) 
j=1 i=1 
We select 6z, in the form 
t 
(0) apo 

6, = —10( 92 Wage) Gat..n). (15.15) 

i=1 


‘ 


If 4 > 0, the auxiliary function I is not positive for any 4;, i.e., 


r=—a 3 (4 ye} <o (15.16) 


6x; 


594 The Lagrange multipliers 4; are determined from equations (15.13), 
which are linear in them ( the 6z in (15.13) are taken from (15.16)): 


Sapo 7 azo 
2 Oz, (a0 + 30% 32; PY 20 (k= 4....,2). (15.17) 


In view of this property of the parameters i; the sum over j in the 
expression for I vanishes: 


t 
pe 2p; = 0. (15.18) 
mary 


It follows from here that I coincides with 67, and therefore the given selec- 
tion of the variations é6z; ensures that 6J is not negative. 

The parameter 4 in formulas (15.15) determines the length of the step 
along the conditional gradient, which is bounded from above by the 
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requirement that the error in the linear representation of the functions J 
and +; be small (compare § 2 of Chapter Fourteen). 

Note that the original formulation (15.1) —(15.2) does not contain restric- 
tions on the region over which the parameters z, vary. Toa considerable 
extent the computational procedure is simplified. A more general case is 
described in Zoutendijk's treatise /15.1/ (which also contains an extensive 
bibliography). The gradient method in a finite-dimensional space and its 
modification of problem (15.1) —(15.2) is treated in /15.2—15.4/. 

2. Newton's method. The system of algebraic equations (15.5) (to which 
(15.1) and (15.2) reduce) is solved as follows by the traditional Newton's 
method. The derivatives af Vaz, are calculated from the zero approximation 

z, and the 2 at the first step of Newton's method are determined by the 
linear equations 


5 IP ag) — 2) = — 7 (f= 4,..., 7) (15.19) 


(in order to use a familiar notation we have replaced 4, by x, and the order 
of the system n+ 1 by 7 in (15.5)). 

We describe a generalization of Newton's method /15. 5—15. 9/, which 
differs from its traditional form by introducing a parameter resembling the 
descent parameter 4’ inthe steepest descent method. This method representsa 
finite-dimensional analog of Newton's generalized functional analysis. 

Consider the system of n algebraic equations with n unknowns 


A(zy=O0 (7 =1,. . 4 )5 (15.20) 


we require the solution of the system, zf. Form the function 
n 
O= >? fi (=), (15.21) 
4=1 


such, that it andits first derivatives vanish at the required point z= qj, 


n nm 0 
-_ 4 oe aoe . 
con) = 5 Dhhe= : tay = DA Izy = 0. (15,22) 


The value of the function ® indicates how close we are to the solution 
in the n-dimensional space (4, ...,2,). Suppose the point 2,..., 2, which 
is not a solution, is given in the n-dimensional space, and suppose we 
calculate the functions ff”, ® and their derivatives afP/az;, aD©/az;. Now 
represent the coordinates z; at the next step of the iterative process in the 
form 


cP =r 4 bz, (Ff =troe.rn) (15,23) 


where 6z; is a small increment. The corresponding increment in the 
function ® is written as 


<1 a = co) Off 
so= 2 Ga, 8t)= i aay (15.24) 
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A necessary Condition for the convergence of the iterative process is 
OW < OO, i.e., 50< 0. The increments 6z; can be'selected in two ways 
so as to satisfy this condition, namely, , 


bid ) 
t= DA, a>0 (J = 41, 205,2) (15,25) 
1=1 
and \ : 
bi ) 
¥ 2, 2 ay, A>0 8 =(=14,...,7). (15,26) 
d= 


Expression (15.25) defines the algorithm ofthe steepest descent method (cf, 
(15.7)); for 4 = 1 in (15.26), it defines the algorithm of Newton's method. 
By means of the substitution 


bz; = any = 1,-2.7), (15,27) 


(15,26) may be transformed into 


hi ) 
ye (i= 1,...10), (15.28) 


d= 
and the coordinates 2% at the first step of the iterative process become 
2 =a + any GF =1,..-,7). (15,29) 


After determining 4; from the linear system (15.28) and substituting them 
into (15.29), we find that ® has become a function of the parameter A alone: 


i 


© (2)? + An,) = ¥ (A). (15.30) 


This parameter is selected from the condition that the function ¥ (A)is a 
minimum at each step of the iterative process (as for the gradient method): 


min ¥ (A). (15.31) 
Expand the function ¥ (4) as a power series in 4 given by 
WA) = FO) (4 — A)? + at (4 — A) + DAFA — A) + cat +... (15.32) 
The coefficients a,b,c are expressed here in terms of the products of 
Ny 1, PA 'UArOzy, Pf/02,42,0x,, Of! 82,0%,02,02, ,... If the f; are linear 
functions of their arguments, then 
a=b=c=,..=0, (15.33) 
In this case the parameter 4, which minimizes the function ¥ (A), equals 
unity and the iterative process degenerates into one step. In the neighbor- 
hood nearest the solution 2zj the functions /; are described by the linear 


terms of the expansion; therefore, the parameter 4 tends to unity as the 
solution is approached. 


467 


597 


598 


Hence, the algorithm for solving system (15.20) consists of the following: 

At each step of the iterative process, njare found from 
the linear system (15.28), after which the parameter Ais 
determined by condition (15.31); the values of the coordi- 
nates 2;at the next step are expressed in the form (15.29). 

As noted above, the proposed method coincides with Newton's method if 
4} = 1 for all iterations. In the neighborhood of the solution the minimizing 
value of 4 approaches unity, and the method is no better than Newton's 
traditional method. The application of this method is efficient in that region 
of space 2; over which Newton's method is either inefficient or divergent; 
in this case the minimizing value of A is much smaller than unity. The 
selection of 4 at each step of the process guarantees, in a certain sense, 
the convergence of the method, as for the gradient method. 

Let us compare some aspects of the gradient method and Newton's 
method. It is well known that minimizing quadratic functionals and solving 
linear equations are mutually-equivalent problems. By Newton's method 
linear equations are solved in one step, while the gradient method uses an 
iterative process to determine the minimum of the quadratic functional. 

The gradient method is thus inferior to Newton's method regarding the 
number of steps (and, frequently, the computation time) required to attain 
a given accuracy; this is true in the neighborhood of the solution of a 
nonlinear equation (and respectively of a nonquadratic functional). 

On the other hand, Newton's process may diverge in those situations in 
which the gradient method converges. This is partly due to the descent 
parameter, which can be determined at each step of the process so that 
the functional being minimized does not increase. 

In view of these considerations, the introduction of a parameter A into 
Newton's method guarantees convergence to a certain extent; a rational 
selection of the parameter may ensure a saving in the time required to 


‘attain the result. 


It has been suggested in /15.8, 15.9/ that the parameter 4 is chosen 
from the interval (0, 1) so that only the condition that the method converges 
is satisfied: D® << @, This choice consists in successively increasing 4 
from unity to the value at which the convergence condition is satisfied. 


§ 2. REDUCTION OF VARIATIONAL PROBLEMS 
TO FINITE-DIMENSIONAL PROBLEMS 


We describe here methods for replacing functionals by functions of 
a finite number of variables, e.g., the Ritz method, for which the coeffi- 
cients are determined by the steepest descent method, and the method of poly- 
gonal lines for the problems of Lagrange and Mayer; inaddition, the correct 
way of selecting the missing initial conditions for the boundary-value problem is 
also described. 

1, The Ritz method with the coefficients determined by the steepest 
descent method. The classic Ritz method is described in many textbooks 
(cf. for instance /15.2, 15.10—15.52/); in this section we discuss its 
application /15.13/ to determine the minimum value of the integral 
functional (14.40 )—(14.41). 
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The algorithm of the method is as follows. 
A complete system of n linearly independent functions {y; (é)}}, which 
satisfy the conditions 


(0) = (0) = p(T) = h (7) = 0, (15.34) 


is selected, as well as functions 2 (¢), y (¢) satisfying the boundary con- 
ditions (14.41). A solution is sought in the form of the linear combination 


a(t) = 20(0)-+ 3 asdelthy unll) =) + Fi bart (15.35) 
=O 0 


After replacing z(t), y (t) by zn (t), yn (2) in the integral (14.40), the latter 
becomes a function of the coefficients a;, b;, so that 


Jy = Jy (ay Bi). (15.36) 


The problem to determine the minimum value of the functional 
(14.40) is reduced to minimizing the function J, (a, 5;) with respect to a finite 
number of variables, 

The function J, (qj, b;) can be minimized by the steepest descent method, 
whose algorithm was described in §1 of this chapter. We shall describe the 
formulas required for this. 

Let the zero approximation for the coefficients a, b; be known; we 
represent the next approximation in the form 


af? = af” — 4 (aJ2/éa), 


of = 0 — A/a). (198) 


The descent parameter 4 is determined from the condition for a minimum of 
Jy (Q)) = Jy le? — 2 (AIP /aa), of — 4 (aF©/ad,)). (15.38) 


Thus, the minimization procedure proposed here consists of two nested 
iterative processes: 
1) The Ritz iterative process, which consists of increasing the number 
n of coefficients a;,b; in expansion (15.35) from step to step. 
2) The iterative process of steepest descent method, which consists in 
determining the minimum of (15.36) at each step of the Ritz iterative process. 
Power functions are selected to represent the basic functions y(t) /15.13/, 


p(t) = (H/T)? (4 — 2/T)* (i =0,1,..., 7), (15.39) 


while the functions (14.49) are taken as the zero approximation 2 (it), y (é). 
An application of the Ritz method in conjunction with the method of 

steepest descent to this problem turned out to be much less efficient than 

applying the method of steepest descent in phase space (cf. § 1 of Chapter 

Fourteen); the time to calculate one functional to 4—5 places was 

100 minutes (instead of 1 to 2 minutes by the steepest descent method), 
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The convergence of the functional J, as a function of the iteration number 
k in the Ritz process (for the parameters r,= 1.52, 9, = 7 = 2) is shown in 
Figure 15.1, where the discrete points J, J),...,7® have been joined by 
a continuous curve. At the first iteration there are five coefficients q 
and five coefficients & (x =5); with the transition to each successive iteration 
the number of coefficients increases by 10 (An= 5). The initial values 
(for the method of steepest descent) of the ten new coefficients vanish, 
while the initial values of the old coefficients are taken from the preceding 
iteration. 


FIGURE 15.1. Convergence of functional 
J, as function of number k of iterations in 
Ritz process, for transfer in a central field: 
r,= 1,52, po. =T =2. 


The dependence of the quantities a;, bh; on the number i for & = 8 is 
represented tentatively by the continuous curves in Figure 15.2. 


FIGURE 15.2, Variation of coefficients a,, b, of expansions x(t), y (t) in terms 
of basic functions 44 (t) as function of 4 for k = 8 (Ritz method for same example 
as in Figure 15.2). 


2. Method of polygonal lines for the Lagrange problem. This method 
is based on replacing integration by summation, and the function by a 
polynomial. 
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600 To illustrate the method, consider the simple problem (14.11), (14.12). 
Introducing the symbol 


t=4u, (15.40) 


we write 
Tr 
Tieé { Oe, xu, t) dt. (15.41) 


Split the interval over which the argument varies into m equal parts 
+=T/m; then & = kt. Represent the function u (é) over the interval (ty, fy,1) 
as the linear function 


u (t) = Uy + (Upys— Ua)(t— t)/t (4eKE<tyyas Ue= U(ty)). (15.42) 


In view of (15.40), the required function z(¢) will then be a quadratic function 
of t over the interval (¢,, ty,1), i.e., 


Z(t) = Set Uy (t — ty) + (Uy —ux) (t — ty)V2t (k= 4,...,m), (15.43) 
and the values of x, z,, at the interpolation points will be linked by 
Tey = Ip + "Wer (Ursa + Uy) (k = 4, eon m). (15.44) 


. If we express the integral (15.41) as the sum of m integrals over 
segments of length t, then represent the integrand ® in each segment in 
a form similar to (15.42), and afterwards calculate all these integrals, we 
obtain J in the form 


m—t 


J= +1 [®(, Uoy 0) +O (tn; Un fr) + 2 Dy D (zr, Us, t,)| (15.45) 
k=1 


(here z = 2(0), zt, = 2(f) are specified values of the function at the ends of 
the interval). 

The recurrence equation (15.44) makes it possible to express the value 
of the function at any interpolation point z (1 = 1,...,m) in terms of the values 
Uy, W-1,.++;U%9. In fact, adding up the right- and left-hand sides of (15.44), 
we obtain 


i-1 
a, = 2+ 4-1 (uo -+u-+2 > ar) (1 = 1, .. 0) Me (15.46) 
k= 
601 ond, in particular, fori=m 
4 ™m-1 
2(T) = % + 7 (wot+ amt 2) on) (15.47) 


kel 


With the aid of (15.46), the expression for the functional (15.45) can be 
made to depend only on the values of u (t) at the interpolation points, so that 


m1 
J=+1[0(@, Up, 0) + D(z (T), Um T) +2 5} D(z (eto, ooo m)]. (15.48) 
k=l 
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Thus, the original variational problem (14.11), (14.12) has been reduced 
to that of finding m+1 values uy, to give the extremum of (15.48) when the 
additional condition (15.47) is satisfied. 

This method was applied in /15.14/ to calculate the extrema of the 
functional (14.40) written in polar coordinates. If the constraint of a 
given angular displacement is not imposed on the orbital transfer ina 
central field, the transition to polar coordinates in (14.40) lowers by one 
the order of the derivative of one of the functions (cf. Chapter Five); in 
the integrand, one function enters with its first and second time derivatives, 
while the other only involves a first derivative. 

The original problem was reduced in /15.14/ to one of determining the 
minimum of a function of two groups of variables with three additional 
constraints, which correspond to the three specified final values. In the 
authors' opinion, satisfactory results were obtained for a number m of 
interpolation nodes as low as 10 to 20 for times of flight not exceeding the 
period of one revolution on the initial orbit. 

3. Method of polygonal lines for the Mayer problem. This method is 
based on replacing the differential equations by finite difference equations; 
its application to optimization problems was described in /15,.15/, where 
it was called the critical direction method. ; 

We shall describe the algorithm of the method for the Mayer problem with 
a free right-hand endpoint. 

Consider a system of differential equations and initial conditions 


ene Tele Wels | (15.49) 
(0) =r (i, )=1,.-..7) 


602 where the functional to be minimized depends on the terminal values of 
the phase coordinates 


P (2, (T), « «+ Zn (T)). (15.50) 


The optimum control function u (é) must be established. The interval over 
which the argument varies is again split into m equal parts of length t = T/m. 
The differential equations (15.49) establish a connection between the values 
of the coordinates at any two adjacent points ¢,, th..: 


Ti, kan = Ti, e+ The (D5, ev Urs Ex) 
(Zin = (te), Uy = U(), & = ATS EF =1,....5 (15.51) 
k=0,...,m — 1). 


The functional (15.50), which depends on the terminal values of the 
coordinates, is here considered as a function of the control function u () at 
discrete points of the interval uu, uw, ..., Um1. The determination of the 
minimum value of the function P with respect to up, u,...,Um1is linked with 
the calculation of the partial derivatives 6P/du, by 


“3 Roar Oxy (T) OF j (Za, x0 Ue» tx) (k =0,1,. -m—4). (15.52) 


om x, (T') Oe; ka +L Ou, 
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The quantity Dy [aP/az, (T)] [024 (7V/z}, x,1) coincides with the solution of the 


following eaten of differential equations atthe interpolation points 
(cf. /15.15/): 


m 
m= — Sp, = 1j000 2) (15.53) 


with boundary conditions 


7) 7 
p(T) = Pace (E=4, 004 M)s (15.54) 
so that 
OP dx; (T) 
Balin = P(t). (15.55) 


This last fact is easily seen to be due to the link between the method described 
here and the functional method of steepest descent in the space of control 
variables. Using the results of § 2 of Chapter Fourteen, we write the 
variation of the functional P caused by varying the control function 6uas 


6P = | Satis oh $u dé; (15.56) 
0 1=1 
here p; (é) is the solution of the system of equations (15.53) governed by the 


boundary conditions (15.54). The integral in the last formula is replaced by 


oP =< 3 Sait Metoue), (15.57) 


kaa) 1=1 


é 


and the partial derivative is written as 


ap 
auth * 3 pu li Bult)" 


(15.58) 
A comparison of (15,52) and (15.58) substantiates (15.55). 

4. Selecting the missing initial values in the boundary-value problem. 
The variational problem is reduced by means of the formalism of either 
Euler-Langrange or Pontryagin to a two-point boundary-value problem for a 
system of ordinary differential equations (cf. the beginning of Chapter 
Fourteen and system (14.10)), The solutions 2, (2) of the boundary-value 
problem (14.10) must satisfy the differential equations, as well as the 
initial and terminal conditions. The following iterative process can be 
used to solve the problem: the differential equations and the initial conditions 
are exactly satisfied at each step of the process, while the terminal values 
z(T) approach the required values z;,, as each step is taken. 

These processes are based on reducing the boundary-value problem to 
a Cauchy problem, and subsequently selecting the missing initial conditions 
according to some algorithm. Finally the problem is reduced to that of 
solving a system of algebraic equations. 

To each set of missing initial values 2,1 (0),. -., m(0) (cf. (14.10)) there 
correspond definite terminal values 2g; (T)(2j=n—J. We select the missing 
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initial values so that the terminal conditions are satisfied. The deviations 
-are now formed, i.e., the differences between the values of the functions 
z;(T) at the end of the interval and the required values z;,. These are 
denoted by 


Wy (20) =2(T)—zn (EL 4 tee, rs Bl =n—l), (15.59) 


The solution of the problem is obtained by selecting values 21(0),... 
604° °°? Zn (0) such that all deviations ¥; vanish, i.e., by solving the system 
of implicit algebraic equations 


Wiz) =O (i= l+4,..., 0; Bf = n—). (15.60) 


In order to apply some numerical method of solution to this system of 
algebraic equations we must calculate the derivatives d¥,/dz) = dz; (T)/Azi9. 
This can be done by either applying the formulas of numerical differentiation, 
or integrating the system of equations (cf. (14.10)) 


n 
qd Om Of, IL, an a an 5. 
He Fa (0) ~ Dax, Fe, 0) (olt+it,e..e, Ny k=14,...,M) (1 61) 


with the initial conditions 


arr 19 0 for i=k, 
Bay (0)! yay for i=k 


together with system (14,10), 
The boundary conditions of the original problem (14,10), which were 
given in their simplest form, may be replaced by the general conditions 


(15.62) 


Px (Zo, 41) =0 (i,j, b= 1, aes Mm) (15.63) 


This representation does not violate the method of replacing the boundary- 
value problem by a system of algebraic equations, since n more relations 
can be obtained by integrating the differential equations (for each set of 
initial values 2) there is a set of terminal values z,,). If these are added 
to the z relations (15.63), we obtain a closed algebraic system of 2n equations 
with 2n unknowns. If the end of the interval t= 7, over which the argument 
varies, is unknown, we may add the condition which determines it to 
relations (15.63). 

This system of algebraic equations can be solved by either the gradient 
method or Newton's method (cf. § 1 of this chapter). If the problem contains 
control parameters which must be determined from the condition that the 

‘function involving the terminal coordinates and these parameters be extrema, 
then it is best to use one of the modifications of the gradient method, as 
presented in § 1 of this chapter. 

The methods of solving boundary-value problems described in this section 
have found applications in many papers on rocket dynamics /15.4, 15.8, 

15.9, 15,16—15.23, etc./. In these papers the variational problems were 
reduced to boundary-value ones governed by systems of equations for the 
phase coordinates and the momenta (the Lagrange multipliers); the optimum 
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controls were expressed in terms of the momenta and the phase coordinates, 
The initial and terminal values of the phase coordinates (the physical coor- 
dinates and the velocities in problems of rocket dynamics) are usually 
specified, and we must determine the missing initial values of the momenta 
so that we ensure that the trajectory attains a specified point in phase space. 

In /15.8, 15.16, 15.19, 15.22, 15.23/ the selection of the missing initial 
values is carried out by Newton's method; a comparative analysis of this 
and the steepest descent method is made in/15,8/. The steepest descent method 
for finding the optimum control parameters, while satisfying the boundary 
conditions, is described in /15.4/. 
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Appendix 


DESCRIPTION OF THE DYNAMIC MANEUVERS 

nos This appendix summarizes the system of differential equations and their 
boundary conditions, which describe the following basic dynamic maneuvers 
characterizing low-thrust engines: interplanetary flight (§ 2), holding the 
satellite within a specified spherical layer, rotating the orbital plane of a 
satellite (§ 3). The corresponding elementary models of the maneuvers 
are also given here. The maneuvers are described in a section which gives 
various forms of the equations of motion and transformations between 
different types of variables. 


§ 1. FORMS OF THE EQUATIONS OF MOTION 


1. Equations of motion in a central field. In a cartesian inertial 
reference frame (z, y, z) with origin at the gravitational center, the equations 
of motion are 


z= a,—ka/r, 
y = ay — ky/7?, 
z=a@,—kz/r° 


(r=VETEES, 


where az, a,, a, are the projections of the thrust-acceleration vector onto the 
axes, and k = fm is the gravitational constant (product of the universal 
gravitational constant f and the mass of the central body ®). The character- 
istic distance r, is selected; the characteristic time ¢,, velocity v,, and 
acceleration g, are then given by the expression 


(A. 1) 


t=h rh, ya Rh, og = er. (A. 2) 
These quantities have the following physical meanirig: 2nt,is the period of 
revolution along a circular orbit of radius r,, v, is the magnitude of the 
orbital velocity, and g, is the acceleration produced by the gravitational 
center at a distance r,from it. If we take 7,4, v,, g, as units of linear 
distance, time, velocity, and acceleration, equations (A.1), written in the 
corresponding dimensionless variables, will not contain the parameter k: 


z= a,—z/r°, y=a—y/r, Z2=a,—2/9. (A. 3) 
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We preserve the previous symbols for the dimensionless variables on 
which the treatment in this section will be based. 


og 


Ps z 


FIGURE A.1. Rectangular and spherical co- FIGURE A,2. Polar coordinate system, 
ordinate systems. 


Consider the spherical coordinates r,g,6; the cartesian coordinates are 
_expressed in terms of the spherical coordinates by (cf, Figure A. 1) 


z= rcos@cosg, y = rcos@ sing, z= rsin®@. (A. 4) 


The equations of motion in spherical coordinates take the form 


a 


rcosép + 27gcosd — 2rq6 sin @ = ag, (A. 5) 


7 —r@*cos?@— rf?-+41/r? =a,, 
76+ 276+ rp? sin 8 cos® = ay. 


The thrust-acceleration projections 4@,, a, a) are expressed as follows 
in terms of ay, ay, a,: 


a, = a, cos8 cos@p 4+ a,cos6sin p + a, sin 6, 
ay = — a, 8i0 p + 2, cos , (A.6) 
a5 = a, sin @cos@ + a,sin@ sin gp — a, cos0. 
COBY. ok special case of (A. 5) is that of plane motion (@ = 0, a» = 0): 
Soa ee (A. 7) 
TQ = a, — 27g. 


We now introduce the velocity components in polar coordinates (r, 9) 
(Figure A.2), where v, =7 is the radial velocity, and vu, = rq is the trans-~ 
verse velocity. System (A.7) can then be written as 

r =p, 
rp = Ver 
Vp =O, + ve /r—1/P, (ts 8) 
Ve = dy — V9 /T. 
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If the accelerations a, and a, are independent of ¢ and 9, the order of this 
system is reduced by two and it reads 


vpv, = ap ve /r—A/r®, vs = dg—v,v—/T; (A. 9) 
the primes here represent differentiation with respect to r, 


After integrating system (A.9), the functions ¢(r) and 9 (r) are found 
from the differential equations 


t= 1 1 Y(r) (A, 10) 


wiry? =F Fer)" 


In the absence of thrust accelerations, system (A.9), similar to (A. 8), 
has two well-known integrals; these are the energy integral 


E=Fit+oy—+ (A. 11) 


r 
and the angular-momentum integral 


M = ver. (A. 12) 


These can be used as the unknown functions in equations (A. 9) to replace 
vp and ve, so that 
E’ =+ (a,, + ag), Ma, (A. 13) 
r 


Up 


The functions v, and v, entering the right-hand sides of (A.13) must be 
expressed in terms of 7, £ and M from (A.11) and (A. 12). 

The projections of the velocities v,, v, and accelerations a,, a, can be 
written in terms of the magnitude of the velocity v, the acceleration a, 
and the angles defining the directions of the vectors y and a(Figure A.2). 
The quantity 6 at a point is the angle between the velocity vector and the 
perpendicular to the radius vector in the direction of positive rotation of 
the latter; » is the angle between the vector of the perturbing acceleration 
and the velocity vector. The right-hand sides of equations (A.13) are 
replaced by 
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Ei a ToS M = 20008 (8 +1) (A, 14) 


sind ’ » sind * 


In these variables, system (A.8) is transformed into 


r=vsin®, 
rp = vcos 6, 
b = acosy —sin ¢/r*, 
vd = asiny + (v*/r—1/r*) cos. 


(A. 15) 


If in the last equations we introduce the variable s, which is the length of the 
trajectory arc, to replace the independent variable ¢ (ds? = dr? + ridp* = vidt*); 
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we then obtain the equations 


dr z 

a = Sint, 
r @ — cos, 
d (A. 16) 
vo i. ry 

vq = 20S 7 — | SIM . 


ve — asiny + (=— +) cos @. 


In terms of the independent variable p, (A.15) becomes 


dp vcos@' 

veo $y _ a cosy —+sin a 
r dp T— 7x Sin Qs 

v? cos ¢ dé 

Fp dp 


2 


=asiny+ (-- *) cos #. 

We now turn to the original system (A.7), which describes plane motion 
in polar coordinates, and write the differential equation for the orbit r (9), 
Introduce the following substitutions: 


4 < d - da 
r= ro = M, Hx?! (A. 18) 


610(as before, it is assumed that when replacing the argument t by 9, the 
projections of the perturbing acceleration are independent of ¢). System(A.7) 
is then transformed into 


Pu 4 a, Gq du aM a 
wtY=pmii-z—-Sz), = WS (A. 19) 


The time ¢ can be found in terms of the known functions u @), M@) from 
the differential equation 


dt 4 
# = ae (A. 20) 


If there are no perturbing accelerations (a4, = 0, a, = 0) the solution of 
(A.19) is easily found to be 


M=const, w= 75+ (ta— 75) 03 (9— Fs), (A. 21) 


or, for the variable r, 


i ea amen 
"= T}ecsv’ (A. 22) 
where the orbit r(v) is a conic section with parameter p and eccentricity s. 
The following symbols have been used in formulas (A.21) and (A. 22): 
p =.M® is the focal parameter of the conic section, e = Mu,—1= M*/r,—1= 
= Y1 + 2MiE is the eccentricity of the conic section (e = 0 fora circle, 
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1 >e>0foranellipse, «= 1 fora parabola, e>1 for a hyperbola), 

r, and g, are the radial and angular displacements of the perihelion, 

v= 9-9, is the true anomaly, and the angular displacement is measured 
from the direction F,nx (the line of apsides). 


FIGURE A.3. Elements defining elliptic orbit 
in plane, 


Figure A.3 shows an elliptic orbit; the gravitational center is located 
at one of the foci F,, which is chosen as the origin of the coordinates. 
The major axis of the ellipse anis the line of apsides, where cis the 
aphelion and athe perihelion. The length of the semimajor axis is A, 
the length of the semimajor axis is B, and the distance from the focus to 

; the ellipse center C, are linked bythe following relations in terms of the 
parameter p and the eccentricity e: 


= IP. ro P — PF 
OTiath. eae ae s24) 


Thus, in the absence of perturbing accelerations, (A. 19) has integration 
constants involving the quantities r,,9,, Mor some arbitrary combination 
of them. For a0, a,=0 these quantities are not constant. The differen- 
tial equations which determine 9; (9), M @), 5 @) = u,.—M~ can be expressed 
as a function of a, and ag. 

Introduce the new functions w = du/dp, p = M?; with these, (A.19)may be 
transformed into 


du dw 1 a, 20 dp _ ty 
eu eet et ap (a4) 


The functions u and w are written in the forms (cf. (A. 21)) 


+scos(p—Qr), w=—ssin(p— gr) (A. 25) 


u= 
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(regarding the representations of u and wcf. /A.1, A.2/); we then obtain 
a system of differential equations for S, g,and p, namely 


ds a, sinv 2a,cosv = as sin? v 
dp ~~ pnt eS ar 
47,  —a,pcosv , 22,SiNV | a,sinvcosy 
dg spN* spNe pNe ‘ (A. 26) 
dp _ 2a, 
dp N® 


(v =9-—9g, N= + + scos (p—9,)}- 
If we replace (A.25) by /A.3, A.4/ 


Q mene .27 
+3, w=—4, (A. 27) 


dQ 2agP' 
a = be ot 
orp? ayP* 
a 2a,p? 
~ (O+iF* 


For a, =0, a, =0 this system reduces to the equations of an unperturbed 
Keplerian motion in a Hamilton form. 

Systems (A.26), (A.28) are written in osculating variables, i.e., 
variables which, in the absence of perturbations (a, = 0, 4a4,=0), become 
constant. Any combination of the parameters S, 9:,p, or Q,L, p likewise 
possesses this property. The selection of a particular system of osculating 
variables depends on the character of the perturbing accelerations. 

The reduction of the equations of motion in a central field in the presence 
of perturbing accelerations to equations in osculating variables represents 
a standard operation, which has long been used in celestial mechanics. 

To describe space maneuvers we require osculating variables, which define 
the spatial motion of a point. To avoid cumbersome computations, we shall 
describe this operation along general lines, and shall conclude with the 
final formulas (cf. for instance /A.5/). The derivation of these formulas 
can be found in textbooks and treatises /A.6—A.13/. 

Take the differential equations of motion in rectangular coordinates 
(A. 3) as the initial system. The three second-order equations (A. 3) can 
be transformed into the six first-order differential equations 


=Xi(el)ta (j=1,...,6), (A. 29) 


where 


%1= 2, n= 2 =e B=, tu >= 2, Iy= 2, 
Xi=m Xe=—Z, Y= Xs, X4=—4, X;=%, X.=—F, (A. 30) 


= : 


a,=0, a2 = ay, dg=0, Gy = ay, a, =0, a, = 2, 


(= Vat ara). 
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If a, = 0 (i = 2, 4, 6), equations (A. 30) define a-motion in a central field, 
and can be integrated in finite form, as is well known. Suppose the initial 
conditions for (A. 30) are 


10) =fi(Pr--.s Pe) (t= 1,...,6), (A. 31) 


where p; are the complete set of orbital parameters in a two-body problem, 
The solution of equations (A. 30) with no perturbing accelerations is found 
in the form 


B= Fy (Py. +s Por t) (Fi (Pas + + ++ Por 0) = fe (Pay - « ++ Bods (A. 32) 


In the presence of perturbing forces the orbital parameters py... +, Ps 
613022 be considered as a new set of variables, which replace the old variables 
x, by (A. 32). We shall write the differential equations in terms of the 
osculating variables p,,...,p.. First, take the total derivatives of x (given 
in A. 32) which are 


6 
d: OF OF; d, . 
ama t Dapp ae = Xe a (i =4,...,6). (A. 33) 


The definition of the osculating variables gives 


te Xs (A. 34) 
therefore 
6 
OF, apy _ 
2 Te Ge = (A. 35) 


This is a system in osculating variables and defines the variation of the 
orbital elements in the presence of perturbing accelerations, Note that 
equations (A. 35) are linear in the derivatives dp,/dt, and that we may 
therefore express dp,/dt in terms of the perturbing accelerations a,as 


6 
SF = Si An (Preece Pert) Pedy. 00 8)e (A. 36) 


me, 


Sis Take the following set as orbital parameters (Figure A. 4): the length 


of the semimajoraxis A and the eccentricity e, which define the geometry 
of the elliptic orbit; the inclination i and the longitude of the ascending node 
Q, which define the orientation of the orbital plane; the argument 9g,, 
measured from the line of nodes, the time of passage 7, of the perihelion, 
which define the orbit in its plane. The perturbing acceleration vector 

can be resolved along three orthogonal directions: ay perpendicular to the 
instantaneous orbital plane, a, radial and lying in the plane of the instan- 
taneous orbit, and ag perpendicular to the radius vector. The differential 


482 


equations for the osculating variables A, e, i, Q, @2, t= — nf, have the form 


Va + a 
de Yi-@sinv | Vie (a fs 
a aA OR Ta —r) 
di 7 coa(v-+ 9,) 
a” ha Vyi-e 
dQ rsin(v+ Q,) “ (A. 37) 
at nA? Vi—ersini 

28n Vi—ecosv Vi—e 


Ny 


. r 
dt ~ nAe an +a sinv (1+ >) ao— 
— VY A(1 —8?)sin (v + @,) ctg ian, 
dt 4 (ar 1—e 4{—e. r 
a =-3(4- 7 cos v) an — “as sinv(1+ 5) a0. 


Here n= A~! is the average (dimensionless) angular velocity of motion, 
p=A(i—e?) is the focal parameter, r=p (i+ ecosv)‘is the equation of 
the osculating ellipse, and v is the true anomaly. The system (A. 37) 
must be completed by the relation defining the rate of variation of the true 


anomaly, 
dv VAG—®&) 4, . dQ 
Fe ose (A. 38) 


As seen from equations (A. 37), (A. 38), the system of orbital parameters 
becomes meaningless when the eccentricity and inclination vanish, or when 
the eccentricity equals unity. At these points the right-hand sides of some 


Ascending 
node 


FIGURE A.4, Elements defining elliptic orbit in space, 


of the equations are either indeterminate or infinite. In fact, the position 
615 of the perihelion on the circular orbit (e = 0), or the position of the nodal 
line when the fixed and orbital planes coincide (i = 0), are indeterminate, 
This fact restricts the region over which this system of orbital parameters 
can be numerically integrated, and is the reason why other better-suited 
systems must be found. In particular, in order to avoid problems connected 
with the degeneration of an orbit into a circular one (e = 0), we replace the 
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parameters e,g. by their combinations e sin 9,, e& cos gs, the components of 
the Laplace vector. The differential equations for these combinations do 
not contain e in the denominator (cf. (A.26), (A.28)). 

The system of orbital parameters proposed in /A.14/ is likewise free 
of these features. The system consists of two vectors: the angular- 
momentum vector, and the Laplace vector e which is directed from the 
center to the perihelion and equal in magnitude to the eccentricity e, 

The author of /A.13/ used the initial 
values of the coordinates and velocities 
as osculating variables for quasi- 
circular orbits with small inclination. 
These variables were used in /A.16/ 
for arbitrary orbits. 

For many three-dimensional 
problems it is best to use a system 
of mixed variables containing both 
polar coordinates and osculating 
variables. The system of space 
variables given in /A.17, A.18/ is 
convenient for analyzing perturbed 
motions. As before, three orthogonal 
directions with origin at the gravi- 
tational center are defined here 
(Figure A.5) where Iz is the unit 
radius vector of the moving point, 

Ia is the unit vector perpendicular to the radius vector in the instantaneous 
orbital plane, and ly is the unit vector perpendicular to the instantaneous 
orbital plane. 

Let rz, wo, Oy be the projections of the angular velocity in the (R, ®, N) 
coordinate system relative to the inertial (z,y,z) frame. If the coordinates 
(R, ©, VN) at each instant of time are defined by the angles Q (longitude of 
the ascending node), i(inclination), g(angular distance of the moving point 
in the orbital plane, measured from the line of nodes (cf. Figure A.5), then 
the angular velocities or, ©», oy will be expressed as 


FIGURE A.5. Mixed system of coordinates. 
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OR = Q sin psini + icos q, 
© = Qeosqsin p— ising, (A. 39) 
On = @ + Qeosi. 


According to the definition of the instantaneous orbit, the velocity vector 
must not contain components perpendicular to the instantaneous orbit, i.e., 


rely = — roo = 0. (A. 40) 
Allowing for this condition, the vectorial equation of motion 
r=a—r/r (A. 41) 


has the following form when projected onto the axes lp, lo, Iw: 


r—roy —1/r? = ap, 
2reay + TON = fo, (A. 42) 
TOnOR = ayn. 
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In the last equations we may make a change of variables as in the two- 
dimensional case, We introduce u = r+, M = oy, and define the angle v 
by the differential equation 


v= Oy = Mir. (A. 43) 


System (A. 42) is then transformed into 


@ 1 @R 4d aM 4 a 
oY tua py(1— Sede), WM Fe op at (A. 44) 


Allowing for the symbols used, the first two equations coincide with the 
equations for plane motion (A.19). If the acceleration components ag and 
a@ depend only on the two variables u and v, the system can be split so that 
the first two equations can be integrated independently of the others. 

If the differential equations governing the unit vectors Ir, Jo, lw, 

dlp dly_ a, 4n dly 


oN oN (A. 45) 


wile wy 2am = — oma 


are added to (A.44), a closed system of equations results. 

Instead of determining the unit vectors lz, le, In from the differential 
equations (A.45) and then finding the functions® (v), i (v), @ (v), we canuse directly 
the differential equations for the angles (A.39). Following the treatment in 
/A.17/, we introduce coordinates (¢,y) in the orbital plane (cf. Figure A. 5); 
these revolve relative to the unit vectors Ip, Ilo at an angular velocity 
é=—@—4%, If in expressions (A. 39) we everywhere replace the angle 9 by 
v+o, the differential equations for the angles Q, i, m become 
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dQ _*n sin(w +) 
dy” Miu sing ' 


& = 2M cos(w +), (A. 46) 
= —pisin(@ +4) ctg i. 


These equations together with (A. 42) also yield a closed system. 

2. Equations of motion in a field with two gravitational centers. The 
vectorial equation of motion in an arbitrary gravitational field is written 
as follows: 


r=a+R(r, ¢), (A. 47) 


where Wr, t) is the gravitational acceleration. We considered in the 
preceding subsection the equations of motion in a field with one gravitationa! 
center given by 


Ror, t) = —kr/7. (A. 48) 


We now give the equations of plane motion in a field with two centers, 
1 and 2 say. It is assumed that gravitational center 1 is fixed, and there- 
fore the coordinate system linked with it is inertial. Center 2 revolves 
about center 1 with constant angular velocity » and at a fixed distance QR, 
from it, so that the coordinate system linked with it is therefore noninertial. 
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The motion can be studied using either inertial (1) or noninertial (2) 
reference systems. Both systems of equations, written in the same form 
(the symbols and the relationship between the two coordinate systems are 
shown in Figure A.6), are 


m= ent ret—kiri— Me 4 9» | (A.49) 
TPL = Agi — 2 — V4 
| 618 (where k, and &, are the gravitational constants of centers 1 and 2) and 


Pi = 1 + of,~, Pa = Ya + at, 
Bs = “608 (tn — hy) 
2 


Fa = Fp sin a— i) (A, 50) 
R= Fi C08 Bs — 7 608 (a — Ws 
Y= sins ~ Fsin (2 — pa). 

y” 


ee 
FIGURE A. 6, System of coordinates for 
describing motion in field with two gravi- 
tational centers. 


3. Equations of motion for model fields. Take the linearized and 
homogeneous central field, the plane-parallel field, and the gravity-free 
field as the models. 

Let the trajectory be bounded by small angular and radial displacements; 
the projections of the gravitational acceleration can then be expanded as 
a Taylor series in the neighborhood of some characteristic point of the 
trajectory, such as the initial point (2, yo. %) /A.19, A.20/. If the system 
of coordinates is oriented so that the initial point lies on the z-axis (z= 
= 7%, Yo = 0, 4 = 0), the equations of three-dimensional motion have the 
following form, when just the leading terms of the expansion of the projec- 
tions of the gravitational acceleration are preserved: 


T= Gz — Bo + 280 (2 — Fo) /7os 
y= a, — Boy / Tos (Ae82) 
Z=4,—Gor/To (Bo =k/ri). 
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When the displacements z(t) — r,, y (t), z (¢) are. small’ compared with the 
initial distance from the center r,; so that pee Bg Ras ASE 


Jaz —~ Gol S> 2go|1— 2/rol, [ay |S> gol y/ral, 22> gol 2/ro|, 


it is convenient to choose a plane-parallel field as the model. The equations 


of motion reduce to 


# = a, — Bp, j= a Z= a,. (A. 52) 


Finally, if the thrust acceleration is much greater than the gravitational 
acceleration, the latter can be ignored in the equations of motion (model of 
gravity-free field), which now become 


r=a. (A. 53) 


If the magnitude of the radius vector hardly varies throughout the motion 


619 


in a central field (the trajectory lies within a thin spherical layer), the 
model of a homogeneous central field will be a good choice /A.21, A.22/; 


the vectorial equation of motion in this case has the form 


Y=a—o'r, (A. 54) 


where o? = g/r, = kr, 


§ 2. INTERPLANETARY FLIGHT 


1, Dividing the interplanetary flight into elementary maneuvers. The 
trajectory of the interplanetary flight with a low-thrust engine consists of 
the following stages (Figure A.7): acceleration from the initial orbit in the 


FIGURE A,1. Scheme of interplanetary roundtrip 
flight. 


neighborhood of the take-off planet 
(represented by the index +1), inter- 
orbital transfer in the field of the Sun 
(index 1), deceleration in the neighbor- 
hood of the destination planet (index 
-—2); the same stages are repeated in 
the reverse order for the return flight 
(represented by indices +2, 2, and -1l 
respectively). 

The trajectory of the interplanetary 
flight contains two characteristic 
stages, namely, motion in the neigh- 
borhood of the planets and motion 
in the field of the Sun. For a two-body 
problem, we assume that the gravita- 
tional field for each of these stages 
is respectively created by one center, 
i.e., the planet or the Sun, 

In this formulation it is usually 
assumed that the stage of the motion 
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in the neighborhood of the planet extends from the initial orbit to that point 
at which full zero energy is attained (parabolic velocity), and that the stage 
of orbital transfer starts at a given point of one heliocentric orbit and ends 
at a given point of the second one. The velocity components at the initial 
point of the first maneuver and at the initial and final points of the second 


maneuver coincide with the corresponding projections of the orbital velocity 
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vector. 

This subsection only deals with plane motion, and ignores the third 
component. The question of joining the stages of the interplanetary flight 
is likewise not considered, in view of the weak dependence of the position 
of the junction point on the expended energy. 

According to these two simplifications, two elementary maneuvers form 
the interplanetary flight, i.e., the build-up of zero energy (or the accelera- 
tion to a parabolic velocity) and the orbital transfer. These are described 
by the system of equations with a central field (A.8) or (A. 3) (the latter 
without the third equation since z=0, e,=0). 

The boundary conditions for (A. 8) are: 

for the first elementary maneuver 


7 (0) =i, p(0) = 0, v, (0) = vy0» Vg (0) = Veos (A. 55) 
E (TP) = 2 [v2 (T) + v3 (T)] — 1/7 (7) = 9; 


for the second elementary maneuver 


7(0)=1, (0) =90, v, (0) =v, v9 (0) = Ven | (A. 56) 
r (T) =Ty @(T) — Gis Ur (T) = Uris Vo (T) = Ug 


In both cases we use the initial radius r, as the characteristic linear dimen- 
sion (cf. (A.2)); therefore r(0)= 1. The origin of the system of coordinates 
is defined by locating the take-off point on the abscissa, i.e., where (0) = 0. 
If the initial orbit of the first maneuver, and the initial and final orbits 
of the second maneuver are all circular, conditions (A.55), (A. 56) are 
written as follows: 
for the build-up of zero energy 


r (0) = 1, 9 (0) =0, v, (0) = 0, Ve (0) = "| (A. 57) 
E(T) = */2 [v3 (7) + v3 (7)] — 1/7 (T) = 0; 


for the orbital transfer 


r(0)=4, 9p) =0, v,(0)=0, v9 (0)=4, | (A. 58) 
r(L)=r (T= 7 (T)=0, v9 (P) = 7," 


The boundary conditions for the equations in cartesian coordinates (A. 3) 
are obtained by transforming the formulas from a polar system to a 
cartesian one (cf. (A.4)) using 


Z=rcosp, y=rsing; u= v,cosp — %siNg, (A. 59) 
v= v, sing + %cosQg. : 


2. Round-trip interplanetary flight. A connection exists between the 
kinematic parameters at the different stages of flight, and is determined by 
the condition that the spacecraft returns to the take-off planet. 
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For simplicity, we replace the force fields of the planets by point forces 
along their orbits; in the heliocentric reference frame the trajectory of the 
spacecraft in the neighborhood of the planets will then be indistinguishable 
from the orbits of the planets. 

Consider that part of the round-triptrajectory which lies outside the take- 
off orbit. This consists of the transfer from orbit 1 to orbit 2, the motion 
along orbit 2 together with the planet, and the reverse transfer from orbit 
2 to orbit 1. The quantities 7,,9,, 72,9, represent the durations and angular 
displacements of the orbital transfers (index 1 implies "from orbit 1 to 
orbit 2", index 2 implies "from orbit 2 to orbit 1'' (Figure A.7)), and T. 
is the time of sojourn on orbit 2 (consisting of the times during which 
deceleration, acceleration, and coasting occur near the destination planet). 

A relation between the parameters 7,,91,72.9, T. follows from the equality 
of the angular displacements of the take-off planet and spacecraft. If 
orbits 1 and 2 are circular, we obtain 


To = [pr + G2 — (7) + 72) 4 2nn|/(l — ws), (A. 60) 


where @, is the angular velocity of planet 2 along a circular orbit about the 
Sun (@:1 = 1), nis the integral number of revolutions of planet 1 (2= 
= 0,1,2,...), the plus sign corresponds to w2<, and the minus sign 
to 2 >> @, 
If orbits 1 and 2 are not circular, integrals appear in formula (A. 60); 
in order to allow for the size of the force fields produced by the planets, we 
-must add the angular displacements between points of entry into, and exit 
from the force fields when equating angular displacements (cf. /A.23/). 
In the boundary-value problem formulated for the stage of interplanetary 
flight considered here, we usually assume that the time TI, of sojourn 
on orbit 2 and the time 7, of sojourn outside orbit 1 are specified, so that 
f,=7,+T7T.+T7,. The angular displacements q,,9, and times 1f,,7, are 
defined by 


Qi + Qo = Ta — Wal a F Qna; T+ T, = Ta — Pa, 


and not separately as in boundary conditions (A. 56). 

If orbits 1 and 2 are circular, the boundary conditions for the orbital 
transfers (outward and return) are as follows: 

transfer from orbit 1 to orbit 2 


7(0) =1, p(0)=0, v, (0) = 0, vo (0) = 1, (A. 61) 
r(T1)= 1, 9(71) = Pr vy (71) =0, vg (71) = rh 


622 transfer from orbit 2 to orbit 1 


Ye (Ti+ Ta) = 0, 09 (T1 + Tu) = 75%, (A. 62) 


(714+ T.) =r O(T1 + To) = G1 + Tate, | 
7 (To) =4, 9 (To) = TF 2nn, v, (75) = 0, Vg (Ta) = 1 


(in these formulas the quantities 9,, 7, are not determined). 

The parameters 9,, 7; (the angular displacement and the duration of the 
transfer), which appear here in the boundary conditions for the orbital 
transfer, may be replaced by parameters ¢ and 7, (the take-off date, 
the flight duration). The relation between these two pairs is obtained from 
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the condition for equal angular displacements of the spacecraft and destina- 
tion planet at the instant of encounter, 

If orbits 1 and 2 are circular, and the take-off date 4 igs reckoned from 
the time of opposition of planets 1 and 2, the transformation is 


O=tot+Ti—ostt2nn (n= 0,1,2,...). (A. 63) 


The parameters ft and 7; are more amenable to calculation when the 
actual positions of the planets along their orbits are employed. 

3. Models of maneuvers. in this subsection two examples of one- 
dimensional motions in a gravity-free field are given: build-up of a specified 
velocity magnitude u, throughout a specified time 7, and displacement 
during time 7 between two points of rest situated a distance / apart. 

These reflect the characteristic features of maneuvers in a central field. 
The first models the maneuver of slow build-up of zero energy from a 
circular take-off orbit (cf. (A.8), (A.57)), and the second a rapid orbital 
transfer (cf. (A.8), (A. 58)). 

The equations of motion and boundary conditions for the problem of 
building up a given velocity magnitude are 


a = ae; u (0) = 0, u (7) = y. (A. 64) 
For transfer between two positions of rest, the system is 
t=u,%=ae,z(0)=0,u (0) = 0,2 (7) = 1, u (7) = 0. (A, 65) 


Here, ais the thrust-acceleration magnitude and e = +1 is the thrust-vector 
direction. 


a8 § 3. SATELLITE MANEUVERS 


1. Holding a satellite within a given spherical layer. The satellite is 
placed in a circular orbit located in the upper layers of the atmosphere. 
The gravitational forces of an attracting body give the motion a periodic 
component, while the aerodynamic drag leads to a secular motion away 
from the initial orbit. The problem is to compensate the drag forces so 
that the satellite remains within the bounds of the spherical layer of given 
maximum and minimum radii during a specified time (cf. /A.13, A. 24, 
A.25/). 

The motion in a gravitational field in the presence of drag is described 
by the following system of first-order differential equations: 


r=v, V=ce+R—gF /G; (A. 66) 


this system contains the new term gF/G, which allows for the aerodynamic 
deceleration, ais the thrust-acceleration magnitude, and e is the unit vector 
of thrust orientation. 

We select an inertial cartesian reference frame Ozyz. The plane z0y 
coincides with the equatorial plane, the z-axis is directed towards the vernal 
equinox, the z-axis to the north pole, and the y-axis is so chosen as to 
complete a right-handed system. 
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The components of the gravitational acceleration Rare determined by 
the potential U of the attracting body, in this case the Earth, so that R= 
= aU/ér, Taking into account the first two harmonics of the potential of 
an oblate spheroid, we have 


Ue, y2=sltte(1—35)] C= Ver Prey (A. 67) 


the quantities &,6 = /. R? are given in Chapter One (1.9). 
B= g 


The aerodynamic drag force F acting on a vehicle in an impinging flow 
with relative velocity Bis 


F =1/, 0, Fp BB, (A. 68) 


where c, is the drag coefficient, ¥ is the characteristic cross-sectional area 
of the vehicle, and p is the density of the atmosphere. 

If the atmosphere is stationary, the velocity B in the inertial frame Ozyz 
coincides with the velocity v of the vehicle; when we allow the atmosphere 
to rotate with an angular velocity j(0, 0,/.), equal to the velocity of revolution 
of the Earth, we add the vector product rxj to v so that 


B=virxj. (A. 69) 

624 The projections of the drag force onto the axes of the inertial frame are 
F, = /cxFpB (z+ jy), 

Fy, = "/oczF pB (y — 7,2), 


F, =/2¢,FpBz 
(B= (2 + ey)? + YH) + 21". 


(A. 70) 


The value j, in (A. 70) is considered positive when the angle between the 
vehicle velocity vy and the stream velocity rxjis less than n/2 (the satellite 
is initially projected in the direction of the Earth's rotation). 

The density p in expressions (A.68), (A.70) is a function not only of 
the altitude above the Earth's surface, butalso of the latitude and the time 
of year, The density as a function of these arguments is given in /A.26/. 

We pass now to a spherical noninertial reference frame (r, g, 6) 
(Figure A.8), whose equatorial plane makes a constant angle i with the 
plane of the equator and revolves at an angular velocity 2 about the polar 
axis z /A.24/; at the initial instant of time this equatorial plane coincides 
with the orbital plane of the satellite, and the angle Q (¢) is an arbitrary 
function which must be determined later on. The coordinates (z, y, 2) 
are expressed as follows in terms of r, 9, 4, Q, i: 


z=r(cosgcos@ cos Q — sing cos Bsin Q cosé + sin @sin Q sin £), 
y =7(cos@cos @ sin Q + sin @ cos0 cos Q cosé — sin8 cos Qsin?), (A. 71) 
2=r(singcos@sin:é + sin@cos i). 
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oe By-passing the process of transforming to the new variables, the final 


result is 


r —7 (0+ Q cos@sin é)? — r [pcosé + 2(cos8 cost — 


— sin@sin sin i)}? = —4+ — 28/4 3 (sinOcosi + 
r? ra 


+ cos6sin isin g)?] — x & + dep, 


a {r? cos @ [pcos + © (cosicos@— sin@sini sin 9)I}}— 
—rQsin i [@ sin p— sin @ cos @ cos @ — 
—2 cos 9 cos @(sin@ cos? + cos@sin g sin ‘)] = 
= — 8 (sin @ cosi + cos @ sin i sin p) cos@ sin i cos p— (A. 72) 
- 1 Br cos OL cos 8 +(Q — j,) (cos@ ccs i — sin@ sin psiné)] + 
+ ae, cos@r, 
5 [r? (0 — Q cos gsini)] + r* [* sin @ cos@ +- Q2 (sin @cosi + 
+ cos @ sin @ sin ¢) (cos@ cos i — sin @ sin psin i)}] + 
+ @Q [cos 0 (sin 8 cosi + cos @sin psini) + sin 6 (cos@cosi — 
— sin Osin psin£)] = — 3 (sin @ cosi + cos @sin psin t) xX 
(cos 6 cos i — sin 6 sin p sin 7) — 
—xe [6 — (Q —j,) cos sin i] + aeor. 


FIGURE A.8. System of coordinates for problem 
of holding satellite within given spherical layer, 


These are three projections of Newton's equation in dimensionless form. 
The linear distances are represented as fractions of the initial radius To» 
“the time as a fraction of rik, the angular velocities (including j,) as a 
fraction of kr,"", the accelerations as fractions of the gravitational accelera- 
tion kr,?, the density as a fraction of the maximum density p, at radius 1, 
the coefficient f in the expansion forthe potential as a fraction of ra, the 
square of the initial radius, and the engine weight as a fraction ofits take-off 
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weight G,; the old symbols have been preserved for the dimensionless 
variables (compare the transformation from (A.1) to (A.3)). The drag 
parameter x is expressed as follows: 


“= gczF por /2Gy. (A. 73) 


The quantities e,,e, and e represent the projections of the unit thrust- 
direction vector e (¢2 + e2 + e2 = 1) on the axes of the spherical system of 
coordinates, 

The initial conditions on the circular orbit in the adopted coordinate 
system are 


r(0)=4, 7(0) = 0, p (0) = go, 9 (0) = 1,6 (0) = 8 (0) =0. (A. 74) 


The final values of these quantities are undefined, except for the radius r, 
which remains bounded at the final instant (just as throughout the motion), 
so that 


Trin <7 (1) <M tmax (Ot <7). (A. 75) 


We restrict ourselves in what follows to high altitudes, where the para- 
meter xis small; the other dimensionless parameters of the problem j,, B 
have the following numerical values: 


j, 0.6.10, B = 0.5-40°%. (A. 76) 


If the oblateness of the attracting body, the atmospheric drag, and the 
thrust all vanish (6 = x = 0, a (f) = 0) and the arbitrary function 2 (é) vanishes 
too, i.e., Q(t)=0, equations(A.72) describe a Keplerian orbit, which lies 
in the equatorial plane 6 = 0 of the (r, 9, 6) system of coordinates. Through- 
out the actual motion the Keplerian orbit is perturbed by the small oblate- 
ness and the small drag force. 

According to the conditions of the problem, the trajectory of the motion 
must lie within a thin spherical layer Ar ( Ar = rmx — 'min<1). Therefore, 
throughout the motion the functions r (¢), 7 (4), p (#) must have values which 
hardly differ from the corresponding values on the unperturbed spherical 
orbit. Consequently |r(é)—1|<1, |? Q|<1, |e () —1)<1. It follows that tke 
trajectory parameters r (t) and 9 (é) can be represented by 


r(=14+EOQ, 9M =H +t+ nO, (A. 77) 


where |& ()(|<1,| — @|<1, \7 (t)|<1. The problem can now be linearized 
with respect to the variables &, £, 4. 

The condition of sojourn of the satellite within a thin spherical layer 
(‘max min) imposes no physical restrictions on the region over which the 
angle 6 (4) varies. Since however in the unperturbed motion 6(t) = 0, and 
since the perturbing forces of the actual motion are small, it can be 
assumed that at the initial stage of motion the functions 6 (t) and 6 () are small; 


16 ()[<4, 10 ()I<1 for 0<t< 4, 
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; Assuming that the derivative of the arbitrary function Q(t) is small too, 
627 | 2 (|< 1, we linearize system (A. 72) with respect to the variables §, §, 9, 0, 
6, 2; this yields — 


€ — 38 — 2 = 20 cosi — 38 [1 — 3 sin® i sin? (po + £)] + ae,, 
7+ 26 = — Q cosi— 60 sin? é sin (gp + 2) cos (Po +t) — 
—«£(1—j,008 i) + aey, (A. 78) 
6-+6 = Gsini cos (g. + t) — 2Q sini sin (p + t) — 
— 68 sin i cosi sin (pp + t) — “J, fF sin i cos (Qo + £) + aen 


In these variables the boundary conditions (A. 74), (A.75) are 


§ (0) = E (0) = 1 (0) = 10) = 0 (0) = 8 (0) = 0, (A. 79) 
Emin < & (t) < Emax (O<t<?). 


On the right-hand sides of (A.78) we only preserve first-order terms with 
respect to j,; terms of second and higher orders are discarded, since the 
small quantity x appears as a factor multiplying them. For the same reason 
only the zero term must be retained when expanding the density in terms of 
£, 1,9; the density p in (A. 78) is a known function of the time, and is deter- 
mined by the initial circular orbit (E () = n (é = @ (t) = 0). 

We select the following expression for the arbitrary function Q (2)/A.25/: 


& = —36 cos i = const (A. 80) 
(this expression satisfies the above-mentioned condition that the derivative 


® is small). 
The third equation of (A. 78) is transformed into 


§6+0——x Fj, sini cos (qo + t) + aeo (6 (0) = 6 (0) = 0). (A. 81) 


It is assumed that there is no thrust component in the direction of @ 
(e = 0); with this assumption we estimate the maximum value of the angle 0 
attained up to¢= 1%, For this, we put p (t) =1, G(t) = G,; hence 


8 (ts) = xj, = [sin qo sin t, — ty sin (Po -+ th) J. (A. 82) 


The presence of a mixed term in solution (A. 82) points to the presence 
of increasing-amplitude oscillations of the radius vector relative to the 
equatorial plane. For i<1/j,x the angle 6, is small, and we may only allow 
for the linear term when expanding in terms of 6. 
628 Finally, the differential equations and boundary conditions, which 
describe the maneuver of holding a satellite within a given spherical layer, are 


—— 3 — 2n = — 38 [1 + 2cos* i — 3 sin®isin® (@ + £)] + ae,, 
q+ 2E = — 6B sin? isin (po + t) cos (Mo + t)— 

— «£1 —j,cosi) + deg, (A. 83) 
6+0=— xj, £ sini cos (p+ t) + aes, 


£ (0) = & (0) = (0) = (0) = 0 (0) = 6(0) = 0, 
Emin < E(t) Emax (OXHKT). 
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If the satellite motion is investigated over a sufficiently large time 
duration, it is best to study the variation of the parameters &, §, n, 7, 9; 6 
over an integral number of revolutions s. After atime 2snx the parameters 
t, £, n take the values 


a 2x (4 — 2f, cost) (— Feat (eet a) + 2¢ aegdt — 
0 0 Oo 
as gsr 


—2 { ey cos tdt — \ ae-sinede, 


0 
sn are 


a 
£,=2x (1 — 2j, cos i) \ ee dt—2 acy inet + 
9 


ten (A,84) 
+ { ae, cost dt, 
0 


sr aon 


Ty = % (1 —2j, cos i) (3 Vas Var setae 
aan 36n 26n Qer ‘< 
5 \ acgdt +4 { acgdt +4 {\acq cost dt +2 { ae, sin t dt 
0 ci) ci) c) 


(the expressions for the other parameters are written similarly; they are 
not given here, since we do not require them in what follows). 

The terms in the solution  (#), & (‘), 4 (t) which are proportional to the 
coefficient A, have an oscillating character and are absent in the averaged 
solution (A,84). They affect the trajectory over the interval 0 <¢< an, 

If pS>x, the quantities max &, min § depend mainly on fi during the revolu- 
tion, i.e., the thickness of the layer within which the trajectory lies in 

the course of one revolution is determined by the forces produced by the 
oblateness of the attracting body. It is assumed that the amplitude of the 
oscillations of the radius during one revolution (rmax — min) lies within the 
given thickness of the spherical layer. 

2. Rotating the plane of the circular orbit of a satellite by a lateral 
thrust. We derive the differential equations and boundary conditions 
describing this maneuver, where the initial equations are expressed in 
osculating variables. 

Lateral thrust is a thrust perpendicular to the instantaneous orbital 
plane (it is sometimes called binormal thrust). In terms of the symbols 
used in (A.37) it is represented by the projection ay. If, in (A. 37), 

@ = @r= 0, then the length of the semimajoraxis A, the eccentricity ¢, 
and the time 17, of passage of the perihelion remain fixed during the motion, 
so that the geometry of the initial orbit is preserved, If the initial orbit 

is circular, then the dimensionless radius r, the dimensionless semi- 
major axis A, and the eccentricity e are 


rwjei,AQSle= (A. 85) 
Three equations remain to describe the motion, namely 


at _gecosp, 22 = ae 8, 4? _. 1 —aectg ising. (A. 86) 
a ® ae sini at 
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The symbols used in (A. 86) have the following:-meaning: ay = we, ais the 
thrust-acceleration magnitude, e=+1 is the orientation of the thrust vector 
relative to the instantaneous orbit (e =+1 along the normal, e = —1 opposite 
to the normal); 9 = v + gis the argument of the latitude, measured from the 
nodal line in the instantaneous plane. 

If the initial orbit lies within the plane of the equator, then 


i (0) = 0, (A. 87) 


and the longitude of the ascending node ( 2 (0)) and the argument of the 
latitude (@(0)) at the initial time instant are not defined separately; their 
sum, the latitude of the take-off point in the inertial reference frame, is 
given by the position of this system. 

Suppose 


9 (2) + 2(0) = 0. (A. 88) 


At the final instant the inclination and longitude of the ascending node 
are both specified by 


i(T) = i, Q(T) = Q. (A. 89) 


630 Let i:<1; the trigonometric functions of the angle i can then be replaced 


in equations (A.86), where 
di/dt = aecosq, 9 = ae sin gli, g = 1 — aesing/i. (A. 90) 
It follows from (A.88), (A.90) that 
g=t—Q (A. 91) 


Substituting this last expression in the first two equations of (A.90), we 
obtain 


di/dt = ae cos (t — Q), Q = ae sin (t — Q)/i. (A. 92) 
Now introduce new variables defined by 
% = isin (Q— Q,), @ = icos (Q — Q). (A. 93) 


In terms of these variables the equations and boundary conditions, which 
describe the maneuver of rotating the plane of the circular orbit, are 


{= ae sin (t —Q,), @ = ae cos (t — 91), 
x (0) =0, w(0) =0, (A. 94) 
x(7)=9, o(T) = th. 
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NOMENCLATURE 


a thrust acceleration, 

Aa correction to thrust-acceleration program. 

$a errors in executing thrust-acceleration program, 
@ magnitude of thrust acceleration. 


a : . fe . 
| components of thrust-acceleration vector in cartesian system of coordinates 
(2, ¥, 2). 


a : : . 
"\ components of thrust-acceleration vector in polar system of coordinates (r, p). 


a 
& 
| components of thrust—acceleration vector in (E, n, 6) system of coordinates, 


@ initial thrust acceleration, 


: cost and unit cost of executing maneuver (per unit payload G,). 
C,. cost of maneuver without accounting for vehicle's weight. 
z components, 


ad 2 ‘ . : . 
e \ engine cost and unit cost (per unit engine weight G,), 


G,) cost and unit cost of working-fluid reserve (per unit take-off weight of 
working fluid Guo). 
Cr friction coefficient per unit wetted surface, 


¢, aerodynamic drag coefficient, 
Cey Wave drag coefficient, 

Cy» Wave drag coefficient for cone, 
ext friction coefficient, 


¢, molar specific heat, 
diameter, 
D° intensity of meteoric stream, 
distance between source and accelerating electrode in ion—-propulsion engine, 


d 
E energy. 
@ total energy of motion in gravitational field, 
e unit vector in thrust direction, 
e electric charge of particle, 
> components of unit vector in thrust direction for plane cartesian system of 


' coordinates (6% + ef = 1). 
dinates (e + ¢% + e; = 1). 


extemal forces acting on vehicle, 
components of external forces acting on vehicle, 


“| components of unit vector in thrust direction for spherical system of coor- 
F 
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a8 
yp oe 
PPK} an 8 


sa 


NA AAA 


cross-sectional area, 


universal gravitational constant. 
instantaneous vehicle weight. 
weight of energy accumulator, 


vehicle weight before and after discarding i-th engine section, 


weight of a generator, 

weight of propulsion system, 

weight of working-fluid feed system. 

weight of working-fluid storage system with inlet duct. 
weight of working-fluid tanks, 

weight of nozzle. 

weight of power-removal system, 

total weight of payload, working fluid, and tanks, 

(Gy = G, + G, () + Ge). 

engine weight, 

engine weight during i-th flight stage t, ,;<t< ¢;. 
weight of engine section. 

total weight of s differently-tuned unthrottled engines, 
weight increment of unthrottled engine produced by adding i-th stage 


of thrust and consumption. _ 
instantaneous weight of working-fluid reserve. 


take-off weight of working fluid, 


weight of working fluid remaining at instant of discarding i-th section 


of engine, 
weight of working fluid discharged up to time ¢ (AG, (2) = Guy — G,, (4). 


weight of power source, 

payload, 

payload at i-th stage (sum of true payload G,, and weight of working fluid 
AG( remaining at instant of discarding i-th section of engine). 


total load delivered at end of trajectory after 2 maneuvers, 


total weight of payload and working fluid, 

weight of energy converter, 

total weight of payload, working-fluid reserve, and power source 
(G, = G, + G, () + G,). 

vehicle take-off weight. 

vehicle terminal weight, 

coefficient of proportionality between weight and mass (gravitational 
acceleration on Earth surface), 

gravitational acceleration at radius rg, 

Hamiltonian in Pontryagins's maximum-principle procedure. 

height. 

fungtional of dynamic part of problem for ideal engine with limited 
ted yolenly (time integral of thrust acceleration, characteristic 
velocity), 

mpecitie impulse, 
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P(.. 


_ 


aS 


unit vector in direction of sola: light radiation. 

electric-current density; angle between initial and terminal positions 
of orbital plane. 

current intensity. 

functional of dynamic part of problem for ideal power-limited engine 
(time integral of square of thrust acceleration) 


increment of functional J, characterizing cost of trajectory correction. 


total functional of dynamic Kearse for interplanetary round-trip flight 
VeH=AtdatIuatJa Jun J 2). 

values of functional of dynamic problem for outbound (1) and retum (2) 
flights between orbits of planets, 


values of dynamic-problem functional for maneuvers of acceleration (+) 
and deceleration (5 at take-off (1) and destination (2) planets, 


correlation function, 


functional of maneuver for combined engine: ideal engine with limited 
exhaust velocity + ideal power-limited engine. 


gravitational constant for central field (universal gravitational constant 
multiplied by body mass), 

length, 

inductance, 

distance between points of rest in gravity-free field, 

angular momentum, 

mathematical expectation (also represented by <...>). 

Mach number corresponding to flight velocity, 

mass, 

jet power, 

maximum jet power, 

power consumed by energy accumulator, 

power corresponding to. losses in ion-propulsion engine, 

total power released by energy generator. 

power of working-fluid feed system, 

power transmitted to vehicle by working fluid taken in by accumulator, 


power consumed by working-fluid accumulator, 
power consumed by engine, 


power released by energy-removal system, 
total jet power 


net power of energy generator. 

het power of energy converter, 

unit vector in direction of normal to surface, 
thrust vector, 

thrust magnitude. 

probability of event (...). 

parameter of conic section, 


auxiliary function (momentum) in Pontryagin's maximum-principle procedure. : 
& Pp p+e p 


corresponding to phase coordinate 2%. 

heat flux, 

mass flow rate of working fluid through nozzle, 

rate of flow into accumulator (rate of mass influx through inlet duct), 
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mass flow rate from tanks, 
mass flow rate from engine, 


mass consumption during energy production, 


mass consumption of engine. 
‘mass consumption of power source, 


total mass consumption of vehicle, 
distance to Sun; reliability (probability of successfully executing the 


maneuver), seaies 
vector distance to gravitational center, 
distance to gravitational center, — 


radius of celesital body. 
average radius of Earth orbit, 


Reynolds number, 

gas constant, 

radius vector of vehicle center of mass, 
radius in polar system of coordinates, 


measured deviations of trajectory from calculated trajectory. 
deviations from calculated trajectory caused by errors 6a. 


errors in measurement of trajectory. 


intensity of solar light radiation on Earth orbit. 


cross-sectional surface area, 
radiator surface area, 


number of revolutions in orbit, 
dimensionless cost coefficients of engine and working -fluid reserve, 


total time of executing space maneuver, 
total engine operating time, 


total firing intervals of stages m,..., Te of step control, 
total engine operating time in round-trip interplanetary flight (Tg = Ty, + 
HP yg Ty at Ty t Tye + Te,-2)- 


engine operating times for outbound and return segments of round-trip flight. 


engine operating times during acceleration (+) and deceleration (—) segments 
at take-off (1) and destination (2) planets, 


total duration of round-trip interplanetary flight (T,; = 7T,,+ T,+T, 
+T7,,+T_,). 


time of sojourn in neighborhood of destination planet, 


outbound (1) and return (2) transfer times between orbits of planets, 


acceleration (+) and deceleration (—) times at take-off (1) and destination 
(2) planets, 


time, 


Rq 


sc 
ar. 
Neto oe ere < =F & SS. 


ee a SENN 


Vy 


instantaneous engine operating time, 
instantaneous times of firing levels 1,,..., %s of stepped control, 


take-off date, reckoned from opposition of take-off and destination planets, 


potential of gravitational field. 
voltage, 


components of velocity vector v in rectangular systems of coordinates 
(z, y, 2) and (5, Nr f). 

increment of velocity magnitude in gravity-free field, 

jet exhaust velocity, 

velocity vector of vehicle center of mass. 


velocity vector components in polar system of coordinates (r, ). 


components of gravitational acceleration vector in cartesian coordinates 
(x, y. 2). 


cartesian coordinates, 


unit weight of power source, 

ratio of fuel mixture composition, 

unit weight of energy accumulators, 

unit weight of working-fluid containers (tanks), 


unit weight of nozzle, 
unit weight of electrostatic engine (per unit area of ionic beam), 


unit he ae of working-fluid accumulation system (per unit rate of 
mass influx), 

unit weight of engine, 

unit weight of propulsion system, 

engine delta functions; symbol representing the first variation; wall 
thickness. 


Dirac functions corresponding to firing and cutoff of the corresponding 
Stage %,...,,_, of step control, 


electric field strength, 

ratio of unit weights of engine and energy generator; eccentricity; 
reflection coefficient. 

coefficient of light radiation reflected by body, 

magnetic field strength. 

propulsion efficiency, 


efficiency of power source operating according to Carnot cycle, 


over-all efficiency of engine (y, = n,n,). 


energy efficiency of ion-propulsion-engine, 

energy efficiency. 

coefficient of utilization of working fluid in engine, 
coefficient of utilization of power in engine, 
efficiency of energy converter. 
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acu 
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he) 


la) 
a S34 


y 
ad 


orientation of solar sail; true anomaly: 

coefficient of converting material or discarded engine sections into 
working fluid; ratio. of. allowable. number. of failures to their.:maximum- 
possible number A,,,,; specific heat ratio, 

maximum possible number of. failures, 

allowable number of failures, 

relative velocity of gas stream, 

wavelength of light radiation, 

decay constant of radioisotopes, 

heat conductivity, 

mass of elementary particle, 

kinematic viscosity, 

tatio of energy-accumulator weight to energy-generator weight; ratio 
of unit cost of working-fluid resefve and engine, 


. 


coordinates in transported system. 


levels of step control, 


radius vector in transported system of coordinates. 
atmospheric density, 

density of photon distribution in outer space, 
Stephan — Boltzmann constant, 

electric conductivity, 

temperature, 


temperature of heater 
surface temperature of celestial body, 


air temperature at inlet to compression unit, 

effective temperature, 

stagnation temperature of gas stream, 

radiator temperature, 

surface temperature of Sun. 

dimensionless time (as fraction , of period of revolution along initial 
orbit, divided by 2x: t = k/*y" (in Chapter Five), or by total 
time). 

friction stress, 

functional of maneuver for ideal power-limited engine (D = (a/2g) J), 


functional of maneuver for ideal power-limited engine with energy 
accumulator, 

polar angle. 

angulag displacements of outbound (1) and return (2) orbital transfers, 


total impulse of gas stream, 
functional of maneuver for ideal engine with limited exhaust velocity 
(F = TV pax). 
osition of the line of nodes. 
initial vulnerable (to meteoric punctures) radiator area ( Q, = 


= kSq, 0 . 
surface emissivity; longitude of perigee. 


angle at which celestial body is seen, 
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average angular velocities of revolution for take-off (1) and destination (2) 


planets about Sun. 


angle at which Sun is seen. 


velocity of sound. 
critical sound velocity. 
unit potential energy. 


intensity of corpuscular radiation of Sun. 

mass of gravitational center. 

mass of meteoric particle, 

unit power of solar light radiation. 

unit power of cosmic heat radiation. 

unit power of corpuscular flux from Sun. 

probability of wall puncture by meteoric particles. 
ressure. 

ight pressure, 

maximum pressure of solar light in Earth orbit. 

electrostatic pressure. 

magnetic pressure. 


‘atmospheric pressure. 


pressure of corpuscular flux from Sun. 


total pressure in gas stream. 
acceleration vector produced by gravitational forces. 
volume, 

velocity of solar wind. 
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